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Abstract

We consider a class of ergodic Hamilton-Jacobi-Bellman (HJB) equations,
related to large time asymptotics of non-smooth multiplicative functional of
diffusion processes. Under suitable ergodicity assumptions on the underlying
diffusion, we show existence of these asymptotics, and that they solve the related
HJB equation in the viscosity sense.
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1 Introduction

Let (x¢)¢>0 be a continuous-time, homogeneous Markov process with infinitesimal gen-
erator L. To fix ideas, assume ; is R%valued. Given a function ¢ : R? — R and v > 0,
we are interested in obtaining long-time asymptotics of the functional

S(T,z) = log E, {exp (7 /0 Tc(xt)dt)} ,

where E, is the expectation conditioned to xg = x. Let (T, z) = 5T, At least at
the formal level, ¢ is a solution of the equation

0t90(t,$) = Lgp(t,x) + 70<$)¢<t7$>'

If a Perron-Frobenius-type Theorem holds for the operator L + ~yc, then for T large
(T, z) gets close to e’v(z), where ) is the largest eigenvalue of L + 7c, and v is the
corresponding strictly positive eigenfunction. In other words, setting V' (z) := log v(z),
we obtain

S(T,z) = AT+ V(x) +o(T),

et Lo o ([t w

T—+o00

1.e.

and

V()= lim_ {log E, [exp (7 /OT c(xt)dtﬂ - )\T} . (1.2)

Note also that the pair (A, V') is a solution of the nonlinear equation
A=e VL") +ve (1.3)

The actual proof of the existence of the limits (1.1) and (1.2) is, in general, not simple,
and various assumptions are required. If the empirical measures

1 t
Lt = - / (SdeS
t 0

of the Markov process obey a Large Deviation Principle with rate function i(x) (which
is known under fairly general conditions), and ¢(-) is continuous and bounded (but
weaker conditions on ¢(-) may suffice), then the limit (1.1) exists, and

) = sup [/ cdji — i(u)} (1.4)

I

where in (1.3) p varies over probability measures on R%. The existence of the limit
(1.2), i.e. the second-order asymptotics of S(7’, x), is a harder problem. For processes
taking values in a compact space, where things are simpler, we refer to [9], Section 4.
For Ré-valued diffusions, conditions for existence of solutions of (1.3) are given in [§]
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and [14]. In [8] it is also shown that, under sufficient ergodicity of (x;);>¢ and if ¢(+)
is bounded and sufficiently smooth, then (1.3) has a solution, which needs not to be
the unique one, for which (1.1) and (1.2) hold.

In order to relate the above problem to stochastic control, assume that (x;);>¢ is

a diffusion of the form
dxy = b(x,)dt + dBy, (1.5)
where (B;)t>o is a standard Brownian motion. We then consider the controlled diffu-
sion
dxy = [b(x}) + u)dt + d By, (1.6)
where (u;);>0 is a progressively measurable, square-integrable, R%valued process. De-
fine the performance functional

J(z,u) = limsup %E UOT <fyc(xff) - %]ut|2) dt} | (1.7)

T—+400

The aim of the controller consists in maximizing the performance J(z,u) over u. The
fact that
sup J(z,u) = A

with A as in (1.1), is a consequence of a well known duality principle in stochastic
control (see e.g. [6]). Moreover, if the Hamilton-Jacobi-Bellman equation

1 1
A = —AV(z)+max |(b(x) +u) - VV(2) + ve(x) — =|ul?
2 u€R? 2
1 1
= EAV(x) +b(z) - VV(z)+ §|VV(37)|2 + ye(x) (1.8)
has a sufficiently nice solution, then u} := VV(z¥") provides an optimal feedback

control. Moreover, equation (1.8) coincides with equation (1.3).

A considerable improvement to the understanding of equation (1.3) (actually to a
more general version of it) is due to Kaise & Sheu [12]. They showed, under reason-
able conditions on b(-) and ¢(-), that (1.3) has indeed multiple solutions, even after
identifying solutions that differ by a constant. It is shown in [12] that there exists
A € R such that the equation

1 1
M:EAV+b-VV+§|VV|2+vc

has a (smooth) solution if and only if © > A. Moreover, for g = A, this solution is
unique up to additive constant. Kaise & Sheu also indicates that this A should be as
in (1.1). They do not address the possibility of interpreting one solution V' as in (1.2).

We remark that all cited results require regularity on the cost ¢(+); in particular,
the available proof of the existence of the limits (1.1) and (1.2) rely on boundedness
of ¢(-) and V(). The main object of this paper is to propose a totally different
approach to the above problems, by tackling (1.1) and (1.2), for the diffusion (1.5),
directly, without relying on properties of equation (1.3). Our approach seems to have
the following advantages.



1. Besides some inevitable growth conditions, no smoothness of ¢(-), not even con-
tinuity, is required.

2. In (1.1) and (1.2) the integral

/OT c(xy)dt

/[0 | clrntt)

where i could be of the following forms:

could be replaced by

i. pis a o-finite periodic measure, for instance p(dt) = >, ora(dt) for some
A > 0. In this last case the cost acts at discrete-time only.

ii. w is a random measure, independent of (B;);>o, translation invariant and
sufficiently ergodic in law. For instance we could take p(dt) = )" 6., (dt),
where (7,,)n>0 are the points of a Poisson process.

3. Jump processes, rather than diffusions, should also be treatable.

Not surprisingly, there is a price to pay. At the present stage our results hold for
7 in some interval [0,7%] which is certainly not optimal. Note that however one could
get an explicit expression for 7 (carefully following the proofs), as a function of the
constants ¢, and K} appearing in conditions (DC) and (CC) of section 3.

The paper is organized as follows. In section 2 we prove the existence of the limits
(1.1) and (1.2) under some general conditions on the diffusion process. In section 3
we give sufficient conditions on the drift b only, for these conditions to be fulfilled. In
section 4 we show that V' and A given by (1.2) and (1.1) respectively are linked to the
equation (1.8), more precisely we show that V' is a viscosity solution of (1.8).

We consider here only diffusions whose diffusion coefficient is the identity matrix.
The uniformly elliptic case could be dealt with minor modifications. It is worth notic-
ing that the whole content of section 2 is based on Assumptions A1-A6 below, which
do not refer to any specific form of the Markov process. The fact that the process is
a diffusion plays a role in sections 3 and 4.

2 Existence of the limits (\, V).

We begin by stating our assumptions on the Rvalued diffusion

A1l. Equation (2.1) has, for every deterministic initial condition, a unique strong
solution.



A2. There is C' > 0 such that
le(x)] < C(lzf* +1).

A3. The process (2.1) has a unique invariant probability measure m(dz) such that,
for some 3 > 0,

/emme(dx) < +00.

A4. The transition probability of the process (2.1) admits a density p;(z,y) with
respect to m(dz). Furthermore there exist K > 0, p > 2 and ¢, > 0 such that for
t Z th

IPe( ) e mem) < K

A5. Let P, f(z) = E,(f(x;)) which extends as a continuous semi-group on LL?(m). For

all f € L2(m),
s ()

A6. For all @ > 0 and all = there exists 3, , > 0 such that

2
m(dr) — 0 ast— +oo.

8, [ofr 5 18] < oo,

We shall say that A6 is uniformly satisfied if for all a > 0 there exist 3, > 0 and a
locally bounded function A, such that for all x,

E, [eﬁa Jo |J»‘s|2d5} < he(x).

Notice that Assumption A4 implies that the semi-group P, f(x) = E.(f(x;)) maps
continuously IL?(m) into L?(m), p > 2, for t > t,. Hence, according to Gross hypercon-
tractivity theorem (see e.g. [1]), m satisfies a defective logarithmic Sobolev inequality.
If m is absolutely continuous with respect to the Lebesgue measure, m(dz) = e=Vdz,
and V is locally bounded, a result by Rockner and Wang says that m satisfies a so
called “weak Poincaré inequality”, hence thanks to a result by Aida, m will satisfy
a tight log-Sobolev inequality (for all these results see the book of Wang [17]). In
particular m will both satisfy a Poincaré inequality (or spectral gap inequality), so
that Assumption A5 is satisfied, and a gaussian concentration inequality implying A3.

Section 3 will be devoted to giving sufficient conditions for these hypotheses to hold.
We begin to show that the limits (1.1) and (1.2) exist along suitable sequences.

Proposition 1 . Under A1-A6, for every a > 0 large enough, there ezists v(a) such
that for all v < y(a) and all x the limits

b= i o, [exp (7 [ etaar) (22)

n—4+oo an
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and

Va(w) = lim_ {log E, {exp (v /0 " c(xt)dt)] . )\an} , (2.3)

exist. If A6 is uniformly satisfied, then the limit in (2.3) is uniform on compact sets.

The proof of Proposition 1 is done via a cluster expansion technique. The conver-
gence of the expansion requires some small parameter, which is obtained by choosing
~ small and by a suitable choice of the time step a in the discretization. We will not
try to give explicit bounds on the 7(a) in Proposition 1, even though this would be
possible.

In what follows, define

Uyt z,y) = logE, [eXp (7 /OtC(fL's)dS) T Zy]

— log By, {exp (7 /O t c(xs)dsﬂ : (2.4)

where E,, denotes the expectation under the law of the bridge of (x;)o<s<: between z
and y.

Proof of Proposition 1. Consider a time-step a > 0. Note that

eSlan) — B [exp ('y/ c(xt)dt)}
0

n—1
=E, |exp (Z Vs (@ Tha, I(k+1)a)>]
k=0
n—1 n—1
=E |exp <Z ¢7(a7§kafk+1)> Hpa(fk,fkﬂ)]
k=0 k=0

=K

exp (Z ¢v<a,sk,§k+l>>] . (25)
k=0

where E is the expectation with respect to a probability P, & = =z, &,...,&, are
random variables that, under P, are i.i.d. with law m(dzx), and

oy (a,x,y) = ¥y (a, ,y) + log pa(z,y).

A cluster in this context is a subset of Z* := {0,1,2,...} of the form {k, k +
1,...,k +1}. We say that two clusters are separated if their union is not a cluster or,
equivalently, if there is an integer k& which is strictly bigger than all elements of one
cluster and strictly smaller that all elements of the other. We denote by € the set
of all clusters, while €,, denotes the set of clusters contained in {0,1,...,n — 1}. The



usual cluster expansion procedure yields

n—1 n—1

exp (Z ¢, (a, flmfkﬂ)) = H [(ePr(@emsirt) — 1) 1]
k=0 k=0

— Z H (€¢7(a7$k7£k+1 _ Z Z H H ¢'y(0«7§k7€k+1 _ 1)
7C{0,1,...,n—1} k€T p>0 p' T1sTp€CH  1=1 kET;
separated
_Z qriQrs * " Gryps
p>0 T1oeens TpECH

separated

where

¢ = H (eﬁb'y(aafk:gk-&-l) _ 1) ’

keT;

and we have used the fact that any subset of {0,...,n — 1} is union of p separated
clusters for some p > 0, and these clusters can be rearranged in p! ways. The key
remark is that if 7; and 7; are separated clusters, then E(¢-,¢-,) = E(q-,)E(qy,). Thus,
by (2.5),

(an,a) Zp| > E(¢:)E(gn) - -Elgy,).

p>0 TLseens Tpeen
separated

Now the logarithm of the above expression can be rewritten as

S(an, x) Z Z Z ap(T1, 725 -, Tp)E(qr, ) E(qr,) - - - E(qy,) : Z |

T7€C,,7#D p>0 71,....,TpECH T7€C,, 7D
71U UTp=T
where the coeflicients a,(m,...,7,) come from the Taylor expansion of the logarithm
(see [13] page 492). Now note that I'; depends on z if and only if 0 € 7, i.e. 7T =
{0,1,...,m} for some m. In what follows we write I, in place of I'go ;1. m}. Thus we
can write

>oor, —ZFWZ Z :nirm+(n—1) > %n, (2.6)

TEGTMT;&@ 1=1 r€Cn, T%O m=0 T7€CH,THO0
1ET ler

where in the last step we used the fact that, for 0 ¢ 7, I, is invariant by translation
and permutation of 7, property that is inherited from the measure P. Thus, at a
formal level, the limits (2.2) and (2.3) are given by

+o00
=) T, (2.7)
m=0

1 1
A== Y ﬂFT, (2.8)
T



provided the sums in (2.7) and (2.8). By the usual cluster expansion estimates (see
e.g. [7]), the convergence of (2.8) follows from the strong cluster estimates: there
exists p € (0,1) such that for 7 € C, 0 & T,

[E(g.)| < p'". (2.9)
In the case of 7 5 0, we will prove an estimate of the type
E(g:)| < Cla)p™. (2.10)

This is enough for the convergence of (2.8) and of (2.7) for each fixed x.

Thus, to complete the proof, we only have to prove the estimates (2.9) and (2.10),
for v sufficiently small. We begin by proving (2.9). Recall that

H (€¢w(a,fk7§k+1) _ 1)] | )

ket

[E(g-)| = |E

By the generalized Holder inequality in [15], Lemma 5.2, we have

E(q,)| < H [ [ by (@€ Ekv1) _ 1)2}]1/2 — p\rl (2.11)

ket

for
p = [E [(e%(“’&’&) — 1)2}]1/2 .

We now show how to make p strictly less than 1 by choosing a sufficiently large
and v small enough.

po= E(( @ty (6,6) — 1) )
_ /Rw [Ezy (e’ona c(ms)ds> p(l(x,y) — 1]2 m(dl’)m(dy)
= [ [Ba (25 1) i)+ (o 9) = 1] mlda)m(ay)

< 2/de EZ, (eroa cl@s)ds _ 1> p2(z, y)m(dr)m(dy) + 2/ (pa(z,y) — 1)* m(dz)m

R2d

The second integral term in the above right hand side goes to 0 as a — 400 thanks
to Lemma 1 below. We thus analyze the first integral term in the right hand side of
the above inequality. For any ¢ €]0, 1[, by Holder inequality,

I{a,7) = / B2 (et 1) g (, y)p . y)m(dar)m(dy)

< | [ E (e -2 eapmianman)| | [ o wmtom
R2d R2d

= [E(l e 1) P

¢ (m®m)

8

(dy)

(dy)

1—¢



Thanks to Assumption A4, for a large enough and € small enough (such that f%i < p),

Ipa 735, < oo
LI-¢(m®m)

To complete the proof, it remains to control J(a,vy) :=E (|ev Joe(zs)ds _ 1|2/z—:).
Since e Jo cl@s)ds _ 1 — v foa c(xs)ds fol e Jo e(xs)ds gy

a 2/e 1 B 2/e
/ c(xs)ds (/ oWy B C(xs)dsdu) )
0 0

¢ Ve 1/2
/Oc(xs)ds )E/< = Jo elas 5)

J(a,7) = 72/8113(

S 72/8E1/2 (

By Jensen’s inequality

Jla) = e {E (/0 |C($s)!4/€ds)} v E /0 E (6 gac(xs>> ds} V2
s [ [1etemtan) [ [ e oman)

The first integral term of the right hand side in the above inequality is finite due to
Assumption A2 and A3. For the same reason, if ya < ;503, the last integral term of
the right hand side is finite. Then, for ya small enough, J(a, ) is as small as we want
and the cluster estimate p is smaller than 1, which completes the proof.

IN

For the proof of (2.10), we proceed in the same way, just observing that the first
factor in the right hand side of (2.11) is now dependent on x. The additional term to
control is F, [eq"’ Jo C(“"s)ds] for some large ¢ > 1. This can be done using A2 and A6.

|

It remains to state and prove
Lemma 1 If A4 and A5 are satisfied, img—. oo [goa (Pa(2,y) — 1?m(dz)m(dy) =0 .

Proof.  Recall the semi-group P f(z) = [ f(y)pi(x,y) m(dy). By Assumption A5,
P, is a contraction semi-group on Lz( ) and

o= (fram)]

Notice also that for a > b > 0 and m almost all y,

m(dx) — 0 ast— 4o0.

Pa(7,y) = Pacppo(.,y) ()

in L?(m) for all rational times a and b and, by invariance of m, [ py(z,y)m(dx) = 1.
Consider now an increasing sequence (a,)n>o such that a, — +o0o. We have to show
that, for any such sequence,

[ i) = 1) mldam(ay) — 0 (2.12)
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as n — +oo. It is not restrictive to assume a; > ty, where ¢y is the constant in
Assumption A4. By Assumption A5, for (m almost all) fixed y,

[ o) =17 mlde) = [ (Parearpas ()() = 1) i) = 0

as n — +o00. But thanks to Assumption A4, the sequence

we/@%mw—n%MM>

is uniformly integrable. Thus the conclusion (2.12) follows by Vitali convergence
theorem. |

Now we shall see why the limits (2.2) and (2.3) do not depend on the time step a,
yielding the limits (1.1) and (1.2).

So we choose once for all some convenient a and consider the corresponding set of
convenient 7’s, yielding for each v a A obtained thanks to Proposition 1. For large T'
we choose n such that a(n — 1) < T < an.

Remark that if ¢ = ¢t — ¢~ with non-negative ¢™ and ¢,

~a(n—1

< B, [or BT e g1 S (e

We denote by e (@72) and 5" (@) regpectively the lower and upper bounds above.
Both S~ (an,z) and S*(an,z) can be calculated using the same cluster expansion
except that we have to replace 1 (a, Zq(n—1), Tan) by a similar ¢~ (resp. ¥*) obtained
by replacing ¢ by —c¢™ (resp ¢). We thus obtain a similar decomposition S~ (an,x) =
> ree, 2oLy With ' =T'rif n —1 ¢ T and I';; obviously modified if n —1 € T In
particular in the decomposition (2.6) we see that, in the first sum, the only modified
term is I',,_;. But since —c¢™ also satisfies A2, the same estimates as in the proof
of the previous Theorem show that the modified term I',_; goes to 0 as T' (hence
n) goes to infinity, by possibly choosing smaller v. The second sum in (2.6) is a
little bit more intricate to study. The only modified terms are those obtained for
(n — 1) € T (notice that we can no more use translation or permutation invariance
for these clusters). But summing up all these modified terms gives a quantity which
is smaller than M (an) — M (a(n — 1)) where M (an) is defined similarly as S(an,z)
replacing E(qr) by p!”! for some p strictly less than 1 and larger than E(gr) and the
modified E(gy). Since this difference goes to 0 as n goes to infinity, and since we can
control S*(an,x) in exactly the same way, we have obtained

Theorem 1 . Under A1-A6 there is 5 > 0 such that for every v <7 the limits (1.1)
and (1.2) exist.

Furthermore if A6 is uniformly satisfied, the convergence in (1.2) is uniform on
compact sets.
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3 Some properties of diffusion processes
and their invariant measures.

We consider the R-valued diffusion process (z;); defined by the stochastic differential
equation (2.1), with an unique invariant probability measure m(dx). We denote by L
its associated infinitesimal generator i.e. L = %A +0V.

First we discuss existence, uniqueness, non explosion, existence and uniqueness of
an invariant probability measure, existence of kernels and time reversal.

If b is local Lipschitz, existence and strong uniqueness are ensured up to the explo-
sion time, starting from any x. If there exists a Lyapunov function v, i.e. 9 is smooth,
larger than 1, goes to 400 at infinity and such that Ly < Cv for some constant C,
then the explosion time is a.s. infinite, just applying Ito’s formula to v up to the exit
time of the level sets of ¢ (in the same spirit as in [16], Théoreme 2.2.19).

Existence and uniqueness of an invariant probability measure m is ensured by the
existence of some v as before, but satisfying the stronger condition Ly < C Tk for
some compact subset K.

In particular if b satisfies for some R > 0,

(b(x),z) < —r for some r > d/2 and all z s.t. |z| > R, (3.1)

we may choose 1(x) = 1+ |x|?, so that (2.1) has an unique solution starting from any
x, and an unique invariant probability measure m.

Assume in addition that b € C'. Then Malliavin calculus shows that the law of
x; is absolutely continuous w.r.t. Lebesgue measure for all initial conditions x and all
t > 0. Hence m is also absolutely continuous w.r.t. Lebesgue measure, and it can be
shown that dm/dy is a.e. positive.

Hence the law of x; with initial condition = denoted by P;d,(dy) is absolutely con-
tinuous w.r.t. m, i.e. there exists some kernel p, such that P,0,(dy) = p,(z,y) m(dy).

Another proof of this fact follows from [3] where additional (but unnecessary here)
regularity is derived.

The semi-group P; defined on the bounded Borel functions, extends to a contraction
semi-group, denoted again by P, on L2(u), whose generator coincides with L on
smooth functions. We thus have a pair of generators (L,L*) and of semi-groups
(P, P}) in duality w.r.t. m, i.e.

/gPtfdmz/fE*gdm and  Pg(r) = /pl‘(xyy)m(dy),
with pj(z,y) = pi(y, ).

Remark 1 If in addition, [ b*dm < +o00, we may write b = —VV +a (see [5]) where
—VV is the orthogonal projection (in IL?(m)) of b onto the closure of the gradients of

11



test functions (it is not known whether VV' is actually the gradient of some function
V in L?(m), so that this is an abuse of notation). Hence [ a-V fdm = 0 for all smooth
f. Following [10] and [4], one knows that the time reversal of the stationary process
is a drifted Brownian motion with drift b* = —VV — a. The associated semi-group is
the dual semi-group.

We do not need this remark in the remaining of the paper. &

The aim of this section is to find sufficient conditions for the following three prop-
erties to hold

(1)  m satisfies a logarithmic Sobolev inequality,
(2)  pe(.,.) € LP(m @ m) for some p > 2 and ¢ large,

(3)  there exists some 8 > 0 such that [ ¥ m(dy) < +o0.

It is well known that (1) implies (3), but we shall try to obtain explicit estimates.
Similarly in some situations (2) implies (1) (recall the discussion in the previous sec-
tion), but again we shall look at both properties separately. Nevertheless if m satisfies
a log-Sobolev inequality, it satisfies a spectral gap inequality and A5 is thus satisfied.

Since we do not have any information on m, our condition will be a “drift condi-
tion”, namely we shall say that condition (DC) is satisfied if

Condition (DC) 3¢, > 0 and IR > 0 s.t. for [x| > R, (b(x),x) < —cplz|?.
(3.2)
Since (DC) is stronger than (3.1), all the previous discussion is available. In addition

Lemma 2 If (DC) holds, then for all X < ¢, [ eN¥* m(dy) < +o0.

Proof.  Since (DC) holds there exists D > 0 such that (b(z),z) < —cy|z|? + D for all
x, and ¢ = ¢, in the proof.

Let g, be a smooth non-decreasing concave function defined on R such that
gn(u) = wif u < n—1and g,(u) = n if u > n (such a function exists). Let
falx) = exp(Aga(|2]?)), for A <c.

Then V f,(x) = 2\ f,.(2)g,(|z|*)z and
Afu(x) = 2Mfu(@) (20, (12172l + 2X(g,)* (|2 ) |2 ]* + dg, (|2]%))
so that

Lfn()

A fa(@) (2gn(l2*)l* + dg,(|21)) + 29, (I2[*) (Agp (|2 [*)2]* + (b(=), z)))
A fu(z)(d+2D — 2(c — \)|z[*)

< AMd+2D)e™N — Md +2D) fu(x),

IN
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since
d+2D —2(c — N)|z)* < —(c — N)|z]* < —(d +2D)
for |z]? > 22,
For short, there exist ¢; and ¢y positive constants such that for all n, Lf, <

c1 — Cafn-

Define h,(s) = E [eAQ"“Xf'Q)] Ito’s formula yields

t
hn() < n(0) + 1t — 3 / ho(s)ds .
0
hence applying Gronwall’s lemma we obtain

Integrating (3.3) with respect to the invariant measure m yields

(1) /exgn(ymm(dy) <a

Co

We may thus choose t large enough for e~“?* < 1/2 and then use monotone convergence
theorem with n — 400 in order to obtain [ AP m(dy) < +oo for A < ¢ n

The next step will be the study of hypercontractivity. To this end we introduce
another condition called a “curvature condition” denoted by (CC). First recall the
notation (used by Wang)

(Veb().£) = Y €0y (2) & (3.4

The curvature condition is then

Condition (CC) 3K, € Rs.t. forall z and all £, (Veb(z),&) < Kpl¢|*.
(3.5)
Now we may use the deep results by Wang in [17] Theorem 5.7.3 and Corollary
5.7.2 and Theorem 5.7.1 in order to get

Lemma 3 Let b € C'. Assume that conditions (DC) and (CC) are satisfied with
cp > K. Then

(1)  foralll <p < q < +oo there exists t,, such that fort >1t,,, P is a bounded
operator from 1LP(m) into 1LY(m) with norm equal to 1 (we shall say that the
semi-group P, is hypercontractive),

(2)  m satisfies a logarithmic Sobolev inequality, i.e. there exists some Cg such
that for all smooth f with compact support satisfying [ f*dm =1, it holds

/f2 log f2dm < (JG/|Vf|2dm,
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(8)  the semi-group P} is hypercontractive too (with a family t% =~ of contraction
times).

The final statement is obtained by duality, in particular if ¢, =t/ , where p’ and
¢ are the conjugates of p and q.

Remark 2 The condition ¢, > K}, is a mild condition. Indeed, if we replace (DC) by
a stronger (but more symmetric) condition namely

Condition (DCC) for all x and y it holds

(b(x) = b(y), z —y) < —cyle -y’
(if b = —VV this is a convexity assumption) then we may choose K}, < 0. One guess
that (this can be rigorously done in the symmetric case, i.e b = VV)), if b can be
written as by + by with by € C! satisfying (DCC) and by a C' compactly supported
function, then Lemma 3 is still true, with the only ¢, > 0 condition.
It is worth noticing that if we reinforce (DC) assuming the following (SDC) con-
dition

then we may always choose ¢, > K}, (if K is finite of course). In this situation it can
be shown (see [17] Corollary 5.7.7) that the semi-group is even superbounded. &

The proof of all these results lies on a beautiful Harnack inequality derived by
Wang ([17] Theorem 2.5.2)

(P )" < Pt) o0 (5 Kall = 29 =) (30)

holding for t > 0, @ > 1, all (z,y) and all nonnegative continuous and bounded f,
with the convention Kj,(1 — e 250"~ = 1/2¢ if K, = 0 (see also [1] Lemma 7.5.4 if
a=2).

This inequality is the key for the following lemma

Lemma 4 Let b € C*. Assume that conditions (DC) and (CC) are satisfied. Then
for allp > 2, p(.,.) € LP(m ®& m) for all t such that

Kyp(p—1)

Cp > 1 — o2Kt -

In particular, if Ky <0, then for all p > 2 there exists t, such that p(.,.) € LP(m®m)
for t > t,, while for K, > 0 such a t, exists provided ¢, > Kyp (p —1).

14



Proof. 'We shall first derive an upper bound for the density.

Let @ > 1, D; := {x € R? |z| < ~()} for some increasing function ~ going to
oo and f be nonnegative and bounded. Integrating Harnack inequality for P, with
respect to m(dy) on D, and denoting

r(t) = Na=1) Ky(1— e~
we get
(P)(@)" < / (Pf*)(y) O m(dy) /(D)
< / 2 w) (P7 (1, () < 05=P)) () m(dy) /m(Dy)
< O t/P m(dy)/m(Dy).
e | Tp, () X0 || < 2rO(+20)
If

K .’,E2
o(t,z) = ( 265 (t)y /m(Dt)> w(0)lef?
we thus have

(Puf) (@)™ < 6t / oy (3.7)

Applying the previous inequality with (a continuous approximation of, and then
taking limits)
n(2) = (@, 2) Tipuoy<ny
yields

(/ pi—i_ﬁ(‘ra Z) ][{pt(.’v,z)ﬁN} m(dZ)) S Q(t, J]) / p?lﬁ(x7 y) ][{pt(aﬂ,y)SN} m(dy> 5

i.e. letting N go to oo and choosing 1 4+ 3 = a8 hence f =1/(a — 1)

/ P () mldy) < 0V (t, ) (3.8)

According to Lemma 2, the right hand side in (3.8) is in L!(m) provided

26(t) ak,
a—1  (a—1)2(1—e28t)"

¢y > (3.9)

In particular if p > 2 define 1 < a = p/(p — 1) < 2. Hence p(.,.) € LP(m @ m)
provided
- Kyp(p—1)

1 _ 6_2Kbt :

We may thus state the main result of this section,

15



Theorem 2 Let b € C*. If condition (DC) holds, Assumption A6 is uniformly satis-
fied.
If conditions (DC) and (CC) are satisfied and ¢, > 2Ky, then

o for all X < ¢y, [N m(dr) < 400,
o the semi-groups P, and P} are hypercontractive,

o there exist p > 2 and t, such that fort > t,, p(.,.) € LP(m @ m).

In particular assumptions A1, A3, A} and A5 are satisfied.

Proof. The only thing to prove is the first statement since all others statements are
consequence of the three previous lemmata.

Using Ito’s formula up to the exit time T}, of the ball of center 0 and radius M we
have

2 2 N 2
E, [ee‘mem } =l L B, {/ (26 (b(xs), xs) + db + 26°|z4|?) 1zl ds
0

In particular if condition (DC) holds with ¢, > 6, the integrand in the right hand side
is non-positive for large values of |x,|, hence we can let M go to infinity in order to
show that there exists some constant x (depending on (DC) and 6) such that

E, [JI%IQ} <o 4kt

Accordingly using Jensen inequality

E:E |:€an Blzsl? dsi| = Ez |:€% foa aﬁ|1’s‘2d8i|

< lE /a e@Plzsl® g

as soon as af3 < ¢,. The proof is completed. |

< +00

Remark 3 It can be interesting to get explicit local bounds for the density. Here is
a result in this direction. It will not be used, however, in this paper.

Assume that b € C', that (DC) holds and that (CC) holds for some K, < 0.
Assume in addition that the drift b* of the dual semi-group belongs to C*.

Then there exist a(t) and a(t) going to 1 when t goes to oo , B(t) and B(t) going to
0 when t goes to oo and some Ty, > 0 such that for all t > T, the following estimates
hold _
a(t) e BO2*+y*) < iz, y) < a(t) B +yl?)

for all pair (z,vy).
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Let us prove this statement. First we derive the upper bound. We follow the proof
of Lemma 4 up to (3.8). Similarly by duality we have

/ P (g, x) mldy) < 0V V(1) (3.10)

But the semi-group property yields

pal(,y) = /pt(%z)pt(z,y)m(d@
< ([ st m<dz>)1/2 ([ e m<dz>)m
< 0:(t,x) 02 (ty)

where we have arbitrarily chosen o = 2, i.e

eQn(t/2)72(t/2) 2 2
< T el 3.11
pelz,y) < m(Dia) (31

Since K, < 0, k(t) — 0 as t — +o0o so that we may choose now any 7 such that
v(t) — +o0 and k(t)y*(t) — 0 as t — +oo.

We turn now to the lower bound.

We use Harnack’s inequality with f(u) = pi(u, 2) Ijy <y and o = 2 again. It yields

2
(/ Pe(@, ) pe(t, 2) Tuj<w m(d“)) = (/ Py, w) pi (u, 2) Luj<n m(du)) ef®lz—yl?

< (/ pt(y,u)pf(u,z) (du)) w(t)|z—y[?
hence, letting N go to oo we obtain for all z,y,z

B < ([l mian ) o (3.12)

Now we plug our upper bound into the right hand side of (3.12), bounding pi/Q(y, u)
and pf/ 2(u, z) respectively. It furnishes

Ph(z,2) < ( / (pi(y, ) pu(u, 2)) /2 PO (du)) G2 (1) eSFOUP+312) gr(0la—yP?

1/2 )
< ( / 43(0)|ul? (du)) P2(y, 2) @2 (£) e3P UH3I=) 2r) el i)

where we used Cauchy-Schwarz inequality. We may take the square root of both sides
and then integrate with respect to m(dz). It yields

1< p;f(y,z) a(t)e 1B@) (|ly[2+3]2[2 ) (DIl 5(t)

17



where

5(t) = ( / e45<t>|u|2m(du))l/4 ( / en(mum(dx))

goes to 1 as t goes to +o0o, thanks to the concentration property of m (i.e. Lemma 2)
and Lebesgue theorem. Notice that §(¢) is finite for ¢ large enough, so that the lower
bound we have obtained is true for ¢ > Tj.

This scheme of proof is standard in the symmetric case where sharper bounds can
be obtained. However the integral maximum principle (see e.g. Proposition 13 in [2])
does not hold in the non-symmetric case, so that we have to replace it, but obtain
worse bounds. O

4 The limiting function as viscosity solution

We are considering the function

ot 7) = E, [exp (7 /0 t c(des)} | (4.1)

We have shown that (under some assumptions we shall assume to be in force below),
for v sufficiently small, the limits

1
A= li{n n log ¢(t, x) (4.2)

and
V(z) = li%n [log p(t, z) — At] (4.3)

exist uniformly over compact sets. We want to show that V' is a wiscosity solution of

the Hamilton-Jacobi-Bellman equation (1.8) or, equivalently, that v(x) := ¢"® is a
viscosity solution of the linear equation
1
— [ zAv+b-Vo+ycv| +Av=0. (4.4)

2

In the last few years A. Gulisashvili and J.A. Van Casteren have been writing a
series of papers and a book [11] one the evolution operator for ¢(t, z), the so-called
Feynman-Kac propagator. They work in a rather general context (locally compact,
second countable Hausdorff space), but then they specialize their results in R%. They
give conditions under which (¢, x) is continuous and is a viscosity solution of the
corresponding parabolic equation, which are the following:

Condition 1. The semigroup of the process x; transforms bounded measurable func-
tions to bounded continuous function (the strong Feller property);

Condition 2. The function x +— f(f E.[|c(xs)]]ds is bounded, and goes to zero uniformly
ast — 0.

While condition 1 is acceptable (it is implied by our assumptions on the diffusion
in section 3), condition 2 cannot hold true for ¢ unbounded. In what follows we assume
condition 1, but only quadratic growth on ¢ (i.e. assumption A2).

18



Proposition 2 . Assume that conditions A1 to A5 are satisfied (hence the limits
(4.2) and (4.3) exist) and that condition (DC) is satisfied, so that condition A6 is

uniformly satisfied. Then v(-) is continuous, and it is a viscosity solution of equation

(4-4).

Proof. Step 1. Continuity of p(t,x). We first establish continuity in x.

First note that, according to the proofs in section 2, for v < %, one can find some
6 €]1,2[ and some function h,(¢,2) which is bounded on compact sets such that

E, {exp (ws /0 t |c(x5)|ds)] < ho(t,z) (4.5)

for all t > 0 and = € R%.
Note that, for 0 < e < ¢,

lp(t,z) — @ty

_ ‘Ex [w(t — €,7) exp (v /0 C(fcs)d5>] — By {W €T exp (7 /0 C(%)dsﬂ ‘

< B[l 1|p )] 45,
+ | Ealo(t — €, xc)] — Eylo(t — € x)]].

We begin by estimating the first term in the r.h.s. of (4.6). By Holder inequality

eV Jo clws)ds _ 1‘ o(t — €, xe)}

Ex [ 67[06 clwa)ds _ 1’ Sp(t -6 xe):|
c 1/p t 1/
< {Ex [ o1 Js cl@a)ds _ p]} {Ex {exp (*yé/ |c(:r;s)|ds)} } , (4.7)
0
where p = 2. Our aim is to show that the Lh.s. of (4.7) goes to 0 as e — 0,

uniformly in x varying in a compact set. By (4.5), the second factor in the r.h.s. of
(4.7) is locally bounded. Thus, it is enough to show that

Ex[

eV Jo cl@s)ds 1‘;;]

goes to zero uniformly in compact sets. By the inequality |e® — 1| < |z|el*l, Cauchy-
Schwartz inequality and Jensen’s inequality

pr V7E, K /0 6 C(:rs)ds)pewf; |c<x5>|ds}
(/06 c(a:s)ds) v

< ety [, ()] ds B, [0 o]
0

2
ev Jo clms)ds 1

IN

Ex[

IN

Y*E,

B, [62717 I |c(:cs>|ds]

< et [B ()] ds [ B, [ dsas
0 0
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Since p > 1, it is enough to show that the two integrals in (4.8) are locally bounded.
This follows easily from the assumption that ¢(-) has quadratic growth (see A2 where
the constant C' is defined), and from the proof of the first part of theorem 2, as soon
as 2ypCe < ¢,. Indeed we get some exponential integrability which is strong enough
to control both terms. This establishes continuity in x.
To get joint continuity in (¢,x) just observe that, by the integrability condition (4.5),
we can differentiate in ¢t (¢, x), and show that this derivative is locally bonded. Thus
©(t, z) is locally Lipschitz in ¢, locally uniformly in z. This, together with continuity
in x, implies joint continuity.
Step 2. Viscosity solution of the parabolic equation. In what follows we introduce the
upper-semicontinuous (resp. lower-semicontinuous) extension ¢* (resp. ¢ ) of ¢(-):

c*(x) == limsupc(y) ci(x) = lilz;n inf c(y).

y— -

Moreover, let vr(t, z) := (T — t,z). We now show that v is a viscosity solution (in
[0, 77]) of the parabolic equation

1
- (8th +0b-Vour + §AUT + ’)/CUT> =0. (49)

Since v is continuous, this amounts to show that the following two properties hold
true.

i. (Supersolution property). Let (t,z) € [0,7) x R? and let ¢ : [0,7) x R? — R be
a smooth function such that ¢ (¢, x) = vr(t, x), and vy — ¢ has a local maximum
at (t,x) (there may be no such function). Then

_ (&@/}(t, z) +b(z) - Vo(t,z) + %Aw(t, x) + ¢ (z)vr(t, :v)) <0.

ii. (Subsolution property). Let (t,z) € [0,7) x R? and let ¢ : [0,T) x R — R be
a smooth function such that ¥ (t,z) = vp(t, z), and vy — 9 has a local minimum
at (t,x). Then

_ (aﬂp(t, ) + b(z) - V(. 2) + %Aw(t, 2) + e (@)ur(t, x)) > 0.

vr — 1 has a strict local extreme in (¢, z). Indeed, if vy — 1 has a local extreme at
(t,z) and 9 (s,y) = ¥ (s,y) £ [(s — )> + |z — y|Y] (where the sign depends on whether
we are dealing with a maximum or a minimum), then vr — 1 has a strict local extreme
in (¢,z), and ¢ and 1 have the same first space and time derivatives and second space
derivatives at (¢,x). We now observe the following identities.

ot 7) = 1— /0 t di‘iEx [exp ( / t yc(mmﬂ ds = 14+~ /0 B, [c(xs) exp (7 / t c(a:T)dT)] ds

=1+ 7/0 E, [c(xs)p(t — s,24)] ds,
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where all steps are justified by (4.5). It follows that, for € > 0,

olt,) = Eulolt = ein)) =28 | [ ewolt = s,

By a change t — T — t of the time variable, we get
vp(t,z) — EJor(t + €, 2.)] = vE, [/ c(xs)vr(t + s, ms)ds} : (4.10)
0

Now we use (4.10) to prove that vy has the subsolution property. The supersolution
property is proved in the same way. Note that, both properties are local, so it is not
restrictive to assume the test functions ¢ to have compact support.
So let ¢ be a smooth function with compact support such that (¢, z) = vr(t, x), and
vy — 1 has a local minimum at (¢, ). We first claim that

lim sup vp(t,x) — EJor(t + €, x.)] < limsup W(t,x) — B [t + €, x.)] . (411)

e—0 € e—0 €

This is done by a simple localization. Let p > 0 be such that vr(s,y) > ¥(s,y) for
(s,9) € [t = p,t + p] X B(x, p). Then, for |¢| < p,

’UT(t, flf) - Eac [UT(t + €, [EJ]
€
-’UT(t, l’) — ’UT(t + €, xe)
€

[(t,x) — f(t +€,x.) ]Ixex@] +E, [

:w(t, x) —P(t + e, :1:6)}

€

B {w(t, x) —P(t + € )

UT(t> $) B UT(t + €, ’:EE)
€

1[|xs—x|<p] + Ly { ]Ixe—x>p]

vp(t,z) —vp(t + €, x,)
€

11|xex>p]

vp(t,x) — vp(t + €, )
€

€

]I|x6—:r>p:| + Ex |: ]I|m€—a:|>p:| .

Thus, in order to obtain (4.11), it is enough to show that the last two terms go to zero
as € — 0. We only deal with the last, the other being easier.

2
< EEJE [e“/fOT\C(acs)\ds]lme_mbp]

‘Ex |:UT(t, x) —vr(t + € x.)
€

][|ac€—x|>p:|

2 5 T le(as)ld -3

< -F, |:€’y o [6%s S] Ez(][|me—:v|>p) %,
€

that goes to zero as e — 0 since, by small time estimates again, (1, —z>,) = 0(€).
This establishes (4.11). On the other hand, by Ito’s rule,

lim 2468) = Belb(t+ e 2] (awu, ) + bt 7) - VUt z) + %A@Z)(t, I)) |

e—0 €
(4.12)

21



Putting together (4.10), (4.11) and (4.12), the subsolution property follows from

lim inf - [ /0 Celwor(t + 5, xs)ds] > . (2)vr(t, ), (4.13)

e—0 €

where the above convergence is again controlled by small time estimates and the fact
that vy is continuous.

—A(T—t)

Step 3. Conclusion. Letting 0p(t, z) := vp(t, x)e , it is easily checked that or is

a viscosity solution of
- . .. -
- (@vT +b-Vor+ §AUT + ’}/CUT) + Ao =0. (4.14)

Moreover vr(t,z) — v(x) as T — 400 uniformly on compact sets. In particular v is
continuous. Now, it is a standard argument, that I now sketch, to show that v is a
viscosity solution of (4.4).

Let z € R? and let ¥ : RY — R be a smooth function such that v(x) = ¢ (z) and v —1)
has a local minimum at z. Fix ¢ > 0, and define ¢(s,y) := ¥(y) — |y — z|* — (s — t)2.
Note that v — ¢ has a strict local minimum at (t,z), and

1
Onp(t,2) +b(t, ) - V(t, ) + 5 AY(L 2) = b(e) - Vib(z) + 5 A9 (). (4.15)
A simple exercise in uniform convergence show that there is a sequence (t,,, z,,) — (¢, x)

as n — 400, such that , — 1 has a local minimum at (t,,x,). Therefore, since ¥ is
a viscosity solution of (4.14)

—((‘lﬂ;(tn,xn)+b(mn)~V¢~)(tn,xn)—f—%A@Z(tn,xn)+70*(xn)ﬁn(xn))+)\27n(xn) > 0. (4.16)

Letting n — 400, using (4.15) and lower-semicontinuity of ¢, we obtain the subsolution
property for equation (4.4). The supersolution property is obtained in the same way.
|
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