PHYSICAL REVIEW D

VOLUME 32, NUMBER 8

15 OCTOBER 1985
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We discuss the transformation theory of spinor gauge potentials in extended supersymmetric
Yang-Mills theories. The “hidden symmetry” transformations recently shown to carry a representa-
tion of an infinitely graded loop algebra are shown to generate symmetries of the spinor gauge po-

tentials.

I. INTRODUCTION

The equations of motion of maximally extended super-
symmetric Yang-Mills theories with Lagrangian having a
bosonic sector

L=tr{—3F,’—3(D, 4, — 5 (DB — ;[ 4;,4;]?
—+1B,B;*—+[4:,B;1*} , (1)

©=0,1,2,3; i,j =1,2,3 (in the notation of Ref. 1) admit a
Lax-type linear system in superspace”® which allows the
construction of an infinity of conserved spinor currents*
and implies that these equations possess an infinite-
dimensional algebra of symmetry transformations iso-
morphic to the Z graded Lie algebraG® C[A,A7'] of
G-valued Laurent polynomials in the arbitrary complex
parameter A (where G is the algebra of the gauge
group).*’ In this paper we begin to study the significance
of these formal results® which are reminiscent of com-
pletely integrable field-theory models in two dimensions
and have therefore given rise to the hope that it is com-
plete integrability which constrains the quantum dynam-
ics at high momenta yielding a finite theory to all orders
in perturbation theory. We shall elucidate the “hidden”-
symmetry transformation properties of the spinor gauge
potentials of the theory, showing that under these
transformations the potentials are symmetric in the sense
that they are left invariant modulo gauge transformations.
We also discuss the relevance of these transformations for
the superspace background-field method. »

The field equations for the theory (1) take a very simple
form in terms of a superfield spinor potential (43,4 Al
namely the following set of algebraic relations among the
superfield curvatures:>’

FZB+F.;¢=O=Fds,Br+Fﬁs,dt ’ Fi,ﬁtzo : (2)

Here as usual® the gauge-covariant derivatives are given
by

Va=Da+45, Vg=Dy+4s s Vop=3u+ 405

with a basis of tangent vector fields on superspace being
given by

D% =

+iB%d_j;,
962 ab

= ) .

Dy =— 96° —i679,4 ,
a

9,5= T

The field strengths in (2) may be defined by the anticom-
mutators

V.

(Ve Ve =Fag» (Vg Vs

as ?

}=F

as,Bt ?
and

{Ve, ’Vﬁt} =Fi,5,*2iﬁfVag ,
which yields

i,ﬁt =DsaABt+l_)BtAfl + {Afz,Aﬁ,} +21Aul38; .

The last constraint in (2) therefore determines the vector
potential in terms of the spinor ones.

II. THE SYMMETRY TRANSFORMATIONS
AND THEIR CLOSURE

We use the notation of Ref. 4 and we restrict our con-
sideration to real superspace with the variables
y=(x,6,6%), a,d=1,2; s,it=1,...,N, satisfying
yT= y. The Lax-type system for these equations is given
by

(V54+AVEX =0,
-2 _
(V, +A72V, )X =0, 3)
-1 —2 —
(Vs +AV, +A7IV 4472V )X =0,

which is a special case of Witten’s two-parameter set of
equations

TN =0=p VX =PV X . 4)

[Equations (3) and (4) are related by the identifications
0%=(a,b), u®=(a%b? , A=b/a.]

We take the superfield functional X(A) to have analyti-
city properties in the complex A plane (cf. Ref. 9) such
that either
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X(A) =(A) = iomp(")

or (5)
X(M)=(A)= iok‘”rﬁ‘") .

We denote the linea; system symbolically as

VEAX(A)=[d(A)+ AN X (A)=0 (6)

so that the field equations (3) are equivalent to the state-
ment that A%(A) is a flat connection taking values in the
loop algebra

ASN)=ypdy~!, (7
or, equivalently,
ASN)=¢dd*¢ . (8)

It was shown in Ref. 4 that Egs. (2) could be partially in-
tegrated by writing the spinor potentials in the pure-gauge
form

i=¢~'Dig, 4,=¢"'D.g,
s 1 15 O
—h-1ps —ph—
A5=h='D$h, A, =h~'D,h,

where the superfields g and 4 are given by g~ !=4¢?,
h~'=¢©. The superfields g and 4 have the transforma-
tion properties

g—eSMgea | p_LeRMpea (10)

where a=a(x,0,0) is the parameter of local gauge
transformations taking values in the Lie algebra G, and

S= 3 A1s"(x,0,0)

n=0
and

RW= 3 A~"R"(x,6,8)

n=0
are loop-algebra-valued infinitesimal parameters satisfy-
ing the Killing equations (cf. Ref. 10)
[VE(A),S(A)]=0=[V*(L),R(A)], (11)

whose solutions are the functional symmetry genera-
tors'>!12 with components that are the coefficients in the
power-series expansions

S(= 3 SLATY, R(M= S RE AT .
n=0

n=0
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These components span infinite-dimensional vector spaces
of symmetries. Equations (11) imply the field equations
(2), and their general solution is given by .S and R having
the form of a similarity transformation of a constant ma-
trix in the Lie algebra G,

S*=yT%~', R=¢T% !, (12)

where we have expanded in a basis of G. We shall refer to
the a transformations in (10) as G transformations, and
the S and R transformations as G* transformations. We
note that under the G transformations the spinor poten-
tials transform in the usual inhomogeneous manner:

Af—e %A%e*+e " *Dje”,

whereas under the G? transformations we have the
parametric transformations:

8(AM)A5=h"'DIR(Mh=[V5h~'R(MA],

8(AM)A5=h~'DSR(MA=[V5,h'R(MA],
(13)
8(M4;,= —g“ll_)itS(k)gz —[Vh,g—lS(k)g] ,

15 _ —1
8(7&)A2t—h Dé’R(k)h—[Vit,h R(A)A] .

We may therefore conclude that the spinor potential (9) is
symmetric under the infinite set of G* transformations,
since the variation of the potential (A, 4 ;,) under each
of these transformations, as given by the power-series ex-
pansion in A of Eq. (13), may be undone by a gauge
transformation leaving invariant the gauge condition:

6245, —0%4,=0. (14)

This “transverse” gauge condition was recently introduced
in Ref. 13, where it was shown that it effectively elim-
inates all 0-dependent gauge transformations. Therefore,
under each of the infinite set of G* transformations, the
potential (45,4 ;,) is left invariant modulo x-dependent
gauge transformations. Since S and R are nonlinear func-
tionals of g and 4 [the functional dependence being deter-
mined by Eq. (11)], each coefficient in the power-series ex-
pansion of the G* transformation effects a nonlinearly
realized G transformation on the potential, leaving Eq.
(14) invariant.

Considering the condition for integrability to finite
transformations'* of these infinitesimal transformations,
we obtain, for instance, by composing two particular G*
transformations of 44,

[8%(7)8%1) —8%(u)8%(1)] 4| =g~ { D} (8%w)SP(7) —8%(7)S () + [S%w),S4(T)]) ) g
=[Vig ~1{8%u)S%r)—8%m)SUu)+[Su),S%)]}g] . , (15)
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If both these transformations are parametrized by S(A),
the right-hand side of Eq. (15) is given by

wSe(u)—78.(7)
u—r
where the change in $%(7), 6%(u)S®(7), is the solution of
[VH(r),8%u)S%(r) ]+ [8%u)A4(7),8%1)]1=0,

the condition for the invariance of (11); and it may be
determined using the results of Ref. 4. Considering the
term of order u™7" in Egs. (15) and (16), we find

Vi,Cabeg ™" , (16)

(3841 = (7} g 1527

= CpcOn +myA ], from (13), a7

demonstrating the closure of the algebra of these transfor-
mations (i.e., integrability). Similarly, a consideration of
the composition of two particular R transformations of
A% yields, as the coefficient of 4 ~"7~", the expression

[Sf)_n),aa_(m)]Aé = _[Vé’cabch —IR‘Sn +m)h]
=8 (n4md3 . (18)

The generators of the infinitesimal transformation associ-
ated with the above transformations (cf. Ref. 15) may be
defined by

[85% ()82 () — 8% ()85 (7)]4 =85 (r)6% ()4}
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L= 1

5
, Ly= —
e R [dzs,44 54,

(dz=d** d*™0d*M6) (19)
a functional analog of the Lie derivative with respect to
the functional symmetry generators S{,,R{, spanning
the infinite-dimensional vector spaces of symmetries. The
composition of two such generators yields

[La(0,Ly(w)] = [ dzl84(A), 85014 5o— . (20)
4
From (17) we clearly have the commutation relations
(L Ly1=Cop L *" 21

with 0 <m,n < «o; and from (18) we obtain the same com-
mutation relations but with — e« <m,n <0. We may
therefore conclude that the spinor potential carries a rep-
resentation of this subalgebra of the full loop algebra in
the case when either R(A)=0 and the two components of
the potential, 45, A4 5 are left invariant under the

transformations, or when S(A)=0 and the other two com-
ponents, A1, Ais’ remain unchanged. However, it is pos-

sible to consider a nontrivial action on the potential of all
the G* transformations, those parametrized by S(A) as
well as those parametrized by R (A). If we compose an .S
transformation of 4% with an R transformation, we ob-
tain instead of Eq. (15)

= —8%(n[ Vg~ 1S%u)g], from (13)

= —[Vi,g 8% (1)Su)g]

= — |V}, g ~1[R,(),S,(p)]g
1—7u

The second term in (22) clearly corresponds to a G*
transformation of A4} of the form given in (13). However,
the first term corresponds to a gauge transformation more
general than one induced by a G* transformation, albeit
one which still leaves the gauge condition (14) invariant.
The spinor potential therefore does carry a representation
of the full loop algebra with commutation relations (21)
with m,n €Z, modulo such gauge transformations. To
obtain the relations (21) explicitly, for all m,n €Z, we
have to modify the transformation rules (13) by allowing
further transformations of the components of the poten-
tial corresponding to more general gauge transformations
leaving (14) invariant.

From (10) it is clear that g and 4 can be used as bridges
(cf. Ref. 16) to convert G-covariant objects into G*-
covariant ones which are manifestly G invariant. This
conversion was explicitly performed in Ref. 4 in order to
display an infinity of conserved quantities and the closure

(22)

V‘l,*l{‘l;—ﬂcabcsc(ﬂ) :

of the algebra of symmetry transformations acting on the
G*-covariant, manifestly G-invariant superfield B
=gh~!. Gauge transforming with respect to g !, the
components of the potential become

#=0, Z5=BDB~', &. =0, A, =BD.B"!,
1t 2t 2t

(23)
whereas rotating (9) by 4 ~!, we obtain
#\=B~'D'B, &4=0, &, =B~'D.B, Z,=0.
(24)

The superfield B is manifestly G invariant and transforms
in the following covariant manner under G* transforma-
tions,

B—se—S\pe—RM) (25)
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inducing the following infinitesimal parametric transfor-
mations on the potentials (23) and (24):

SNy =[2",S(M]+[2",BR(MB™'] (4=2,2),
(26)

~IS(A)B] (4 =1,1),
27)

AL y=—[D4,RN]—[Z',B

where 2, =D} + Yy, D' =D +.7",. These transfor-
mations generate symmetries of the G»-covariant linear
systems

DS(AMX(M)=0 (28)
[where X(A) denotes either (case A) glb()\)E\I/O\,);
W(A=0)=1 or (case B) g¢(A)=D(A); D(A= oo )=B] and

T (MX(M)=0 (29)

[where X(A) denotes either (case B) hyp(A)=W¥(L);
W(A=0)=B", or (case 4) hp(A)=P(L); P(A=c0)=1],
by virtue of which the G*-covariant forms of the field
equations (2),

(s ) N1
Dy o3 =0=D; o,

Dl +8;2igV ;g7 '=0, (30a)
l_)is.:z{§+8§2igV2ig":0 ,
or, equivalently,
D&S&?:O:D i,
D, o'\ +8,2ihV ; h—1 (30b)

2s
DS +872ihV ;h -1

are also left invariant under the infinitesimal parametric
transformations (26) and (27).4

These results follow from the Killing equations for S
and R (case A):

[Z5A),S(AM)]=0=[D(L),R(M)],

from which follow the relations for .S and R given in Ref.
4, namely,

S=WMTYRA)™', R=PA)TD()~ (31a)
or alternatively we have the relations (case B)
S=YMT¥AN)~"', R=BANTD(A)"!, (31b)
which solve the equations
[D5(M),S(M)]=0=[Z(1),R(7)] .
A  consideration of the integrability conditions
[8%(7)8%u) — 8 ,LL)S”(T)]MA and [8%(7)6%w)
—8%u)8%r)].Z’y shows that the generators of the

transformations (26) and (27)
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Jdz6r 4, n>0
N:: —~ S ) (323.)
dz 8P y—=—, n<0
f a A S.E{A
for case A4, and
[dz6 7 4—2— , n>0
M= 4
o (n) ) ’ (32b)
dz 8, .o
f Z Oq A 6%,4 , R <O
~0
N,=N.,
for case B, respectively, obey the commutation relations
[N, Ni"]=CaucN*™, n,m€E€Z (33a)
and

[Ny Ny 1=CueN, ", n,meZz. (33b)

Considering the potentials (23) and (24) to be functionals
of B, we have the functional Taylor expansion”

A4[B+8B]=4,[B]+ fszBESE

the generators

AylBl+ -+,
which demonstrates that (32a) are
equivalent to the generators

= [dz8"B 5

of the functional symmetry transformations in the solu-
tion space of (30), which were shown in Ref. 4 to close
under the commutation relations (33a). Here we have ex-
plicitly exhibited the alternative set (case B) of functional
symmetry transformations (25), with S and R given by
(31b), generating the loop algebra with commutation rela-
tions (33b). Corresponding to these two sets of functional
symmetry transformations, there exist two (completely
equivalent) infinite sets of nonlocal conserved currents, -
which may be represented compactly by the following ex-
pression for the nth conservation law:

(Dbet Z3"X (g M)] — DUt DX 5 (M} | 120=0 ,
(34)
where
o — 0, s=t
t— 1 , S#t »
and (case A)
9%>'=11792 L XpM=WR)= S A, 4=23,
n=0
DW=\ G, X<A>(M=q>m=§r"q>("), A=1,1,

n=0

or alternatively (case B),



DP=NDYy , Xy M=BR)= 31", 4=2,3,

n=0

Ly, xap=%0=S2m¥" | 4=1,1,

(n)t _
DV= o
n=0

The proof of Eq. (34) for case A4 is given in Ref. 4, and
for case B follows that given there.

III. CONCLUDING REMARKS

Whether the structure described here, and in Refs. 2—6,
has any more than merely a formal significance, in partic-
ular, whether this is the underlying classical structure
constraining the quantum dynamics at high momenta
(and yielding a finite theory to all orders in perturbation
theory,'®1° is still an open question. However, in two di-
mensions, the analogous conserved changes do constrain
the dynamics, in fact determining the exact S matrix;? so
the conjectured correspondence between integrability and
finiteness is quite plausible. In the background-field for-
mulation of the quantum’theory, one may split the super-

field g, for instance, into quantum (g) and classical back-

ground (b) factors: g =gb. Then, the components of the
potential which are functionals of g split into background
and quantum fields thus:

AYy=g 'Dig=(b"'g~")\D,(gb)
Zb_IDAb +b_1(q_lDAq)b

cl
=Ay +a2 »
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where 49=b"'D b. Under G transformations (b—be?®
the background field transforms in the usual inhomogene-
ous manner

A9 e %4%e®+e D e%,
whereas a% transforms covariantly: a§—e~%aje”.
However, under G* transformations, e.g., g—e g, the

background field remains unchanged A4$—AY, whereas
the quantum field transforms inhomogeneously:

aj=(b"1eb)ag(b" e b)+b"(eDye )b .

These transformation rules show that the parameter S(A)
appears only in quantum transformations, whereas o ap-
pears only in the background transformations. This prop-
erty is characteristic of the background-field formula-
tion,?! where one usually chooses for quantum gauge
fields a background-covariant gauge-fixing term, thus ob-
taining a gauge-invariant effective action. The G?*
transformations here are reminiscent of the pregauge
transformations used, for instance, in Ref. 19, to decouple
ghosts from the theory. Whether these G* transforma-
tions can be similarly used, perhaps in some off-shell gen-
eralization of the maximal theory, remains to be seen.
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