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Estimation of the infection parameter in the different phases
of an epidemic modeled by a branching process*

Sophie Pénisson'

March 2010

Abstract

The aim of this paper is to build and compare estimators of the infection parameter in the
different phases of an epidemic (growth and extinction phases). The epidemic is modeled by
a Markovian process of order d > 1 (allowing non-Markovian life spans), and can be written
as a multitype branching process. We propose three estimators suitable for the different
classes of criticality of the process, in particular for the subcritical case corresponding to the
extinction phase. We prove their consistency and asymptotic normality for two asymptotics,
when the number of ancestors (resp. number of generations) tends to infinity. We illustrate
the asymptotic properties with simulated examples, and finally use our estimators to study
the infection intensity in the extinction phase of the BSE epidemic in Great-Britain.

Keywords: multitype branching process; conditioned branching process; estimator; CLSE;
consistency and asymptotic normality; epidemiology; SEIL.

Mathematics Subject Classification. 60J80; 60J85; 62P10; 62MO05; 62F12; 62J02.

1 Introduction

The purpose of this paper is to quantify the infection of an epidemic in its different phases (growth
and extinction) by providing appropriate estimators of the infection parameter for each of these
phases. The epidemic is modeled by a Markovian process of order d > 1 with Poissonian tran-
sitions, which can be seen as a multitype Bienaymé-Galton-Watson (BGW) branching process
with d types corresponding to the memory of the process. The method proposed in this paper
can thus apply to any multitype branching process of the same form, for which one wishes to
estimate a parameter acting affinely on the mean matrix. The epidemic model which is used here
has been elaborated in [12], and is suitable for any rare transmissible SEIR disease in a large
branching population following a Reed-Frost model for the infection. The process corresponds to
the incidence of the clinical cases, which are assumed to be the only available observations.
Branching processes are useful models to describe the extinction and growth of populations,
and as such have been applied to many biological problems (see e.g. [8]). The estimation of a
key parameter such as the mean number of offsprings or of the Perron’s root (largest eigenvalue
of the mean matrix), which determines whether or not extinction is certain, is consequently of
a very large interest. Since the parameter quantifying the infection of the epidemic is, in our
model, an explicit function of the Perron’s root, it is very natural either to build a new estimator
specifically designed for the model, or to investigate the existing results in the estimation theory
of the Perron’s root. As detailed in Section 3, estimators of the Perron’s root for general multitype
branching processes usually require the knowledge of the whole or partial genealogy of the process
(for example individual offspring sizes, or parent-offspring type combination counts), which are
data that are mostly non available in the epidemiological context. S. Asmussen and N. Keiding,
however, introduced in [1] an explicit estimator based only on the total generation sizes, which is
thus of direct practical applicability for our model. We deduce from this estimator a first estimator
of the infection parameter. Despite the potentially large order of the Markovian process that we
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consider, its Poissonian character ensures many properties which make it easy to derive estimators
with interesting characteristics. We thus build two conditional least squares estimators (CLSE)
with different asymptotic properties.

After presenting the epidemic model as well as the underlying general mathematical process
in Section 2, we provide in Section 3 the three estimators of the infection parameter, which
are all only based on the available observations. We aim at asymptotic results, either as the
size of the initial population tends to infinity, or as time tends to infinity. It could be of a great
mathematical interest to study the asymptotic when both the number of ancestors and the number
of generations of the branching process simultaneously tend to infinity, as it is done in [7] for the
single-type case, but we choose to focus on asymptotics of an immediate practical interest. We
first present in Section 3.1 a CLSE which is consistent and asymptotically normal, as the initial
population size grows to infinity. This estimator is thus appropriate either in the growth phase of
the epidemic or in its decay phase, provided that the initial time of the model corresponds to a
large number of clinical cases. In Section 3.2 we focus on the subcritical case that is particularly
designed for the extinction phase, and provide a CLSE based on the process conditioned on its
non-extinction at the current time. This estimator is consistent and asymptotically normal, as
time tends to infinity. This last result is based on the knowledge of the asymptotic distribution
of the conditioned branching process, the so-called Yaglom limit. We finally provide in Section
3.3 an explicit estimator derived from the estimator of the Perron’s root introduced in [1], and
we deduce the consistency and asymptotic normality of our estimator in the supercritical case,
on the set of non-extinction, as time tends to infinity. This last estimator is especially suitable
in the growth phase of the epidemic. In Section 4 we compare these three estimators for several
values of initial population size and time, and illustrate by means of simulations their asymptotic
distributions. We next provide in Section 5 an other illustration, this time on a concrete biological
problem, the Bovine Spongiform Encephalopathy (BSE) epidemic in Great-Britain. We finally
conclude in Section 6 on the relevance of the estimators presented in this paper.

Whenever it is possible, we point out potential generalizations to wider contexts than SEIR
diseases, in particular to non-epidemiological problems.

2 The model

In order to allow the reader to apply this method to other problems than the estimation of the
infection parameter in SEIR diseases, we first describe in Section 2.1 the underlying mathematical
process, before detailing in Section 2.2 this process in our specific epidemiological context.

2.1 The general mathematical model

Throughout this paper we consider the following Markovian process of order d > 1,

d
Xn = Z Z Cn—k,n,h (21)

where the {(,—g,n,}; are iid. given 7, := 0 ({Xn,k}k>1>7 and follow a Poisson distribution

with some parameter ¥, independent of n (time-homogeneous setting). Moreover, the {(,— k,n,i}i’ X
are assumed to be independent given F,_;. The quantity k represents the maturation period
needed to produce the offsprings (,,—x.n,;. The particles thus have a non-Markovian random life
span. We point out that in the simple case d = 1, the process is a single-type BGW branching
process with a Poisson offspring distribution. For any information on branching processes, we
refer to [2]. We easily derive the conditional law of X,,,

d
Xol|(Xn-t1,. .., Xp_q) ~ Poisson (Z Xn_k\I!k> . (2.2)

k=1

Moreover, as shown in [12], Proposition 3.1, X,, may be written as a multitype BGW process.
We define the d-dimensional process X, := (Xp 1,..., X, q4) such that, foralli =1...d, X,,; :=
Xpn—i+1 (hence the first coordinate X, ; corresponds to the value of the single-type process at time



n). Then (X,), 5, is a BGW process with offspring generating function

Z 7' 7"1’/‘ +1 = 7\111'(17“)7‘1‘_5_1, i:1...d—1,
; (2.3)
7\IJ,1 — 67‘1’,1(177”1)7
k=0
and mean matrix
Uy 1 0 0
v 0 1 ... 0
M := : : T I (2.4)
Ty q 0 1
U, 0 0

The process (X,,) n>0 18 obviously nonsingular. We assume throughout this paper that ¥, > 0,
and that there exists some ¢ = 1...d — 1 with ¥; > 0, such that the process is positive regular.
Moreover, as shown in [12], the process satisfies the X log X assumption: for all 4,5 = 1...d,
denoting e; := (0,...,1,...,0) the basis vector of N%,

E[X:1,;In Xy (X0 = €] < o0. (2.5)

The theory of multitype positive regular and nonsingular BGW processes implies that the
extinction of the process (X,,)n>0 occurs almost surely if and only if the Perron’s root p of the
mean matrix M is smaller than or equal to 1. A computation of det (M — pI) shows that p is
solution of the equation

d
> =1 (2.6)
k=1

As mentioned in [12] (Proposition 3.1), this implies that
p<1 = Ri=)» U<l (2.7)

In addition, the distributions of quantities such as the extinction probability, the extinction time,
and the tree size until extinction can be easily derived from the model (see [12]).

2.2 The epidemic model

It is shown in [12] that the previous age-dependent process (2.1) can be obtained as the limit of a
more complex age and population-dependent process N, (N k) T describing the population-
size at time n for each type k € T (corresponding e.g. to health stages, locations, ages etc.). We
first very briefly recall this result, and then describe in which way this can be applied in order to
obtain our epidemic model. The number of k individuals at time n is given by

h
apng Nn 1

NE=STST Sy (2.8)

=1 heT i=1

h)k

where ajy is the largest survival age, and Y i

is the number of k individuals generated at time

n by individual ¢ belonging to the type h at time n — [. This number Y(h)l i of “mathematical”
offsprings depends on the individual transition of ¢ from A to k, as well as on the number of its
“true” offsprings and their respective transition from their initial type to k.

Assuming the existence of a subset K C 7T of rare types, and eventually of a subset K' C K
corresponding to rare types “of interest”, the authors of [12] prove in Proposition 5.1 that, under
technical assumptions (which are rather weak in the epidemiological context), the process NF
converges in distribution, for all & € K, as the initial population size Ny := >, . N¥ tends to

infinity. Moreover, the process summed on the rare types of interest, X, := >, s/ X% where

XF 2 limy, N¥, is a process of the form (2.1).



-

INFECTION INCUBATION
—_— —_— —_—
horizontal or vertical death or immunization
Susceptible Exposed Clinical case Removed

Figure 1: Evolution of the health status of an individual in a SEIR disease.

In the epidemiological context of a SEIR disease (see Figure 1) with horizontal and vertical
infection routes, where the types are the health states, if K concerns all the infected states and
K' C K, the clinical state, then we obtain that the process X,, := limy, Eke’c, N,’f, corresponding
to the incidence of the clinical cases at time n, assuming that the initial population size Ny is very
large, is of the form (2.1) ([10], [12]):

d
Xn = Z Z Cn—k,n,iv (29)

where d := ap — 1, and (g p,i| Fne1 ~ Poisson (Uy), with, for all k= 1...d, assuming that the
infection parameters and the incubation time distribution do not depend on the age at infection,

anr Sz
\Ijk = Z (ghor. + 1{i:k+1}0vert.) sznc(k) (210)
i=k+1 =17

St is the probability that the age of death of S and F individuals is larger than k, Pj,.. (k) denotes
the probability that the intrinsic incubation period equals k, 0. is the horizontal infection pa-
rameter (mean number per infective and per time-unit of newly infected individuals via horizontal
transmission), and 6. is the vertical infection parameter (probability for a newborn with an
infectious mother to be infected at birth).

3 Estimation of the infection parameter

Throughout this section we consider the BGW branching process (Xn)n>0 introduced in Section
2.1, with generating function (2.3) and mean matrix (2.4). We assume that the ¥;’s affinely
depend on some unknown parameter fy: for allk=1...d,

Ui (6o) = arbo + by, (3.1)

where aj and by are known. In the epidemiological context of rare SEIR diseases in large popu-
lations, 6y would correspond either to the horizontal or vertical infection parameter (see (2.10)).
In the following, we denote by a, b and ¥(6y) the d-dimensional vectors with coordinates ag, by
and Uy (6p) respectively.

Our aim is to provide estimators of 6y based on the observations (Xo, ..., X, ), with asymptotic
properties corresponding to interesting characteristics in the epidemiological context. We are
thus looking for estimators suitable in the subcritical and/or supercritical cases, with asymptotic
properties, as the initial population size grows to infinity, or as the number of observations n tends
to infinity. We would thus entirely cover the problem of estimating the infection parameter in the
growth and extinction phases of the epidemic, offering moreover several alternatives depending
on which asymptotic is suitable regarding the available data. As mentioned in the introduction,
we first investigate the numerous results in the literature dedicated to the estimation theory for
general branching processes, in order to find an appropriate estimator for our model. In its early
paper [9] in 1948, T. E. Harris provided an estimator for the mean value mq of a single-type BGW
process Xg, ..., X,. It is a maximum likelihood estimator, now referred to as the Harris estimator,
based on observed values of the individual offspring size for each individual in each generation.
The estimator is

MLE X1+...+X,

= , 3.2
" Xo+...+X,1 (3.2)

m




and Harris proved the consistency of mM¥ as n — oo in the supercritical case, on the set of

non-extinction. Note that the estimator mM LE only involves X, ..., Xn. It is actually proved in
[5] that mMLE is also the maximum likelihood estimator of mg based on the observed values of
Xo, .. X only. It is straightforward to show that mMLF is also the weighted conditional least
squares estimator (CLSE) based on the process Xj/+/Xy—1, defined as follows

2

. X —mXp—

CLSE = arg min —( ) .
m=0 P Xi_1

(3.3)

Similar estimation problems are considered in the multitype case. In [1], S. Asmussen and N.
Keiding proposed a maximum likelihood estimator of the Perron’s root pg based on the observations
of the whole genealogy of the population (i.e. each offspring vector produced by every individual).
It is proved in [13] that this estimator is also the maximum likelihood estimator solely based on
the observations at each generation of the total number of individuals of type j whose parents
were of type ¢, for every i,7 = 1...d. However in epidemiology this kind of variables are generally
not observable. For our model this would imply indeed that, considering the number of clinical
cases at a given time, we could say how many of them were infected exactly k time-units earlier.
We are thus more interested in estimations based on the generations, or on the total size of the
generations, such as the other estimator presented in [1],

Pn = ’
[Xo|+ ...+ |Xp-1]

where |.| denotes the £'-norm |Xy| := Xg1 + ...+ Xgq4. For d = 1, p, clearly reduces to the
Harris estimator defined in (3.2). Note that the relation (2.6) implies that

d _

0 _ 1_Ek:1bkp0k

0= d —k
> k=1 kPo

(3.4)

(3.5)

Hence an estimation of py would provide an estimation of 6y (the opposite is not true since pg
cannot in general be expressed as an explicit function of fy). In the supercritical case, the estimator
Pn. Wwas shown to be consistent, as n — oo, on the set of non-extinction, with an explicit asymptotic
distribution ([1]).

Due to the Poissonian character of the transitions of the process (X;),, ., it is possible, in
our setting, to express the joint probability function of the observations Xj,...,X,, without
involving the whole or partial genealogy of the process. The likelihood function is indeed given
by two factors, one of which is independent of 6y, the logarithm of the other being L (6y) :=
00> a- X 1+ 37, Xp In (®(6)) - Xj_1), where u-v denotes the scalar product S ¢_, ugvy.
The MLE of 6y based on the observations Xj,..., X, is thus a solution of L' (§) = 0, where
L) =-r 1 a-Xp 1+50  Xi(a-Xg_1) (®(0) - X_1)~". This equation has in general no
explicit solution, except for simple cases such as the one-dimensional case d = 1, or the linear case
b = 0. The MLE is then, respectively,

QMLE d=1 > ey (Xi — bXp) gMLE b=0 2 k=1 X ) (3.6)
Yhm10Xpa " D i1 0 Xy

As shown later (see (3.10)), it corresponds in these cases to the CLSE of 6y. It is however in
general not the case, and we choose to focus on the CLSE.
In Section 3.1 we first study the weighted CLSE

n

[Xk — Eo (XiXp-1))?
leo‘ —argmlnz:l @ X, , (3.7

and its asymptotic properties, as |Xo| — oo, for any class of criticality. Since we are only interested
in the asymptotic in |Xg|, we omit for the sake of clarity the subscript n in the estimator. In
a second instance, since we aim at finding an estimator with asymptotic properties, as n — oo,
holding in the subcritical case, we consider in Section 3.2 the CLSE associated with the conditioned
process Zy := (Xy|Xy # 0),

n

67 —argmlnz Zk_Iie ZZk‘Zk )l ) (3.8)
k-1




where Zj, := Zj1. Finally, thanks to relation (3.5), we derive from the estimator (3.4) a third
estimator of g,
d ~
X — 1= 3 b

n ~k

3.9)
a (
> k=1 @kPn

and deduce in Section 3.3 from [1] asymptotic properties of 0?5,
case, on the set of non-extinction.
In the following, we denote © :=0,:in, Omaz| With ez > Opmin > 0.

as n — oo, in the supercritical

3.1 A CLSE with asymptotic properties, as |X,| — oo

In this section, we provide an estimator with asymptotic properties, as the initial population size
|Xo| tends to infinity, holding for any class of criticality. We consider the weighted CLSE based

on the process Yy 1= Xi//a - Xj_1,

n n

Zl (X — ®(h) ~Xk,1)2.

X . . 2 .
Oix,| == arg lggg; (Y —Eg (Yi|Xg-1))" = arg gélc{)lk @ X,

We easily derive the following explicit form

~

0X _ ZZZ] (Xk —b- Xk—l) )
ol D1 X1

(3.10)

The normalization of the process X by y/a - X;_1 appears to be the most natural and suitable
for the following reasons. First, this normalization generalizes the normalization Xy /y/aX;_1 in
the monotype case, which is the one leading to the Harris estimator of mg = afy + b. We have
indeed, for d = 1, af)))gu +b=mME As mentioned in (3.6), it also corresponds, in the linear
case, to the MLE of 0. In addition, defining for any vector u, u := min; u; and U := max; u;, we
have

b- X

b 2
=K — =
0o + =< Eg, ((Yk Eo, (Yi|Xk-1)) |Xk—1) fo + a X,

b
<O+ —, (3.11)
a

hence the conditional variance of the error term Yy — Eg, (Y3|Xk—1) in the stochastic regression
equation Yy, = Eq, (Yz|Xk-1) + Yi — Eg, (Y% |Xy—1) is invariant under multiplication of the whole
process, and bounded respectively to (Xx)x>0-

We provide asymptotical results for the estimator é\g(o\ defined by (3.10), as the initial popula-
tion size tends to infinity. We introduce the following notation. For every ¢,7 =1...d and k > 1,

mz(-;-c) (0) denotes the (i, j)-th entry in the k-th power of the matrix M(6) given by (2.4). We define

n d d k—1
_ 64 D k=1 Zj:l D et O‘jbim;i )(9)
- n d d k—1 :
D k=1 Zj:l Dz O‘jaimg'i )(9)

We can now express the main result of this section.

a2 (6): (3.12)

Theorem 3.1. Let us assume that there exist some «; € [0,1], i = 1...d, such that, for all
i=1...d,

. Xo,i a.s.

lim == . 3.13

| Xo|—00 |X()| ¢ ( )

Then 5‘*);()' is strongly consistent:

(3.14)

(3.15)

In order to prove Theorem 3.1, we first show the following lemma, which takes advantage of
the branching property of the process (X)r>0, and use the strong law of large numbers.



Lemma 3.2. Assuming (3.13), the following holds for allk =1...n and alli=1...d,

Xii ae
lim ki a5 Zajm(-]-c)(eo). (3.16)

Proof of Lemma 8.2. Using the branching property of the process (X )x>0, we write

Xo,1 Xo,a

= 2 Xl XL
j=1

where for all I = 1...dand j = 1... Xq,, X,gl)ij is the i-th coordinate of a d-type branching
process at time k initiated by a single particle of type [. For k, i and [ fixed the random variables

{X ,ili j} are i.i.d. with mean value m (90) According to the strong law of large numbers and
R

under (3.13), we have, for every [ = 1...d such that Xo,; # 0,

Xo,1 3 (1)
S X, e
lim = o %2 ( (0
xol—oe  Xoy (6o).
which together with (3.13) leads to (3.16). O

Proof of Theorem 3.1. To prove the consistency of é\g(ﬂ we apply Lemma 3.2 to (3.10), using the
fact that X = X 1 and Xj,_; = Xj;,_1,, and obtain

n k k—
o Tiea Xy oy (m(00) = S bl (60))
- n k— !
> k=1 2?21 Z?:l aiajmgz' Y (6o)

(3.17)
By definition,
d d
m(00) =3 mlE (G0)mir (00) = > mli ™ (60) (aiblo + by)
=1 1=1

hence (3.17) immediately leads to (3.14).
We are now interested in the asymptotic distribution of 9|§(0| —6y. We derive from (3.10) that

(X — U () - X
Za X 1<9|xo| 9) it | & ) X 1)' (3.18)
Vaisia X
By (2.1), . X
k—i d Xk—i
X — 1= Z Z Ck ik, — 1(90)) = Z Ck—i,k,ﬁ (319)
i=1 j=1 i=1 j—=1

where the {(r—i }j are i.i.d. given Fj_1, following a Poisson distribution with parameter ¥;(6y),

and the {Cx—ix,j}, ; are independent given Fj_1. Renumbering the ék_i7k,j we then obtain
d k=1 Xk—i

Z Xp— ¥ RUSY Z Z ék—i,k,j- (3.20)
k=1

Applying a central limit theorem for the sum of a random number of independent random variables
(see e.g. [4]), we obtain that for alli=1...d,

DV

i D D A(0,ai60 + b;) (3.21)

lim —
IXo[—00 vV Zk:l Xp—i

We have used the fact that [Xo| is a real positive sequence growing to infinity, and > ,_, Xx_; a
sequence of integered-valued random variables such that >, _; Xj_;/ |X| converges in probability



to a finite random variable. In our case the limit is actually deterministic, since we have shown in
Lemma 3.2 that

Lyl N G VST X b22)
Vo1 Xkmi Vg a- X

Using again Lemma 3.2,

T k—
\/m a.s. E 1O‘Jm§'¢ 1)(‘90)

lim —
Xol=oo /3 g @ Xpa >kt E; 1 Zl 1 O‘Jalm (90)

which, combined to (3.21) and (3.22), implies by Slutsky’s theorem that

o?(0o)) . (3.23)

By (3.12) and (3.14), limx,| v/02(60)/ /02(@\&0') “2 1, from which we deduce (3.15). O

Remark 3.3. We point out that we do not use the Poissonian character of the transitions of
the process (2.1) to derive the properties of 9‘))((0‘, but we simply need its first and second order
moments. This estimator can thus be applied to any process of the form (2.1), where the {(,—x,n,i};
do not necessarily follow a Poisson distribution, but satisfy Eg, (Co—t,n.i|Fn—1) = Yr(fo). The
variance should be either known, or previously estimated, and the process should be normalized
accordingly such that the error term in the stochastic regression equation remains bounded.

3.2 A CLSE with asymptotic properties, as n — oo

In this section we consider, instead of (X)g>0, the process conditioned on non-extinction Zj :=
(Xk| Xk # 0), and define for all & > 0 the one-dimensional process corresponding to the first
coordinate Zj := Zj ;. We obtain asymptotic properties for the corresponding CLSE, as the
number of observations n tends to infinity, even in the subcritical case, despite the almost sure
extinction of the process. It is indeed known (see e.g. Theorem 5.4.2 in [2]) that in the subcritical
case the conditioned process (Z)r>0 admits a stationary measure vy, , referred to as the Yaglom
distribution. We point out that this estimator is particularly adapted for the study of the extinction
phase of an epidemic, even if the number of cases at the beginning of the extinction is not very
large.

For all d-dimensional vector u, we define the truncated sum [u] := w; + ... + ug—1. By
definition, ‘
(P (0o) - Zi—1)" e~ * 00 Zr

Po, (Z = j|Zi_1) = :
00( k .7‘ k 1) j!(1_1{|_Zk_1_‘:0}e—‘ljd(90)zk—d)

(3.24)

We consider the CLSE corresponding to the normalized process Zi/+/a - Zi._1,

é\f = arg mm Sn(0) Z

2
k_1<\/aTlc1 f(@,Zk_1)> , (3.25)

where

W(6y) - Zy—1

_1> T Va Zis (- Lz, j—gpe Va0 Zi-a)’

f(00,Z—1) := Eg, ( (3.26)



Denoting by f’ the derivative of f with respect to #, we thus have, for all § € © and all j € N,
Jj#0,

1—(14+T4(0 Y (0)igq e e
Vaja R ] =0

f(0,3) = (3.27)
va-j otherwise.
We finally define
Z
E = 4k - f(907 Zk—l)a (328)
va-Zi_q
which implies that
W(6y) - Zy—

Eo, (c3|Z1-1) = (60) - Zie—s (3.29)

a-Zy (1 - 1{[Zk7ﬂ:0}ei\yd(90)2k_d) )

and the conditional variance of the error term ¢ in the stochastic regression equation is conse-
quently bounded:

b -1 b
0o + = < Eo, (2|24 1) < (1 - e—%wo)) (00 + ) . (3.30)
a a
Theorem 3.4. The estimator (9\5 is strongly consistent:
lim 67 % 6,. (3.31)

n—oo

Proof. According to Proposition 3.1 in [11], sufficient conditions for the strong consistency of 55
are that f(.,Zg—_1) is Lipschitz, in the sense that there exists a nonnegative o(Zg,...,Zg_1)-

measurable function Cy, satisfying for all 0y, 0o € O, |£(01, Zp_1) — (02, Zu—1)| < Ch |61 — 0],
that limy_ oo Eg, (Ei\Zk_l) <z 00, and that

n

lim inf > (f(00, Ze—1) — £(0, Zk—1))” = oo (3.32)

n—00 |0—0g| =5 P

The Lipschitz condition is satisfied thanks to (3.27), which shows that f/(.,Zx_1) is bounded on
©. The second condition follows from (3.30). Let 6 > 0 and 6 € © such that |0 — 6| > §. We
assume for convenience that 6y > 6. In order to prove (3.32), we apply the mean value theorem
to the function f(.,Zg_1), and obtaln that there exists some ), €0, 0y such that f/(0y, Zyp_1) =

(f (6o, Z—1) — f(0,Z1_1)) (6o — 6)". Consequently,

S (00, ) — £(0.25 ) = 00— 07 Y (70 Zu))

k=1 k=1

> (1 —1{rz,_.11=0} (1 + q}d(ék)Zkrfd) 6_%(5’“)2“‘1)2
00> a7
k=1

5 4
(1 - 1{[Zk_1“:0}67‘11d(0k)zk7d)

> (00— 0 (1 (1w (01)) "))’ Za Zi s

2
> 52 (1 —(14+T4(601)) e‘qjd(gl)) an,

which implies (3.32). O

To prove the asymptotic distribution of 0,“ we make several times use of the following strong
law of large numbers for homogeneous positive recurrent Markov chains: for every vy, -integrable
function g : N%\ {0} — R,

n—1

T 5702, 2 Y gl ) (3.33)

k=0 jeNd



By (2.5) it is ensured (see e.g. [2]) that the Yaglom measure vy, satisfies, for alli =1...d,
> kive, (k) < oo (3.34)
keNd
For the following we need to show that vg, admits finite second-order moments as well.
Proposition 3.5. Foralli,j=1...d,
> kikjve, (k) < 0. (3.35)
keNd

Proof. First, let us note that by definition of Z,,, we have for all i =1...d,

S hivay (k) = Ba, (lim Zoi) = Ba, (lim Zu-i1a) = 3 ki (k) = m. (3.30)

n—

keNd keNd

For alli=1...d — 1, using the inequality z (1 — e’z)_1 <l+2x, >0,

(6 Zp_1
Eo. (ZZn_:) = Bo. | Zo_s <E {Zn_l-(l Oy Z,_ )} ,
0o ( ) 0o |: 1— 1{anil]:O}e—\I/d(eo)Zn,d 6o + ( 0) 1
hence
d

lim By, (Z,Zp_s) < m"% +k_%1a§< limEy, (ZnZn—k) E U, (0 (3.37)

- =0... =
Similarly,

W(0y) Zp_1 W(0y) Zp_1
Ey, (Z%) = E 1
o ( n) o |:1 _ 1{’,Zn71.‘20}e—‘l}d(90)zn—d + 1— 1{(Zn71]:0}6_%(90)z"’d

2
< Eg, {(2 + ¥ (0) - Zn—l) ]
d d
=444 U;(00)Eo, (Zn—j) + > > U;(00)¥1(00)E, (Zn—j Zn-1),
j=1 Jj=11=1

which by Fatou’s lemma and (3.36) leads to (using the fact that Z?Zl U,(6y) <1)

d
lim By, (Z2) < 4+ 4m" + ,max limEg, (ZnZnk) > w5(600).
j=1

Together with (3.37) this implies that

d
max limBEg, (Z,Zy—k) <4+ 4m" + max limEq, (Z,Zn-x ZI\I/] (60),
iz

and thus 4 + 4mPe
0]
max lmEy (Z,Z,-%) < +d = <0
k=0..d—1" 1=225-1%;(0)

We then obtain by means of Fatou’s lemma that for every i,7 =1...d,

3 kikjug, (k) = Eo, ( lim Zmzn,j) = Ey, (nllrrgo ann,,i,j‘)

n—oo

< lim By, (ZnZp—ji—j|) < k:%l.%(_lhmee” (ZnZn—1) < 00.

We can now prove the following theorem.
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Theorem 3.6. Let us assume that the process (Xy);s is subcritical. Then the estimator 55 185
asymptotically normally distributed:

lim ,|n - - 173 -
oo\ Djena (f(00,9))7 f(60,9) (@-5) " v, (4

where f is given by (3.26).

(S 009" 0,9) (FZ-n)2x0n. G

Proof. We follow the steps of the proof of Proposition 6.1 in [11]. Writing the Taylor expansion
of S/, () in the neighborhood of 6y, we obtain that
~ S’ (6
07 — 0y = —M, (3.39)
SH(6n)
for some 6, = 0o + t,, (é\f - 90), with ¢, €]0,1[. Since S}, (6p) = —2>1_, ek f' (60, Z_1), we can

write

NG (55 . 90) _ Dkt Sk{;(ﬁeo, Zy—1) <};n> - (; S;;fn)>_l 7 (3.40)

where F,, == S7_, (f'(60,Z1—1))°. By (3.27), for all j € N, j # 0, 0 < f/(60,§) < va-j(1 —
e~ %a(%))=2 hence we deduce by means of (3.33) and (3.34) that

lim 22 %S (700, 5)° oo ) (3.41)

n—oo N
jENd
In view of (3.40), we now prove that
lim 2ni/n) s o (3.42)

Computing S// thanks to the formula S,,(0) = >";_, (ex + f(00, Zr—1) — (6, Zj_1))?, it appears
that (3.42) is true, as soon as the following holds:

| Sy (6, 7k )
lim sup

n—o0gee F,

2, (3.43)

S (700 7).

i F, =b (344)
and 3 R
Sir (F600.Ze) = £ Zan)) £ B Zar)
lim 230 (3.45)

n—oo Fn

Let us prove (3.43)-(3.45). Note that, for every j # 0, f(0,j) = 0 if [j] # 0, and

(aqja)®? e~ ¥a®ia [e=Va®ia (W4 (8) ja +2) + Uq (0) ja — 2]
(1- ewdwm)i*

f//(eaj) =

otherwise. First, (3.43) is given by a strong law of large numbers proved in [11], Proposition 5.1.
The latter can be indeed applied since f”(.,Zg_1) fulfills the required Lipschitz condition, and
lim,, F;,, 2" oo (as an immediate consequence of the stronger result (3.41)). In view of (3.44) we
consider the function (f'(6,j))* and its derivative 2f(6,3)f"(6,j). For all @ € © and all j # 0
with [j] =0,

(agja)’ e ¥aia (T4 (0) jg + 2)

2f(0.5)£"(0.3)] <4
1217(0,3)17(9,3)] (1= e va@a)’

o 4dmax,>o ( + 2)3 e

S =:C1. 3.46
(1 — e_q,d(amin)>5 “ ( )

11



Consequently,

S (B Znr)? — (B0, zk_o?]
F,

<a
n

~ F,\ !
95—90‘<> , (3.47)

which by (3.41) and the strong consistency of (?f almost surely tends to 0. Writing

Sh (00, Zy—1)? 1+ 2=t (fl(én’zkfl)Q B f’(GO,Zk,l)Q)

Fy a Fy 7
this implies (3.44). It now remains to prove (3.45). With similar computations as above, one
shows that there exists a deterministic constant ¢y > 0 such that

[ (£(00,Z1) - f;en, Zi1)) (0 Zio)| - (Z)_l |

which thanks to (3.41) and the strong consistency of (2)\5 implies (3.45).

In view of (3.40), we finally want to prove that >, _, exf' (6o, Zg—1)/+/n converges in distri-
bution, and for this purpose we make use of the following central limit theorem for sequences of
martingales (see e.g. [15] or [14]).

Proposition 3.7. Let {M,E"), F,En), 1< k<n},n=1 be asequence of square integrable martin-

gales. For each n > 1, we denote by <M>(n) = (<M>,(€"))1<k<n the associated Meyer process. We

(n) P 2,

assume that there exists a constant ¢ such that lim, ., (M) and assume moreover that

for all e >0,
n 2
. (n) (n) (n) | B
i, 3 P - 22 ey 2] £ 0

Then lim,,_.o M{™ 2 N(0,¢?%).

Let us define, for every k < n, M,g") = Zle erf'(00,2Zy—1)/+/n. First, for every k < n,
Eg, (ex.f' (00, Zr—1)/v/n|Zr_1) = 0. Second,

E, <€kf/(007zk—1)>2 ‘Zk = (f'(Bo, Zi—1))* f (0, Zi—1)
0 Vn - ny/a-Zy_ ’

and M ,5") is a sequence of square integrable martingales. Moreover, by (3.34),

Z (f (90% (6o,J) Ve, j) < (1_6_1%(90))5 Z W(6o) - jug, (j) < oo, (3.48)

jENd

jeNd

so by means of (3.33),

: n o enf (B0, Zi—1) "
lim (M) = lim > E, (( ‘ZH
n—oo n—)ookzl \/ﬁ

aus. = (f' (00,3))° f (60, })
D D e

Third, using Cauchy-Schwarz and Bienaymé-Chebyshev inequalities,

zn:]Eeo exf'(00, Zr—1)
=1

Vo, (3)-

jend

NG

2
1 e f' (00,2 _1) S Zkfl
- = |7¢

- erf (00, Zr1)|" : erf' (80, Zk—1) z
< - (Eeg T ‘Zk1‘|) (E”eo [ T P E‘Zk1]>
< nlg > 1 (60, Zi—1)[? (Eo, [ei\zm})% (Eo, [s§|zk,1])% (3.49)

k=1

12



We have
|f/( o, Z, 1)| < @ EQO (Ei‘zk 1) < ( O) k—1

(1 — e~ Wa(00))?’ a-Zjy (1— e valo))’

and
W(0) - Zy—1 (1+3%(0g) - Zi_1)

(a-Zn_1)° (1 —e=Val00))

E9o (€é|zk—l) =

)

hence

|f"(00, Z—1)|* (Eg, [5§|Zk71]>% (Eq, [eilqu])%
(o) - Zy_1 (1+ 3(0) - Zpp_1)?
(1= ePa(®0))"

o ) Zp + V3 (®(bo) - Zi—1)
= (1 — e~ Wa00))"

<

3
2

(3.50)

Since the Yaglom distribution vg, has finite second-order moments (see Proposition 3.5), we deduce
from (3.49) and (3.50) by virtue of (3.33) that

L= erf'(00, Zr—1)
lim 3" Ey, l

It then ensues from Proposition 3.7 that

2

e f(00:Zk_1)
n

>a}‘Zk1] -0

>onet ekt (00, Zg—1) 2o, Z (f' (00.3)° f (60.3)

lim = 5

Finally, (3.40) together with (3.41), (3.42), (3.51) and Slutsky’s theorem imply that

1

ve,(§) | - (3.51)
jend

Siene (F (00.0)% £ (60,3) (@ 3) "2 v, (§)
2
(Siens (77 (60,3 va, ()

lim \/5(55—90) 2N o,

n—oo

(3.52)

O

Since the Yaglom distribution is in general not explicitly known, Theorem 3.6 is not directly
applicable. We can however deduce the following more practical result:

Corollary 3.8. Let us assume that the process (X); is subcritical. Then the estimator @ZL has
the following asymptotic distribution

> k=0 (f'2<§57 Zk)) (@5 B 00) 0 o, -
Sk (1 (51.)) 1 (.0

Proof. The result is immediate as soon as we prove that

lim
n—oo

: kz_o (r (9% (92.2:) . O F 0D, o (g

a-j
as well as the equivalent result for the numerator. For this purpose, we write

S (r(37.2:)) 1 (07.2) - (80, 24))* f (80, 1)

lim
n—oo N + 1
jeNd

k=0 Va - Zi k=0 a-Zy
—~ 2 ~
n (702 2)) 5 (P22) (5 (00,200 £ (60, 72)
+ ];) e - . 7 , (3.55)



and show that (f/ (.,j))* £ (.,) (a ~j)71/2 has a bounded derivative and is thus Lipschitz:

‘Qf/’(ﬂj)f’w,j)f(&j) +('(0,)))* W (Omaz) - J
va-j (1 — e~ ValOmin))?

< 2¢

b

which enables to write

—~, 2 ~
: Z (7 (7%.2:)) 1 (9%.2:) (' (80, Z1)" S (80, Z)
n+1k:0 a-Zy a- -7
<o - 60‘ (1- eicdlw,,m))?’ ni 1 ’;m(emm) 2y (3.56)

By the strong consistency of 55 together with (3.33) and (3.34), (3.56) almost surely tends to
zero. Combined with (3.33) and (3.48) in (3.55), this implies (3.54).
O

Remark 3.9. One can show that, for a given n, the estimator 55 has the same asymptotic distribu-
tion, when |Xg| grows to infinity, as the estimator é\g{o‘. Indeed, if the two estimators differ, this
implies that (Xy),¢, # (Zk)y<,- For notational convenience will simply denote this last event
by {X # Z}. The probability that the estimators are not equal thus satisfies (we omit here the
subscript 6p)

P(eg(ol ¢9f\x0> <SPX£Z[Xo)=PEk<n: Xp=0,..., Xp_(an) = 0[Xo)

NE

<SPEk<n: Xp=0Xo) <> P(Xp =0[Xo).

>
Il

1

By the branching property of the process (Xk),€>07 for all k € N,

d
P (X), = 0[Xo) = [[P(Xi = 0/Xp = e;)™".
i=1

Consequently,
lim P (9f§<0\ £ 95|X0) -

|Xo|—o00

lim P (X #Z)=0.
m P(X#Z)

This implies on the one hand the strong consistency of @ZL as |Xg| — oco. On the other hand, for
all u € R,

p( M(§5,90> §u|X0>

02(07)

n X —~
_p| | 2= 0 X L (0%, 00) <ulX =2, Xo | B(X = Z[Xo)
a2(0% ) °
[Xol
k=19 Zi-1 (57
==L " - — <
+IP’< 202(@%) (en 90)\u|X7£Z,X0 P(X £ 7| Xo),

hence, denoting by ® the cumulative distribution function of the Gaussian distribution, we deduce
from Theorem 3.1 that

n AR —~
lm P, [2k=1d et (95 - 90) <ulXo | = (u).
[Xol—o0 o (07)
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3.3 An explicit estimator with asymptotic properties, as n — o

The aim of this section is to provide an estimator with asymptotic properties, as time tends to
infinity, in the supercritical case, which in the epidemiological context would correspond to the
growth phase of the epidemic. For this purpose, we deduce from the estimator introduced in [1],

~ X4 4 X

= , 3.57
Pr= Xl + o X (3.57)
using relation (3.5), the following explicit estimator of 6y,
~ 1= bepk
97)1( — M (3.58)

ZZ:l akﬁ;k

All what follows can be applied to any process of the form (2.1), where the {(,—kn,}; do not
necessarily follow a Poisson distribution, but satisfy Eg, (Cu—#n.i|Fn—1) = Y& (0o).
For each i =1...d and n € N, we define the covariance matrix V;, with entries

(Vi i1 = Eao (X, i X1 Xo =€) —Egq (X151 Xo0 = i) Eg, (X001 Xo = €7) -

In particular, [Vﬂjk = U, if j = k =4, and is null otherwise. Let 77 be the left eigenvector of M
for its Perron’s root pg, with normalization & - 7 = 1. Then, for alli =1...d,

d k=1 <~d —j

¢ = o 123 z\I/JIDO - _pf(ifl)zkzl Po 1Zj:k V;py’

’ k1 i = Fo d d -

Zk 1Po Z; k JPO py Zj:k Wipy’

The basic limit theorem in the supercritical case states that there exists a random variable W
such that (see e.g. Theorem 5.6.1 in [2])

(3.59)

lim py "X, = nW. (3.60)

n—oo
Let us recall the results obtained by S. Asmussen and N. Keiding in [1], Theorem 6.1. First,
as pointed out by N. Becker in [3], the estimator p,, is strongly consistent on the set of non-
extinction {W > 0}. Second, once adequately normalized, p, — po is asymptotically normal.
However, the asymptotic behavior of p,, — pg depends qualitatively on the relative sizes of p and
A2, where \ is the absolute value of a certain eigenvalue of M. More precisely, let {)\;},_, | be
the spectrum of M, and for each i = 1...s, let 7; be the algebraic multiplicity of A;. We denote
by B={u;;,i=1...s,j=1...7;} the base of the Jordan canonical decomposition of M, i.e.
such that for alli=1...s,

Mu“:)\,-uil, Muij:uij_1+)\,;ui7j, j:2---7"z
Let us define the vector ¢ := 1—¢ and denote ((;, J) i—1...s, its coordinatesin B: { = "7, Z” 1 G g
1 T
Then A is defined as follows,

A=) = 4I:nlaxw{|)\i| :3j5 =1...r; such that (; ; # 0}, (3.61)
and
v=7(¢Q) = max {j=1...r:¢; #0}. (3.62)
=N

We similarly define A(x) and ~(x) for any complex vector z € C?. As detailed in [1], p,, — po =
(S +T0) (I Xo| + - .- + [ Xn-1 |)_1, where (to avoid heavy notation, when no confusion is possible,
we do not write differently column and row vectors when multiplied by a matrix)

n—1 n—1
=3 Xip1 —XM) -1, T,:=Y Xk, k:i=(M-pI)1. (3.63)
k=0 k=0

It appears that S,, and T}, are of the same order of magnitude when \? < pg, while T}, dominates
Sy, if A2 > pg. In order to deal with the case A\? < pg, we define for alln € N, v,, := 1+ZZ;3 Mk
and

. d o0 d
Ci=(p0 =1 p" Y _nivnViva = (po —1) Z "D mlw
i=1 n=1 =1

n=1
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If A2 > po, then there exist vectors ¢! and ¢ such that (M — poI) ¢ = (M —1I)¢* 4 ¢2, with
= A7

() (¢ =7 and A(¢?) < 1. If A2 = pg, we set moreover
1 d eyl
Cp = (1 - ) tim =176 Vil (3.64)
po) n—ee  pgmT

We can now quote Theorem 6.1 of [1]. Note that (2.5) implies that P(W > 0) > 0 (see e.g.
[2], Theorem 5.6.1). For notational convenience, it is assumed in this section just as in [1] that
P(W = 0) = 0. The results stated here are thus valid on the set of non-extinction.

Theorem 3.10 (S. Asmussen & N. Keiding, [1] Thm 6.1-6.3). Let us assume that the process

(Xk),@O is supercritical. Then, on the set of non-extinction, the estimator p, is consistent:

lim 5, “ po, (3.65)

n—oo

and has the following asymptotic distribution.

If A? < po,
Tim /W (144 05 7Y) (Bn = p0) 2N (0,C). (3.66)
If X2 = py and Cy > 0,
, W(l+...+p2° 8 _
nh—>ngo\/ ( n2r—1 il ) (pn - pO) 2 N(O7 02) . (367)

If A2 > po, there exist random variables H,, with lim|H,| < oo, such that

a. s

0

0. (3.68)

lim

n—oo

[W(1+...+pg‘1)(

We now define the constant

d - d —k x~d - d —k x~d K\ 2

Cy = (Ek—l karpy* + 3y apg ™ Yoy Kbkpg " — Y bepg " Dy kapg k) (3.69)

: ; E: . .
Po (Zk:l @k Po )

We immediately deduce from Theorem 3.10 the following result.

Theorem 3.11. Let us assume that the process (Xk)k>0 is supercritical. Then, on the set of

non-extinction, the estimator 0% is consistent:

lim 6 “ 6, (3.70)

n—oo

and has the following asymptotic distribution.

If A? < po,
. W(1+...+pg_1) X D
Tim. e (en - 90) 2N(0,1). (3.71)
If X2 = py and Cy > 0,
lim W+ o) (§X—9)2N(0 1) (3.72)
00 nQ,Y,lCQCO n 0 5 . .

If X2 > py, there exist random variables H,, with H|Hn\ < 00, such that

W@+ 05TY) a.

®

0. (3.73)
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Proof. The strong consistency is immediate from (3.65). We then express gf — 6 as a function
of pn — po, in order to deduce its asymptotic distribution from (3.66)-(3.68). We write

6X — 6,
_ k(0" = Pn®) + 2 anns kb (95" — ) — i bree * S ar (00" — 7,") (3.74)
S arpnt Ly apy” |
and use the fact that, for all k =1...d,
P Z pk gl
Po- = Pn" = (Pn— po) ”pn—po
in order to obtain
7Y — 0 = (- ) | — ke T A P
Pnpo Zk 1 @kPn Zk 1 akpak
Zk 1 %Py Zk 1 bk Ez Py Zk 1 brpg” Zk 1% Zl Lo P! (3.75)

pnpo Zk 1 alcpn Ek: 1akp0

By (3.65), the square bracket of (3.75) almost surely converges to /Cp, and (3.71)-(3.73) are
immediately deduced from (3.66)-(3.68). O

Unfortunately this theorem is seldom of direct practical applicability, in particular because of
the differentiation between the three cases A\? < pg, A2 = pg and A2 > pg. We can not provide here
an abymptotlc confidence interval solely based on the observations, as we did for the estimators
H‘X  and 6Z (see Theorem 3.1 and Corollary 3.8).

Remark 3.12. p, seems to have no interesting asymptotical properties for n fixed, as |Xo| — oo,
when d > 1 (if d = 1 then it reduces to the Harris estimator which is also the CLSE, hence Section
3.1 can be applied), unless we assume that, for alli=1...d,

lim XOz as. 1
[Xo[—00 ‘X0| n-1

(3.76)

If this holds, then for any multitype branching process (X} )r>0 of any class of criticality, lim x| pn =

po- It is however obvious that assumption (3.76) is much too strong and nearly never applicable.

4 Comparison of the estimators and illustration of the asymp-
totic

4.1 Comparison of the estimators

In this section we compare the three estimators on a set of simulated trajectories, for several values
of | Xp| and n. As a context of simulation, we choose the BSE epidemic in Great-Britain which, as
detailed in Section 5, can be modeled by a multitype branching process (Xk),@O of the form (2.1),
with d = 9 types. For all k =1...9, ¥r(0y) = arbfy + by is of the form (2.10), where 8y = 0,0y
(see Section 5), and the aj and by are given in Table 6. The process is then subcritical (resp.
supercritical) for 0y < .51, (resp. 0y > Oopig.), With Oppiy. ~ 23.

We focus on the three following set of trajectories. Fixing the parameter 8; = 15, we first
simulate trajectories of the unconditioned subcritical process (Xy,) k>0 and then of the conditioned
subcritical process (X |Xy # 0)k>0. We finally simulate, with the parameter 6y = 35, trajectories
of the unconditioned supercritical process (Xy);,. We consider different values of [Xo| and n,
namely |Xy| = 10,100, 1000 and n = 10,50, 100. For every couple (|Xq|,n), we simulate, in each
of the previously mentioned cases, 100 trajectories of length n (i.e not extinct at time n), initiated
by Xy = (0,...,0,]|Xg|), and compute the corresponding empirical means and standard deviations
of the estimators. These are reported in Tables 1-3, which allow to compare the three different
estimators in each of these situations.

17



[Xo] 10 100 1000
n mean \ std. dev. mean \ std. dev. mean \ std. dev.

Hl))((o‘ 14.7179 | 4.8811 14.7806 1.5794 14.9930 | 0.4526

10 67 14.7181 4.8805 14.7806 1.5794 14.9930 | 0.4526
0:X 22.2960 | 3.5440 22.1341 1.1615 22.3036 0.3438

X, / / 15.1834 | 0.9552 [[ 14.9675 | 0.3370

50 gz / / 15.1834 | 0.9551 || 14.9675 | 0.3371
6x / / 19.0956 | 0.4860 || 18.9621 | 0.1803
0%, / / / / / /
100 ¢Z / / / / / /
O / / / / / /

Table 1: Empirical means and standard deviations of §|§< B §Z and §X corresponding to 100

trajectories of length n of the unconditioned subcritical process (Xk)k>0 initiated by Xy =
(0,...,0,|Xp|) and simulated with the infection parameter 6y = 15, for different couples (IXol,n).

|X0| 10 100 1000
n mean | std. dev. mean | std. dev. mean | std. dev.
9&0‘ 14.4306 5.1569 14.8198 1.5400 14.9138 0.5442

10 6z 14.4306 5.1568 14.8198 1.5400 14.9138 0.5442
0:X 22.0041 3.6403 22.1723 1.1272 22.2378 0.4094

9&01 16.0774 | 2.2719 15.0800 1.0376 15.0420 | 0.3276

50 6z 14.6195 | 3.3079 15.0595 | 1.0550 15.0428 | 0.3248
0:X 19.7192 | 1.1291 19.0371 | 0.5284 18.9985 | 0.1714

0%, | 177708 | 1.3873 | 15.1534 | 0.9573 || 15.0346 | 0.4027
100 g7 14.7098 | 2.6979 || 14.8563 | 1.0287 || 15.0208 | 0.4047

0X 20.4621 0.7545 19.0074 | 0.4620 18.9211 0.1943

-~ and 5,)5 corresponding to 100

trajectories of length n of the conditioned subcritical process (XX # 0), initiated by Xo =
(0,...,0,]|Xp|) and simulated with the infection parameter 6y = 15, for different couples (|Xol,n).

Table 2: Empirical means and standard deviations of gl)){(ol’ 0%z

|X0| 10 100 1000
n mean | std. dev. mean | std. dev. mean | std. dev.
9&0‘ 35.3485 6.2014 35.2777 1.6247 34.9629 0.6258

10 4 35.3611 6.1672 35.2777 1.6295 34.9630 | 0.6271
0:X 38.4696 5.3626 38.5015 1.4765 38.2363 | 0.5670

9&01 34.7898 1.2210 34.9792 | 0.2760 35.0008 | 0.0860

50 6z 34.7898 | 1.2205 34.9792 | 0.2764 35.0008 | 0.0953
0:X 34.8578 | 1.2613 35.0580 | 0.2816 35.0816 | 0.0877

0%, | 349942 | 0.1014 [ 350056 | 0.0302 || 35.0021 | 0.0107
100 07 34.9943 | 0.1042 | 35.0056 | 0.0300 || 35.0000 | 0.0000

0:X 34.9930 | 0.1025 35.0053 | 0.0313 35.0032 | 0.0116

Table 3: Empirical means and standard deviations of 9|X B 5 and GX corresponding to 100

n
trajectories of length n of the unconditioned supercritical process (Xj),, initiated by Xo =
(0,...,0,]|Xp|) and simulated with the infection parameter 6y = 35, for different couples (|Xol,n).
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Figure 2: Simulation of a trajectory of length n» = 100 of the conditioned subcritical process
(Xk|X) # 0) 5, initiated by (0,...,0,100), with the infection parameter 6y = 15.

The empty entries in Table 1 are due to the fact that for some given couples (|Xgl|,n), tra-
jectories of the subcritical process initiated by X with an extinction time greater than n occur
only with a very small probability. We recall that the estimator 87 has no explicit form. Its

precision thus depends on the optimization method which is chosen, while the precision for é\\)lf(o\

and '9?5 solely depends on the computing program. As a consequence, the estimations obtained
with 5&0‘ and 67 might slightly differ from each other, even when they are in theory equal, i.e.
on trajectories with no sequence of d — 1 = 8 zeros. We can see however in Table 1 and Table 3
that, in our example, this approximation error remains very small.

Table 1 enables to compare 9|X ‘ and 9X As just mentioned, 9Z is, in this case, equal to

G‘XO‘ since no trajectory contains 8 consecutive zeros. Obviously, 9|X0| provides an estimation of

the parameter much closer to 6y than gx , which is of no surprise, since 6 is not proved to be
consistent in the subcritical case. This table provides moreover an 111ustrat10n of the consistency
of H‘X | and a probable non consistency of 9 , as |Xo| tends to infinity, which appears clearly for
n = 10. _

Table 2 illustrates again the fact that 6 is not accurate when the process is not super-
critical. This table is however very interesting to compare 5‘))((0 and é\f on trajectories which
might present one or several sequences of 8 zeros, typically trajectories of the conditioned process
(X Xk # 0)1@0 in the subcritical case, for n large enough (see Figure 2). It appears that for long
trajectories (e.g. m = 50 or n = 100), we obtain a better empirical mean with the estimator gf,
which was expected since it takes into account more information, but a larger standard deviation.
This is particularly obvious when the initial size of the clinical population is small (|Xg| = 10). In
order to better illustrate this phenomenon, we represent in Figure 3 the estimations obtained with
the estimators 9‘))((0‘ and 6Z for the 100 simulated trajectories, used in Table 2, of the conditioned
process with the infection parameter 6y = 15, with |Xg| = 10, respectively for n = 50 and for
n = 100. It appears that, as n increases, é\l))((o‘ tends to overestimate 6y, while gf remains close to

0o but with a larger standard deviation. Moreover, Table 2 illustrates the consistency of 5,{ ,asn
tends to infinity, as well as its consistency, as |Xo| tends to infinity (see Remark 3.9).

Finally, Table 3 allows to compare 0|X ‘ with 6 in the supercritical case (again, 92 is here in
theory equal to G‘X |) On those examples, 9|x0| provides a better estimation when the number
of observations is small (n = 10). However, when n increases, the consistency of gff comes in
play, and it appears that 6 seems as good as the CLSE 0|§(O|, although X is originally not built

as an estimator with usual characteristics (CLSE, MLE, moments estimator...), but rather as an
explicit estimator based upon realistic data.

4.2 Asymptotic normal distribution

The aim of this section is to illustrate the asymptotic normal distribution of each of the three
estimators, namely (3.15), (3.53) and (3.71) (occurring in the case A2 < pp).
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Figure 3: Estimations with 5‘))((0' and 62 for 100 simulated trajectories (used in Table 2) of length
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1. d=9, |X,|=1000, n=10, 8,=35
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Figure 4: 1) Empirical distribution of (4.1) for 1000 trajectories of length n = 10 of the supercritical
process (Xy) k>0 initiated by Xo = (0, ..., 0,1000), with §; = 35. 2) Empirical distribution of (4.2)
for 1000 trajectories of length n = 100 of the conditioned subcritical process (Zy)r>0 = (Xi|X #
0)k>0 initiated by Xo = (0,...,0,10), with 6y = 15. 3) Empirical distribution of (4.3) for 1000
trajectories of length n = 100 of the supercritical process (Xy)x>o initiated by Xo = (0, 10), with
Ay = 0.25. Comparison with the empirical Gaussian distribution.

Year | 1989 | 1990 | 1991 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998
Cases | 7137 | 14181 | 25032 | 36682 | 34370 | 23945 | 14302 | 8016 | 4312 | 3179
Year | 1999 | 2000 | 2001 | 2002 | 2003 | 2004 | 2005 | 2006 | 2007 | 2008
Cases | 2274 | 1355 | 1113 | 1044 549 309 203 104 53 33

Table 4: Yearly number of cases of BSE reported in Great-Britain from 1989 to 2008 ([17]).

then represent in Figure 4.3 the empirical distribution of

VEXa€ (ot 5™ (28,00 (B~ 00) (4.3)

corresponding to the 1000 trajectories. It appears to be not so close to the Gaussian distribution,
which can be due to the several approximations just mentioned.

5 Illustration on the BSE epidemic in Great-Britain

Bovine Spongiform Encephalopathy is a fatal neurodegenerative transmissible disease, the main
routes of which are horizontal via protein supplements (Meat and Bone Meal, milk replacers),
and maternal from a cow to its calf, until the main feed ban regulation introduced by the British
government in July 1988. Even 20 years later, cases of BSE are still reported in Great-Britain (33
cases in 2008, see Table 4). Since most of cattle are slaughtered before the age of 10 years, and
since a previous statistical study concluded to the full efficiency of the 1988 feed ban (see [10]),
this could suggest the existence of an other source of horizontal infection, e.g. via the ingestion
of excreted prions from other alive infected animals. We aim at quantifying this infection, using
the yearly number of cases of BSE reported in Great-Britain from 1989 to 2008 (Table 4).

As detailed in [10] and [12], we can describe the incidence of the clinical cases by model
(2.9), with ap; = 10. The parameters Uy, k = 1...9, are given by (2.10). The observed sur-
vival probabilities in Great-Britain (Sk),<,<1o are given in Table 5 ([16]). Basing ourselves on
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S Sa Ss3 S S5 Se Sy Sy Sy | Sio
0.97 | 0.65 | 0.36 | 0.30 | 0.25 | 0.18 | 0.10 | 0.06 | 0.02 | 0.01

Table 5: Observed survival probabilities of cattle in Great-Britain ([16]). Sy is the probability for
an (apparently) healthy animal to survive at least until k& years.

k 1 2 3 4 5 6 7 8 9
a;.10% | 0.2192 | 1.9315 | 5.5275 | 9.2323 | 10.4353 | 8.3260 | 5.1357 | 1.8642 | 0.5569
br.10% [ 0.0738 | 0.5432 | 1.8025 | 3.7227 | 5.0766 | 4.3821 | 3.4238 | 1.2428 | 0.5569

Table 6: Values of ay and by defined by (2.10).

[10], we choose for the intrinsic incubation period distribution a discretized Weibull distribution,
Py (k) := e~ ape (h=D% _ e_:/i;“%ka, where o = 3.84 is the shape parameter, and 8 = 7.46 is the
mode of the probability density of the corresponding Weibull distribution. These values o and
[ correspond to a maximum a posteriori Bayesian estimation, based on 22 observations during
the years 1981 and 1987-2007 (see [10]). We set moreover Oyere. = 0.1, which is the maximum
likely maternal infection probability usually assumed in BSE. The unknown parameter is the hor-
izontal infection parameter 6y := 6, (corresponding to the mean number per infective and per
year of newly infected animals via ingestion of excreted prions), and we have, for all k = 1...9,
U (00) = arbo + by, with ay and by, given by (2.10). The values of aj and by, are given in Table 6.
Moreover, applying (2.7) we obtain that

9
the process is subcritical <= Z Up(0g) <1 <= 6y < Ocriz.,
k=1

where 0.5, = (1 — Zzzl bk)/ZLl ar ~ 23. Considering a previous maximum a posteriori
Bayesian estimation of 6 (é\MAP = 2.43, see [10]), we can reasonably assume that we are in
the subcritical case. The initial time for the multitype process (Xx) k>0 corresponds here to the
year 1997, with the memory over the years 1989-1997. We thus have Xy = (4312,...,7137) and
|Xo| = 167977. Since, in the data provided in Table 4, there is no sequence of 8 zeros, the estimator
0z,

-~

9‘))((0‘. We obtain the following estimation

which concerns the process X conditioned on the event X # 0, is equal to the estimator

0 := 015977 = 07 = 2.4486. (5.1)

Using (3.15) we obtain the following asymptotic confidence interval in |X|. We have |Xg| =
167977, hence we choose the following coefficients «; defined in (3.13), a1 = Xo1/|Xo| =
4312/167977, ..., ag = 7131/167977. We compute

10 10 d d k) 5
(Zk:o a- Xk) (Zk:o Zj:l Die1 XO’jaim;i) (9)>
c = ~ 40.3938.

Z}lfozo ?:1 Z?:l Xo’j (aﬁ—i— bz> mgf) (é\)

A confidence interval with asymptotic probability 95% is then [5— 1.96/c;, 54—1.96/01}, i.e. ]P’(Go €
[2.4000, 2.4971] ) ~ 0.95, which is very narrow.

Using (3.53) we obtain the following asymptotic confidence interval in n. Note that since no
sequence of 8 zeros appears in the trajectory, formula (3.53) can be simplified and we have

L (7 (7))
o =
\/lecl—o (f’ (5, Zk))2 f (é\,Zk) (a-Zy)

_ Z}lclzoa - Xy
\/z}:_o (X, + 05,

~ 40.3939.
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A confidence interval with asymptotic probability 95% is then [é\f 1.96/co, §+1.96/02}, i.e. ]P’(Qo €
[2.4000, 2.4971] ) ~ 0.95.

We can justify as follows why the two constants ¢; and cg are in our example very close. The
number of clinical cases for the 9 first years 1989-1997 are very high compared to the following
years, so we can roughly approximate ¢; and ¢y by neglecting the values after 1997. The constant
¢ should be thus close to

9—k
Zk 02] 1 X0,j @54k

\/Zk 1 Z XO,j (aj+k§+ bj+k) .

Moreover, since the values of the Wy (f) are much smaller than 1 (22:1 U,(0) ~ 0.1), we can
neglect them and approximate the matrix M(6) by the null matrix with an upper diagonal of
ones. We then have, for all i,j = 1...d, m{" () ~ 6, ;1 if 0 < k < 8 and m™ ~ 0 if k > 8.

1] )
Together with the first approximation, the constant ¢; can thus roughly be approximated by

(Zk OZJ 1 XO;Ja’JJrk) (Zk ozj 1 XO,yangk)
Zk:o Zj;l Xo,j <Gj+k9 + bj+k)

which is the same approximation as for ¢ and equals 38.3679.

This estimation of #y suggest that nowadays there could still be a minor infection which is not
of maternal type . The average number of newly infected animals via this mean of infection is only
of the order of 2 to 3 per infective and per year, which is really small compared to the estimations
obtained in [10] for the infection via Meat and Bone Meal or lactoreplacers (before 1989), which
are of the order of 1000. To be more reliable, this estimation should be completed by a sensitivity
analysis to the other parameters (incubation period, maternal infection). This will be done in a
further publication focusing on the BSE epidemic.

(G

)

Remark 5.1. Estimating the Perron’s root of the process with the estimator (3.58), we obtain
911 = 7.5495, which is far from the expected value given by the Bayesian estimation OMAP — 9 43

6 Conclusion

According to the simulations presented in Section 4, the conditional least squares estimators @gw

and 55 appear to be accurate and equivalent estimators of 6y at finite distance (|Xg|,n) in the
epidemic model introduced in Section 2.2, with moreover good asymptotic properties for any class
of criticality. In addition, the estimator #Z, which takes into account more information, provides
for long trajectories with sequences of zeros, estimations which are, according to the simulations,
better in mean but which have a larger standard deviation. The estimator §:X derived from the
explicit estimator gy, of the Perron’s root introduced in [1], only provides satisfying estimations in
the supercritical case, which are, in this case, not as good or are equivalent to the ones obtained
with G‘X . Due to the differentiation of three cases and to the presence of unexplicitly known
random variables in its asymptotic distribution, it is not possible to build an asymptotic confidence
interval of 8y based on 9X . The use of 9X is thus in our specific case less appropriate than the
use of the CLSE, which is confirmed by the results obtained on the concrete example of Section
5. However, we point out that 0X x,| and 0 are of an extremely more limited use that p,, since
they do not provide an estimation “of the Perron s root and only concern very specific processes,
while p,, is suitable for any multitype BGW process.
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