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Abstract

The Cauchy problem of the vacuum Einstein’s equations aims to find a semi-
metric g, 3 of a spacetime with vanishing Ricci curvature R, g and prescribed initial
data. Under the harmonic gauge condition, the equations R, 3 = 0 are transferred
into a system of quasi-linear wave equations which are called the reduced FEinstein
equations. The initial data for Einstein’s equations are a proper Riemannian metric
h,, and a second fundamental form K,,. A necessary condition for the reduced
Einstein equation to satisfy the vacuum equations is that the initial data satisfy
Einstein constraint equations. Hence the data (hgp, K,p) cannot serve as initial data
for the reduced Einstein equations.

Previous results in the case of asymptotically flat spacetimes provide a solution
to the constraint equations in one type of Sobolev spaces, while initial data for the
evolution equations belong to a different type of Sobolev spaces. The goal of our
work is to resolve this incompatibility and to show that under the harmonic gauge
the vacuum Einstein equations are well-posed in one type of Sobolev spaces.

1 Introduction

This paper deals with well-posedness of the Cauchy problem of Einstein vacuum equations

R.s3(g) =0, a,=0,1,2,3. (1.1)
Here R,3(g) denotes the Ricci curvature tensors of a Lorentzian metric g. The unknowns
are the coefficients g, of the semi-metric g.

The initial data consist of the triple (M, hgp, Kqap), where M is a space-like manifold, hy,
is a proper Riemannian metric on M and K, is its second fundamental form (extrinsic
curvature). The semi-metric g, takes the following data on M:

goolm = —1, goalm =0, gab| v = hap
ab=1223 1.2
{ _%a()gab’M = Kaba ( )
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The rest of the data 0yg.o are determined through the conditions
Fr=ghTh =0. (1.3)

Here Fg,y denotes the Christoffel symbols and g” the inverse matrix of gg,. Condition
(1.3) is known as the harmonic gauge. Since (1.1) is a characteristic (see e.g. [11]), it is
impossible to solve it in the present form. However, under the harmonic gauge (1.3), the
vacuum Einstein equations (1.3) is equivalent to the reduced Einstein equations:

gaﬁaaaﬁg'ﬂ = Q’y5(g7 ag) (14>

Since g,p has a Lorentzian signature, this is a system of semi-linear wave equations. The
expressions (),5(g,0g) are quadratic functions of the semi-metric g,z and its first order
partial derivatives 0gqgs.

It is well known that the initial data (hg,, K,) cannot be prescribed arbitrarily and, in
fact, the Codazzi equations, which relate the curvature of the manifold (V, g,5) to the one
of (M, hg), lead to the Einstein constraint equations:

{ R(h) — |Ku|* + (Tr,K)> =0  (Hamilton constraint) (1.5)

D, K¢ — Dyp(TrpKg) =0 (momentum constraint)
Here R(h) and D, are the scalar and the covariant derivative with respect to the metric
hp.

The fulfillment of the constraint equations (1.5) is a necessary condition for the solution of
the wave equations (1.4) with the initial data (1.2) to satisfy the vacuum FEinstein vacuum
equations (1.1). We refer to [1], [24], [10] or [27] for a discussion of this fact.

Conclusion: We conclude that any solution of the Cauchy problem for the Einstein
equations (1.1) includes the treatment of the following two problems:

(i) Solutions to constraints (1.5), which can be reduced to elliptic equations;

(ii) Solutions to the reduced Einstein equations (1.4) with the initial data (1.2).

We will deal with these two problems in asymptotically flat manifolds (AF). A Riemanian
3-manifold (M, hg) is (AF) if there is a compact subset K such that M\ K is diffeomorphic
to R3\ B1(0) and the metric hg, tends to the identity ey, at infinity.

1.1 Existence of the evolution equations

The unknowns g,s are functions of ¢t = 2° and 2z, a = 1,2,3. We assume that for ¢ = 0,
the initial data (1.2) are given on a space-like (AF) hypersurface M ~ R? and denote the
Bessel potential space on R? by H®.



The following classical result was first proved by Y. Choquet-Bruhat [7] for s > 3 and
improved by T. Hughes, T. Kato and J. Marsden [17].

Theorem A. Assume the following hold:

(gaﬁ(o) - maﬂ) S HS+I(R3)7 atgaﬂ(o) S HS(R3); (16>
sup |gap(0, 2", 2%, 2%) — magl — 0 asr — oo, (1.7)
|x|=r

here |z| = /2% + 23 + 2% and mp is the Minkowski metric.

Then for s > %, there is a positive T' > 0 and a unique semi-metric g,5(t) which satisfies
(1.4) and such that

(8ap(t) —myug) € C([0,T), H*™') and 9,g(t) € C([0,T], H?). (1.8)
In addition, if the pair (8.5(0), 0:8453(0)) satisfyies the constraint the equations (1.5), then

the metric g,5(t) is a solution to the vacuum FEinstein equation (1.1).

S. Klainerman and I. Rodnianski [20] succeeded in improving regularity below the critical
index 2.
2

Theorem B. Assume the conditions (1.6) and (1.7) of Theorem A hold and g.5(t) is a
classical solution to (1.4) such that (8,3(0), 0:8a3(0)) satisfy the constraint the equations
(1.5). Then for s > 1 there is a positive T > 0 depending on ||08a3(0)| ms such that

108as(t)|| 22200 < C'f|08as(0)]

. (1.9)

1.2 Solutions of the constraint equations

The H*® spaces are inappropriate for solutions of the constraint equations, roughly speaking,
because in these spaces the Laplacian is not invertible. It turns out that the Nirenberg-
Walker-Cantor weighted Sobolev spaces H,, s ([23],[5]) are suitable for asymptotically flat
manifolds and indeed these spaces have been widely used in General Relativity. We denote
the norm of the weighted Sobolev spaces by

laliz, , = > I+ 2P| sy,  —00 <8 < o0, (1.10)

la|<m

and the space H,, s is the completion of C5°(R?) under the norm (1.10).



We may express now the asymptotically flat condition for a Riemannian metric h,, by
means of (h,, — es) € Hy 5. In this paper the identity is denoted by eg.

There is an extensive literature for the solutions of the constraint equations in asymptoti-
cally flat manifolds. The following theorem was proved under various assumptions in [1],

[OLILOJE], 19, [12); [22].

Theorem C. Let m be an integer greater or equal to one, —% <o < —%. Given a

set of free data (hgy, Ka) such that (hey — €aw), Kap) € Hpmi15 X Hpgr1. Then there
are exists a conformally equivalent data (hep, Kap) which satisfies the constraint equations
(1.5). Moreover, there is a constant C' such that

|| (hab — €ab; Kab) <C H (Bab — €qp, Kab)

||Hm+1,5><Hm,5+1 —= ||Hm+1,5><Hm,5+1 ’

1.3 The main result

The disadvantage of the present situation is the inconsistency of the Sobolev spaces of
Theorems A and B with those of the constraint equations. The initial data for the semi-
linear wave equations (1.4) are given in H*-spaces, while Theorem C provides the initial
data (solutions to the constraint equations (1.5)) in H,,s. Therefore it is impossible to
obtain a solution to the Cauchy problem for the vacuum Einstein equations with initial
data which are given in one type of Sobolev spaces. Our goal is to unify the Sobolev spaces
of the constraint and the evolution equations.

Before stating the main theorem we need to introduce the extension of the spaces H,,s
into fractional order. We denote a scaling with € by f.(x) = f(ex).

Definition 1.1 (H,s Sobolev spaces) For s> 0 and —oo < 6§ < oo, we define the
Hg s norm by

(llul

The sequence {1;} C Cg°(R?) satisfies the following: v;(x) =1 on K; = {z: 2773 <|z| <
2012} 5 =1,2,..., Ko = {x : |z| < 4}; sup(¢y;) C {o: 207* < |z < 2703}, for j > 1,
sup() C {z @ x| < 23}; (0% (z)| < Co271%0 where the constant C,, does not depend on
g

The space Hy 5 is the set of all temperate distributions having a finite norm given by (1.11).

2 3 .
i) = 320 [(yu)a . (1.11)
J

Triebel [26] proved that whenever s is equal to an integer m, then
= 3 j al) Qo
> 2 (yuw)aillFm ~ D (1 + |2 ) DM g, (1.12)
J=0 la|<m

Thus whenever the parameter s is an integer, the norms (1.10) and (1.11) are equivalent.
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Theorem 1.2 (Main results) Let s > 3 and —% <0 < —3. Given a set of free data
(hab, Kzzb) such that ((hab — eab), Kab) - Hs+1,5 X Hs7§+1.

(i) Then there exists a conformally equivalent data (hay, Kop) which satisfies the con-
straint equations (1.5). Moreover ((hay — €a), Kap) € Hyy15 X Hys11 and depend
continuously on the norms of ((hey — €wp), Kap)-

(ii) Then there exists a T > 0 and a semi-metric g.5(t) solution to the vacuum Einstein
equations (1.1) such that

(gaﬂ(t) - maﬁ) € C([Oa T]v Hs+1,5) N Cl([()? T]a Hs,6+1) (113)

and

[(8as(t) — mag)|
Hatgaﬁ’(t)HHs’aJrl

(1.14)

Hqyn, » 7

o } S C || (hab — €qp, Kab)‘ Hop15xHg 541"
fort € [0, T]. The metric g.s(t) is the unique solution to the reduce Einstein (1.4)
with initial data (hep, Kap).

Remark 1.3 (Uniqueness) Since the Ricci tensor is invariant under diffeomorphisms,
it is 1mpossible to get a unique solution to the vacuum FEinstein equation. Because if
R.s3(g) =0 and ¢ is a diffeomorphism, then the pull-back ¢*gap also satisfies (1.1). How-
ever, it can be shown that if two metrics go5 and gap satisfy (1.1) and (8ap — Mag), (8as —

m,s) € Hgi1s, then there is a coordinates transformation z® — y® = f*(z*), which
preserve the harmonic condition (1.3) and such that g,,(y) = 8as (x(y)) g“’ngZf. This

transformation can be established by means of solutions to linear wave equations (see [15],
[10]) with coefficients in the Hjs-spaces. Thus we can apply the energy estimate Lemma
4.3 and the tools of Section 2 to establish the existence of this transformation in Hgyqs.
Previously this procedure has been applied with one more degree of differentiability, but
recently, Planchon and Rodnianski found a trick which allows the obtaining of the diffeo-
morphisms without losing reqularity, see Section 4 in the monograph [15] for details. Thus
we conclude that for asymptotically flats metrics which preserve the harmonic condition
(1.3) the uniqueness holds up to a diffeomorphism.

Remark 1.4 We would like to mention that the results of Christodoulou [11] and
Christodoulou and O’Murchadha [12] differ from ours. They assume (Bab — €, I_{ab)

€ Hyy 500 X Hyyy 03, while the solutions (8ap(t) —myg) belong to Hyyq5(S2), where Qy
is a certain unbounded region of R*. Thus in their setting, the rates of fall-off of the initial

data and the semi-metric are different. In addition, they require the reqularity condition
s> 3.



The idea to solve both the evolution and the constraint equations in the weighted Sobolev
spaces of fractional order H, s has previously appeared in [2] and [3], but for the Einstein-
Euler systems. The regularity condition for these systems is higher since they are coupled
with a fluid.

The plan of the paper is as follows. In Section 2 we present several properties of the
fractional weighted Sobolev spaces. Section 3 deals with the reduction of the wave equations
into a first order symmetric hyperbolic systems. The specific form of these hyperbolic
system has an essential role in our approach. The energy estimates are established in
Section 4. In Section 5 we treat the existence, uniqueness and continuity of semi-linear
first order symmetric hyperbolic systems in the H, s-spaces and the main result is proved
in Section 6. In this paper Greek indices will take the values 0, 1,2, 3 while Latin indices
1,2,3.

2 Weighted Sobelev spaces of fractional order

Here we present the basic properties of these spaces and the equivalence between various
norms. All these results were established in the appendices of [1] and [3]. At the end of
the section we define a norm on product spaces.

Definition 2.1 (Definitions of norms)

o Let {1;} be the sequence of functions in Definition 1.1. For any positive vy we set

3 .
Hosn = O 20| (T w) s e (2.1)
J

[l

and we will use the convention ||ul|g, 5, = ||ulln, ;. The subscripts 2/ mean a scaling
with 27, that is, (V]u)y (x) = (¢]u)(2x).

e For a non-negative integer m and 8 € R, the space CF' is the set of all functions
having continuous partial derivatives up to order m and such that the norm (2.2) is
finite:

lullop = 37 sup ((1+|a)*oru(z)]) (2:2)

|| <m

2.1 Some Properties of H;;

Proposition 2.2



. Equivalence of norms H,; and H,;.: For any positive v,

3 ; 3 ;
b= 22(2+5>2J||(¢ju)2j||§{s ~ 22<2+5)2g‘|(¢]7u)2j,|3{5 = ||ul
j

J

lul i, (2:3)

e

. Equivalence of norms (2.1) and (1.10): For any nonnegative integer m, positive
v and 9 there holds

3 : al) Qo
lullZr, .., = > 2= %@ waillfm ~ D (1 + 2P| a gy, (24)
J

laj<m

. H; s-norm of a derivative:

|O5u

Hovson < [l ;- (2.5)

. Algebra: If s1,80 > s, 51+ 59 > s+% and 61 + 6y > 6 — %, then

[wolls,, < Cllul [0l 5, (2.6)

H,, 5
. Compact embedding: Let 0 < s’ < s and &' < 6, then the embedding

Hys = Hy . (2.7)
18 compact.
. Embedding into the continuous: If s > % +m and 6 + % > 3, then

[ulley < Cllul

H,s- (2.8)

. Third Moser’s inequality: Let F': R™ — R! be CN*1-function such that F(0) €
Hg;s and where N > [s] + 1. Then there is a constant C' such that for any u € Hy

£ (w)]

t,s < ClIF evar (14 [[ullz) [lul

i, + [[1F(0)]

Hys- (2.9)

In particular, if s > 3, then u € L and ||F(u)| .5+ || F(0)]

#,; < Oflul

Hs,é?'

. Difference estimate: Suppose F is a CN*2-function and u,v € H, 5N L>®. Then

[£(w) = F(v)]

i, < Cllullze, [0llze) ([lul

i+ [0llms) lu=vlly, - (2.10)

. Density:

(a) The class C§°(R?) is dense in Hg.



(b) Given u € Hys5, 8 > s >0 and & > 5. Then for p > 0 there is u, € C*(R?)
and a positive constant C(p) such that

lup =l <p and gl o < C(o)lull, . (2.11)

10. Mixed norm estimate: Ifu € Hys and O,u € Hy 541, then

HS,M) . (2.12)

lullpr s < (el s + 110:ul

The proof of (2.12) follows from the integral representation of the norm (1.11) (see [/], [7]
in the Appendiz).

The density property (b) where proved in [3], [1] for ¢’ = 6. Only a slight modification is
needed to include it also for ¢’ > § and therefore we leave it to the reader.
2.2 Product spaces

Definition 2.3 (Product spaces) We set Xs5= Hgsx Hg511 %X Hs 511, and the norm
of a vector valued function V = (vy,ve,v3) € X5 is defined by

(2.13)

VI, , = ol ;. + o2l o, + sl

We will use the following convention: for a vector valued function v : R x R3 — R¥, we set
U = (u, dyu, 0, u), where 0,u denotes the set of all partial derivatives in the space variable
z € R%. Thus [|U|%, , = lullf, ,, + 10alid, .., + 100l

Essential of our approach is the following observation.

5,041,2 s,6+41,2°

Remark 2.4 It follows from the Mized norm estimate (2.12) above that if U(t,-) € X4,
then

[t Mg S TUE x5

3 First order hyperbolic symmetric systems

The system of wave equations (1.4) can be transferred into a first order symmetric hyper-
bolic system. The specific form of the hyperbolic system play en important role in our
approach.

Letting h,g, = 0,843, reduces the wave equations (1.4) into

atgaﬁ = haﬁ(]
8th'yz50 = ﬁ {ngaaah'yzm + gabaah'y&) + Osgz%);ihdnhn)\ugaﬁgpa} (31)
(_goo)_lgabath’yéa = <_g00)_1gabaah'y§07
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where the objects CS"" ¥ are a combination of Kronecker deltas with integer coefficients.

YéaBpo
We would like now to write system (3.1) in a matrix form. We set

gaﬂ — (_gOO)flgaﬁa

where g denotes the inverse matrix of g,g. By introducing the auxiliary vector valued

functions
U ga,@ - maﬂ gaﬁ - maﬂ
U = 8tu = @gag = haﬁ() s a = 1, 2, 3,
8mu azgaﬂ haﬂa

we can write the system (3.1) in the form

3
A (w)o,U =y (A%(u) +C*) 8,U + B(U)U,
a=1
where
e 0 O 010 010
010 e Oy 010 010
AO(U) = 010 Opo §11810 §12910 §13310 )
010 010 §*'ewn §*e1wn §*eqp
010 010 §*ewn §*e1n §*%eqo
010 010 010 010 010
010 anoelo (gal o 6(11)610 (ga? - 5a2)e10 (ga5 . 5a3)e10
A%u) = | 019 (g —6*)ero 010 01 01
010 (9% — 6")eqg 010 010 010
010 (gaS - 5a3)elo 010 010 010
010 O 010 010 010
010 019 0%y 6"%e1p 6%eqg
C*=1] 019 0e;p Oy 010 010 ;
010 6*%e1p Oy 010 010
010 6*e;p Oy 010 010
and

010 €10 010 010 010
010 CK)\O Cﬁ)\l C«n/\Q Cm)\3
B{U)=1] 019 01 05 055 0y

Here O™ = (—g™) "' O350 0-8c,8" 8"

(3.2)

(3.3)

(3.5)



Apart from the facts that A%(u) and C* are symmetric matrices and A%(u) is positive
definite, they hold three additional properties: (i) the matrices A%(u) doest not depend on
the derivatives of u; (ii) the coefficients of d;u in A°(u) do not depend on ¢; (iii) it follows
from Moser type estimate 7 and Algebra 4 of Proposition 2.2 that if g,3 — m,3 € Hyyq 5,
then (g — 1) € Hey15 (a = 1,2,3) and §*° € H,y1 5 whenever a # 3. Thus the matrices
(A%u)—e), A%(u) € Hyy1 5 whenever g,3—m,p € Hyi1 5, while C* are a constant matrices.
These facts are crucial for the energy estimates.

4 Energy Estimates

We consider here energy estimates for a first order linear hyperbolic system of the form

u 3 u u
A%, | o | = Z (A" +CY0, | Ou | +B| O | +F. (4.1)
Oy a=1 Ot O, u

Here u : R x R® — RN, A* = (a? C* = (c¢

ivj)i,j:1,2,3’ i:j)i,j:1,2,3 and B = (bij)i,j=1,2,3 are
5N x 5N block matrices having the sizes of their blocks according to the following structure

NxN | NxN | Nx3N
NxN | NxN | Nx3N . (4.2)
3N x N |3N x N |3N x 3N

We assume the following conditions:

a); =0 fori#j; a}, = ay, =e; (4.3a)
a), is symmetric and %UTU <vladw < cpu’v Vo e R, (4.3b)
A(t,-) —e € Hyig; (4.3¢c)
0 A°(t,+) € L™ (4.3d)
A are symmetric with af} =af; =0, a=1,2,3; (4.3e)
At,-) € Heprs, a=1,2,3; (4.3f)
C® are constant and symmetric with cf} =cf; =0, a=1,2,3; (4.3g)
b;1 =0 and b;; are constant, %,j=1,2,3; (4.3h)
B(t,) = (bij)ij—23 € Hygs1; (4.31)
F(t,-) € Hegar. (4.3)

Note that any system which is originated from a linearization of (3.1) meets the above
requirements.
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4.1 H,s - energy estimates

We define an inner-product on X s in accordance with the equations (4.1). Let
A(w) = (1= A)2(u) = FH (L + [€%)2 F) (w),

where F denote the Fourier transform.

Definition 4.1 (Inner-product)

e Inner-product on L?: For vector valued functions f,g € L*, we set

(f,9) 2= /ngda:, (4.4)

where T denotes the transpose matrig.

e Inner-product on H,s: For v, ¢, € H 5, we set

o0

(01, 01),5 = D 2595 (A" (6201) A" (0301),,) (45)

§=0
Recall that the subscripts 27 mean a scaling (see Definition 2.1).

e A weighted inner-product on H; ;.1 X Hys11: For a matriz ad; which satisfies
(4.3b) and (va,v3), (P2, d3) € Hs g1 X Hys11, we set

() (5)

vs )N 93 ) /s,

Sl (a2 (6 3) G,
j=0 ! v3 2]" 0 agS 2 J ¢3 2i/ 12

e Inner-product on X;s: For a matriz A° which satisfies (4.3a)-(4.5b) and V =
(v1,v2,v3), @ = (91, P2, P3) € Xy 5, we set

v ¢
<V’(I)>Xs,a,,40 = (v1, P1), 5 + << vi ) ’ ( ¢£2’> >>575+1,ag3 0

the norm which is associated with the inner-product (4.7).

(4.6)

We denote by ||V x

.5,6,AO

From condition (4.3b) we see that

11



2
Hs

N
HVH&S’MO < ¢ {Z 2(3+002|| (y2v,),, |

J=0

+ 22(%+5+1)2j [H (w]?vg)m |

%{S + H (7/}]2'”3)21' ‘

?{} } (4.8)

j=0
= co {unll, 0 + Mol o0+ sl 0
= VI, ,

Thus we have shown:

Corollary 4.2 (Equivalence of norms)  The norms which are defined by the inner-
product (4.7) and (2.13), satisfy
1
EIIVIIXS,E < Vllx, 50 < VellVilx.s (4.9)

For a vector valued function u(t, x), we set u(t) = u(t,x), U(t) = (u(t), Ou(t), O,u(t)) and
the energy of U(t) is denoted by

E(t) = S{U®),U1))

5 (4.10)

s,(S,.AO )
The energy estimate in the product space X;; is indispensable tool of our method. The
next Lemma establishes it and its proof relies on tedious computations. The essential point
is that fact that A% € Hy;1 5. This enables to use the Kato-Ponce commutator estimate
(Theorem 4.4) with the pseudodifferential operator A*3d, rather then A® as in [1].

Lemma 4.3 (Energy estimates) Let s > %, o> —% and assume the coefficients of
(4.1) satisfy conditions (4.3). If U(t,-) € C$°(R?) is a solution to the linear system (4.1),
then

d
EE(t) < Cecy (E(t)+1), (4.11)
where the constant C depends on [[(A° — €)l|lm,,,s: A f4rs 18] Hosorr 1 F N, 5000

10:A°| Lo, s and 4.

An essential tool for deriving these estimates is the Kato & Ponce commutator estimate

[25]-

Theorem 4.4 (Kato and Ponce) Let P be a pseudodifferential operator in the class
Sio, feHNCY, ge H*NL>® and s > 0. Then

1P(fg) = fP(9)llz < C{IV fll=llgl

et + | fllas gl ) (4.12)

HS
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Proof (of Lemma 4.3). Taking into account the structure of the inner-product (4.7) we
see that

d B 8tu atu
£E<t) - <u78tu>s,6 + << axu ) 7at ( axu )>3,5+1,ag3

o (4.13)
1 345 j s s
5 D 2ETY (A (02 (Do) 101 (a),, A (12 (D)), )
=0
The infinite sum of the right hand side of (4.13) is less than
00 s '
VBN, (ags) llz= Y 2% (vF0,u),, I3 = V3N Oralyl| = 10sllF, ., (4.14)
=0
and )
(w,001) o < Nl |00l < 5 (il + 10, ,,L) - (415)
. .. . . atu @u
We turn now to difficult task, this is the estimation of , O )
axu agju §+1 0
s, ,a3,
Setting
Ba(7) = (A" (4300),,  A* (V20,0m)),, ) . (4.16)
Eo, (j) = (A" (¢30,),, . (a),, A" (#2000, ) - (4.17)

and using the specific form of (4.6) we see that

@u 8tu . = (%+5+1)2j . .
() (&), -Eeming m o
S 833 7=0
We first estimate Ep, (7). For that purpose we define a sequence of functions
o -1
Vi(x) = (Z %(m)) V(). (4.19)
=0
where {9;} is the sequence defined in Definition 1.1. This sequence has the following

properties: Wy, € C5°(R?), |00 Uk (z)] < Co27%, 322 Uy (z) = 1 and

Ui(x)j(x) #0 only for k=j—3,...,5+4. (4.20)
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We will use the convention that W;_,, = 0 whenever j —m < 0. Then
Es,(j) = <AS [(wjzafu)y} ) a33

(), )

_ k_z (A [(20,0),,] . (al),, A° [(Wrv2or0.0),, ] )

= ZEBJ7

k=j5—-3

. (4.21)

Our aim now is to take ad; across A® in (4.17), and then we can use the fact that U satisfies
equation (4.1). In order to do it we will use the commutator estimate, Theorem 4.4.
However, if use the commutator (4.12) directly with f = (Uy),, and g = (\I/kwf-@t@zu)zj,
then we get || (Vy1)?9,0,u) ol S (\Pk@bjz@t@xu)y || = by Sobolev inequality. That would
leads to the condition s — 1 > %, and therefore we would not obtain the desired regularity.
In order to avoid this, we write

1

(q’kwjzatawu) 2% 2%

0r (Wt50u) ;= (On (Vitl5)),, (D) (4.22)
then

¥ [(z00.0),

:im[ (veviom),, | - A [ (0 (83)),, (9,

= o o) [(wesom), ] - (s () (o), ]} (4.23)
21 (W) (1°0,) (v30), ]
— A (00 (W102)), (O)s |

Inserting the last three expressions in each term of Ey_(j, k) in the right hand side of (4.21)
results in

Ey,(J,k) =
- (A [(020.0),, ] (a%),, {(A%00) | (wevo), |

- w0 0 i ),
o5 (A [0, | (8l (w00 (0002 [(v300),, ] )

-

[(20,0),, | (a%),5 A" | (00 (0102)),, (Br)] )
=:Ey (a,7,k)+ Ea, (b5, k) + Ea,(c, j, k).

L2

L2
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Estimation of Ejy_(a, j, k): Applying the Cauchy Schwarz inequality we get

) \/3N
|E3x(a’]’k>| < ‘ 12 H(ag3)2jHL°°

x H(A 0,) (w;atu)w = (Wr)s (A0,) (V500u),, |

A* (420,u)

(4.25)

The advantage of (4.22) is that A*0, € OPS}{', hence the Kato-Ponce (4.12) is applied
with s 4 1 rather than s. Therefore

|(A0,) (w20m),, — (W) (1°01) (v301),,
SV | e ([ (5002 || g+ 11(28) [ 1

12 . (4.26)
oo 102001 .

From the properties of 1; (see Definition 1.1 ) and (4.19), we see that ||0%(¥y)ai ||~ < C,
where the constant C'is independent of j and k. Hence both ||V (Uy)ei || and [[(¥y)ai]| 5
are bounded by a certain constant independent of j and k. For s > 3 the Sobolev inequality
yields H 1/}28tu )oi HLOC < H wQ(‘?tu)Q]‘ and combining these with 1nequahty (4.25) we get

Hs’

o, (0,3, 0)| S || (a) ] || (4200),,

Hs H (10]2-&11,) 2

(4.27)

HS
Estimation of Ey_(c, j, k): Since (8w(\11k¢?))2j (Oru)ai = (Fjk)2i (¥;04u)9 and the partial

derivatives of (F} )2 up to order [s| are bounded by a constant C' independent of j and k,
there holds

Bo, (40| < [ () [ (02020,

@0 (1.2

Estimation of Ey_ (b, j, k): We see from (4.24) that in order to use equation (4.1) we need
to commute (V;ad;)ss with (A*9,). Therefore we write

(‘Ilkagg) (As [ 2(9tu 27
(\I/ka33) Asﬁ [

0:) [(Vras),,
(\I/ka33)2 (A°0,) [

—i—AS[ (Vrads?) 5 (Oiu) 2]]

I A [(\Ifmpjags) (ataxu)y} .

— (N°0,) [(Wxal),, (W) ]
— (M%) [(Ta%s),, (¥20u)s] (4.29)

27

Thus Egy, (b, j, k) is sum of three terms: Ey_ (b, j, k) = Ep,(d, j, k)+ FEa, (e, 5, k)+Es, (f, 7, k).
The first one will be estimated by means Theorem 4.4, in the second one we use algebra
property of H® and in the last one brings us to equation (4.1).

15



We recall that (A*0,) € OPS;}!, therefore by Kato-Ponce commutator estimate (4.12),
H (\Ifkagg) 2 (A*0,) [(¢?8tu)2j] — (A%0,) [(q/kags)m (wazat“)ﬂ] ”L2

(4.30)
SNV %) | | (W3000)25 o+ (| (Va0 ] }
From (4.19) and (4.20) we see that
Vel <Gl ol + O [Vl @3
and
1% ka55) |
< Cs [|(rass)as || s = O || (U (233 =€)y + (V)2 | s
= (4 H ((¢n (a5 — e))Qk)zj—k + ((Yre)y,)gier et (4.32)
< Gy [ ((n (@8 =€) )| ... + Coll(@r0 ) e
= G { || (Wnally = @) el oo +1}
Thus, the combination of (4.31) and (4.32) with the inequality H (12 0u)as HLOO <
H V304u)si HH (keeping in mind the factor 277 in (4.24)), leads to
‘Er?z(duja k)’
= (A [(@F0u)a ], (Tragy),; (A°Dy) [(1hF0u)ss]
— (A0,) [(Wrass),, (Vj0u)ai]) . (4.33)
S {H(ag?) ZJ'HLOO + ”(Vag3)21’HL°® + H(w’f(agi% B e))zk”HSH}
x| (050t} | o || (85 0p0)0 | .-
We turn now to Ejy, (e, j,k) = (A* [(120,u)y] , (A°0,) [(Prals),, (1/J?atu)2j]>L2. Noting
that
O (Vragshy) ,; (Opu)s (4.34)
=0, (‘Pkagg%)y’ (1 0ru)9s + 2 (‘Ifkag33x¢j)2a' (Vj0u)as, ‘
and applying the algebra property of H®, we get
o (Vragsty),, (G| S 102 (Wrags) o | 115025 L. (4.35)

+2 ” (\Pkagsaﬂ/’j)za‘ HH ||(¢jatu)2f||gs .

Now |0 (Wragstj)y || e S 1(Wkads)osll o and [[(Wradsdets)ys || e S 1(Wras )il gosrs
hence by (4.35) and inequality (4.32) we get

|Eaz (evja k>|

SN r @8 = @) ell o + 1} 110200000 |y 185000001 . (4.36)

16



In order to use equation (4.1) we write

L a=1,23, (4.37)

where A% = (a2

)i i—2.3, Co = (¢ i i—23 are symmetric block matrix and c? are constant.
1) /1] =4, 1)/ 0)=4, 1]
Further, let {¥,} be the sequence which is defined by (4.19), then

Ea,(j <AS Qatu)zhAS(@/JQat Opu)) 2J>L2
= <As(¢ Oytt) 95, A

(o) o]

— _Z <AS(¢?@U)2J¢AS [(‘I’kwjz'at(atu))ﬂb
=: % Ea,(j, k)

k=j—3

(4.38)

L2

From (4.21), (4.24) and (4.29) we see that

Eo,(f,4,k) = (A" [(€50su)ns | , A* [(Whalgs) ,; (V5 010a10)21]) 1
and since U(t) satisfies (4.1), we have obtained

{Es, (4, k) + Ea,(f.J.k)} =

(@)Ll (6 )2 G, -
L[ am) o (e (@) G))) ), o
(el (), L [z ) (32,0,

(el G) [t (),

The main difficulty is the estimation of the first term of the right hand side of (4.39). We
recall that C* are constant and A* € Hy, 5, therefore we may write

(\pkwf. (A +c) o, (gi) > y
o (wd (2+2) (1), - (2. (s 2) (311)),

17
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and hence

(v (e 8)), o )sz(atu))’” "
A (o) (32?2))2} |

The first term of the right hand side of (4.41) will be estimate by Theorem 4.4 with

P = A°0,, in the second one the symmetry of A will be exploited and in the third one
we will use algebra property of H®. In both the first and third we take the advantage that
A% € Hoyq 5.

(AS(?){( (A +C)ye2 (@“ﬂ — (we (A +0v)) (Asaa)[(z/ﬂ (gﬁ)) ] B
sfwee (2 + )|, (IS0l + 0w, }
+ (\I/k(A +C)) HHl{H (¥70u)s \\Lm+}|(¢?axu)2f||m}‘
Now, for k = j — 3, ..., j + 4,
o (e (F @), |5 (], o2 [0a], ). e
and
) W= S S

={I{wed2),..

In addition, since s > %,

Hs+1 + 1} S {H<¢kja)2kHHS+l + 1}'

1502 || o S 15001y and ([ 00w)as | o S (| (W5 0t0)a0 .-

18



Thus,

1

7 (e[ 5), ] o (w2 -2 (31)
— ((wi (A + 5@))2j (A*0,) Kw? (?3))2] >L2 |

(4.44)
ST |+ e+
Al @0l + 00 5. }-
As to the third term of (4.41), writing
on (v 0) (514) = (outwawy &)+ 200 700u0,) 0, (1),
and noting that
Jou (et ), |, < [[Coets), [, < [ (664) ...
then by the embedding H*™! < H*® we get that
(e [C ), o [ (s (32)), ).
SR ([CEPY  (COo (4.45)

X (H(T/Jfatu)szHs + H(%Q'amu)szHs) (10225 0w) 23 [l o + 1| (10500)2i [ ) -

We turn now the second term of (4.41). Recall U is a C§°(R?), therefore A*(Qyu), A*(O,u)
are rapidly decreasing functions. This allows us to make the following operations

[ad (e [(2G)),]) (e, (s (), o
A® (zp? (@Z» D (w (A +c))2jAs (W _

(v] (&), ]}
([ (2)),]) -5ﬁ(¢?<323>);}dw
( )]

A* <w <at”>> ) v (A4 Ct)) awj <at“
27
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Since A and C* are symmetric the first and the third terms of the right hand side of
(4.46) are equal and hence

20{w (62 (29). ] (e (o), (s (22)). 1)

e[l () atwte e, ()], e
SO 1)+ 1) e oma . + ooz}

That completes the estimation of the first term of the right hand side of (4.39). The second
and the third terms of are easier to handle since they do not contain derivatives of high order.
Recalling conditions (4.31) and (4.3j) and using algebra in H® for s > %, we have

(o (o)), L[ (ot (o i) (5 ), ),

LOO

. 4.48
<l (8), [, (loo . + | w0, e
X (H(wjatu)21| Hs + H(wjazu)y‘ Hs)
and
wl(2 (5 ), [l 2<f2)) J)
| < K% Ou ) ) o B fs ) )9l ) e | (4.49)
sl@io),| (@i, + || @0, |35,
To complete the proof we need to summarize
00 j+4 5
2 ( > 26500 (B, (, k) + Ba, (j, k))) . (4.50)
=0 \k=j—3

We see from the inequalities (4.27), (4.28), (4.33), (4.36), (4.44), (4.45), (4.47), (4.48) and (4.49)
that the estimation of (4.50) consists of the following types of series:

Type 1:
0o Jj+4
S 2 (gl |20 W30l ) | (45D)
7=0 \k=j-3
where f and g belong to H 541 and h is in L
Type 2:

00 j+4
> ( > 23 (ol |03 <wjg>2JHs)) oG
k

=0 \k=j-3

where f and g belong to H 541 and h is in L

20



Type 3:

00 j+4
§ .
ST 2 (el @30 g 1029025 | (4.53)
j=0 \k=j—3
where f and g belong to H, 511 and h is in Hei 1 5;
Type 4:
00 j+4 5 '
ST 25 ()il @3 F)os g 159D e ) | - (4.54)
j=0 \k=j—3
where f and g belong to Hy 541 and h is in Hepq 5;
Type 5:
00 j+4 5 '
ST X 280 (wim)as o |20 [ | V2902 ) | (4.55)
j=0 \k=j—3
where f and g belong to Hy 541 and h is in Hepq 5;
Type 6:
00 j+4 s A
ST DT 28 (i h)as s 03 F)os gy 139D e ) | (4.56)
j=0 \k=j—3

where f € Hy5, g€ Hys11 and h € Hy5,1.

The estimation (4.51)- (4.56) will be done by means of the Cauchy-Schwarz and Holder’s inequal-
ities and the equivalence property (2.3), of the Hys-norm. Starting with type 1, we see from
(4.51) that

oo j+4 5 '
> 3 28 (1 e W0 )
=0 k=5—3
g ; 4.57
< Tl 30 23 (|2 1)l + 0200 ) (457
j=0

2 2
e (11 00 + 1900 ) -

Similarly we estimate type 2, the only difference is the use of the equivalence (2.3) in the final step.
Number 3 is more sophisticated, we first note that (3+541)2j < (3+6)j+(34+6+1)j+(3+5+1)j
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for 6 > —32, then we apply the Holder inequality with i 2 and % and get

00 j+4
ST X 25 (el (|2 | |59
j=0 \k=j-3
SIS (3+0)j (B+6+1)7 || (42 (B4841)5 [ ()2
<303 (2@l ) (25N @Dl ) (25 (@R 0) )
=0 k=5-3
co jt+4 9 % co jt+4 s . 4 %
<323 (@l ) | (X X 5 @il
=0 k=j—3 =0 k=j—3
co Jj+4 . ‘ 4 %
S (ET W)l )
j=0 k=j—3
1 1
oo jt+4 2 o . ' ) 2
< 2(3+9)3,/7 Z Z ( 316 )28 | ( wkh)%HHH-l) Z<2(§+5+1)23 H(%zf)QjHHS)
Jj=0k=j-3 §j=0
0o 2
3 (280 | (w2 |3 )

J=0

1
00 2 0
< o373 (Z (2 H(@bkh)zkl!?f“)) > (2305 @ Nl )

N

k=0 j=0
o i 2
| 2 (25wl )
j=0

2 2
L PP P 1 PP L) PR (o R 1y

The estimations of Types 4, 5 and 6 are similar to the last one.

We may conclude now that

(o) (5)
I s,6+1,a3,

1% j+4
= | 2 2 EG R+ B h) (459
=0 \k=5j-3

2
< C (I0aully, ., + 100l , +1) < C (IUIR,, +1).,

where the constant C' depends on H(-AO - e)||Hs+1,57 HAGHHHLM ||g||Hs,6+17 ||]:||Hs,5+1’ ||“4a||L°°7
|02 A% 1o, s and §. By the embeddings Proposition 2.2:6 and 2.2:3, we may replace ||.A%|| L~ and
|0z A% L by their corresponding Hy s norm. Thus combining inequalities (4.14), (4.15), (4.58)
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with Corollary 4.2 we get that
d1
—— t t
S0, UM)x

here cg is the constant of the equivalence (4.3b) and in addition C also depends on ||0;al;]| L~ =
|0:A%|| L. This completes the proof of the energy estimates. O

<C (U, +1) < Ceo (W01, o +1) - (4.59)

5,6,A0 —

4.2 L% - energy estimates

The L(% space is the closure of all continuous functions with respect to the norm

Julld; = [0+ Jal) (o) e (4.60)

Similarly to Definition 2.3, we set Y5 = Lg X L§+1 X L§+1 and the norm of V = (v, v9,v3) € Y5
is denoted by
2 _ 2 2 2
IVIZ, = lonliZs + lloalZs + sl (461)
The equivalence of norms ||V x, ; = [|[V|y; follows from Proposition 2.2:2.

In analogous to Definition 4.1, we define an inner-product which is appropriate to the system
(4.1). So let a5 be a positive definite matrix and V,® € Ys be two vector valued functions. We
define an inner-product:

V.B)y g, = [ (4 a)Po] drdo

o (5 4) ()]

and the norm which is associated with this product: ||VH§,{S 20 = (VJV)
133
(4.3b), then

(4.62)

. If a9, satisfies
L%, 33

1
VI, g, < IVIF, < coll VIZ, (4.63)

Lemma 4.5 (L% energy estimates) Assume the coefficients of (/.1) satisfy conditions (4.3a),
(4.30), (4.3¢), and (4.5h). If U(t,-) = (u(t,-), Owu(t,),0zu(t,-)) € X1, is a solution to the linear
system (4.1), then

d

TN, g, < Ceo (IO, g, + 1713, (4.64)

where the constant C depends on the L*°-norm of A%, 0, A% and B.

Proof (Lemma 4.5). Taking the derivative of (U(t), U(t)>L§,ag3 yields,

1d

1
§£||U(t)||§,&ag3 = <U(t)»atU(t)>Y5,ag3 + = /(1 + |22 +2(0,u) T 9,85 (0,pu)da. (4.65)

2

By the Cauchy Schwarz inequality, the second term of the right hand side of (4.65) is less than
V3N |03 oo OpullZ - (4.66)
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Let A% and C* be the matrices which is defined in (4.37), since U(t) satisfies system (4.1) we have

.00 O}y, g, = [ 1+ 1) (Ou)do

s [ el (@ @) (A +&) ou (5 )] as
a=1

Joe o ann () (6]

+ / (1+ [2)®*2 [(0r)" fo + (Opu) f3] da

3
=: L1+ ZL2,a + L3 + Ly.
a=1

We are estimating each term separately:
1
1L4] < ullz |9pullz < 5 (Il + 10l )
2L20| < 2VAN (126 + 2/ A% + 064" = +1) (I00ull}s |+ l10ul?z ),

2 2
Lol < ANIBl (10wl + 0.0l )

and
|Lal < 5 ! (IIC’MH o FlfalFe +l0:ullFa + 3117 )
L L6+1 z L6+1 L5+1

In (4.69) we have used the identity

o (e )3
=/<25+2)< + |22+ e [ )(guga)(gi ﬂdx
+ / (14 |z)**? _aa ((atu)T,(axu)T) ( Jo+ ) ( giz; )} n
+ / (1+ [2])2+ :((atuf (@a)7) (A2 +C%) 0 < g::; )

+ / (1+ |2]) 2+ :((atu)T,@u)T) aa,fta( gj; )] dz.

and exploited the symmetry of A and Ce.

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

Summing the inequalities (4.66), (4.68), (4.69), (4.70) and (4.71) and taking into account the

equivalence (4.63 ), we get inequality (4.64).
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5 Local Existence of Quasi-linear Hyperbolic Systems

Let u: R x R? — RN and set U = (u, dyu, O,u), we consider a quasi-linear first order hyperbolic
system

3
U = (A%u) +C*) 0,U + BU)U (5.1)

a=1

under the following conditions:

Assumptions 5.1 All the matrices are smooth function of their arguments and

1. A%u) , A%u) and C® are symmetric matrices;

2. A%u) = (agj (u))ij=123 is a block matriz such that a?j (u) =0 fori # j and al(u) = e for

i=1,2;
3. AY(u) = (af;(u))ij=1,2,3 are block matrices such that af;(u) =0 for j,a =1,2,3;
4. C* = (cfj)ij:m,g are constant block matrices such that c‘fj =0 for j,a=1,2,3;
5. B(U) = (bi;(U))ij=1,23 is a block matriz such that b;1(U) = 0 and by j(U) are constant,
1,7 =1,2,3.

The sizes of the blocks are ruled according to (4.2).
Clearly the system (3.1) satisfies these assumptions. The main result of this section is the well-
posedness of the system (5.1) in X s-spaces.

Theorem 5.2 (Well-posedness of quasi-linear hyperbolic symmetric systems)  Let
5> %7 o> _%; (f,9) € Hep15 X Hg 541 and suppose

1
—vTy <vTad(f)v < T, VYo e RN and some p e RT. (5.2)
,u

Then under Assumptions 5.1 there exits a positive T a unique U(t) = (u(t), dwu(t), 0zu(t)) a
solution to (5.1) such that U(0,z) = (f(x),g(z), 0. f(x)) and

UeC(0,T], Xsy5). (5.3)

Remark 5.3 We may conclude by Mized norm estimate 10 of Proposition 2.2 and (5.3) that

u € C([0,T), Hyy1,5) N CH([0,T), Hy 511)- (5.4)
We adopt Majda’s method and construct the solution through an iteration procedure [21]. Similar
approach was carry out in [4], [3] for s > % Here we will examine how the special assumptions

of (5.1) enable us to improve the regularity.
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5.1 Construction of the iteration scheme

We first note that the Embedding 6 of Proposition 2.2 implies that the initial data (f,g,d,f) are
continuous, hence there is a constant cg > 1 and a bounded domain G C RY containing f such
that

1
—vTv <wvlals(u)v < covlv  for u € Go. (5.5)
co

According to the density properties of Hys (Proposition 2.2:9), there are sequences
{1220, {9152, C Cg° and a positive constant R such that

1%, 9%, 02 ) x5 < CUCSr 9500 f)1x, 5 (5.6)
|u— fOHHS,(;H,2 < R=uc€ Gy,

and

xR
I(75,9% 0e1™) = (F.9: 02Dl 5 < 27 4 (58)
The iteration scheme is defined as follows: Let U°(t,z) = (f°,¢° 0,f°) and Ut (t,z) =
(uF (L, ), OpuFH1 (t, ), O,uFT1(t, 2)) be a solution to the linear initial value problem

{ Ao(uk)atUk+1 — 22:1 (A2 4 C) (uk)axUk""l + B(Uk)Uk—H (5.9)

UR10,2) = (f¥(z), g% (x), 0. f*(x))

The linear theory of first order symmetric hyperbolic systems (see e.g. [l8]) guarantees the
existence of a sequence {U*(¢)} C C§°(R?). Therefore for each k

Ty = sup{T : sup |U*(t) = (f°,9°, 0:f°)llx,, < R} > 0. (5.10)
o<t<T

We claim that there is T* > 0 such that T} > T™ for all k.

5.2 Boundedness in the X, s-norm

Lemma 5.4 (Boundedness in the norm)  There is a positive constant T* such that

sup{T : sup ||U*(t)— (fo,go,amfo)HX&(S < R}>T* forallk. (5.11)
0<t<T

Proof (of Lemma 5.4). Let V¥ = UkL — U0 then it satisfies the linear system

3
APyt =37 (A“(uk) v ca) B VR L BURY VR 4k (5.12)
a=1
where 5
F=y (A“(uk) + ca) 8.U° + BURU®
a=1
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and VF1(0,2) = (f**1(2), g (x), 0o fF T (2)) — (fO(x), ¢%(x), O.fO(x)). At this stage we need
to verify that the linear system (5.12) meets all the requirements of the energy estimates Lemma
4.3. Clearly the matrices A%(u*), A%(u*) and B(U¥) satisfy conditions (4.3a), (4.3b), (4.3¢) and
(4.3h).

We check now that rest of the conditions of (4.3). From the induction hypothesis (5.10), we
have that |Ju* — foH%qS@2 + [|0pu” — a”"fOH%IS,(sH,z < R?, therefore by Proposition 2.2:10, ||u* —
Ollm, 1162 < CR. Applying the equivalence (2.3) and Moser type estimates (Proposition 2.2:7),
we have

k k k
1)~ ell i,y < Crllub s < O (10 = Pl + 170 )
< (CR+ ||fOHHs+1,5,2) :

Similarly we get ||A‘1(uk)||HS+1’&1 <Cy (CR+ ||fO”HS+1,5,2)- Here the constants C and C'y depend
on [|u*|| e, and [|A°—e||cm Gy, A%l om () respectively, which implies that conditions (4.3¢) and
(4.3f) hold. Having shown (4.3c) and (4.3f), we conclude from Proposition 2.2:6 that A (u*) € Cé
(6 > 0). Combing it with inequalities (5.7) and (5.10) we get

OA°

10 A% (1) || oo < Syp\T(U)HlatukHLw < Cl|ow||
Go u

k
< C(”atu - go||Hs,5+1,2 + ||90”Hs,6+1,2) < C(R + ||gO”Hs,6+1,2)7

s,0+1,2

this gives condition (4.3d). In order to verify condition (4.3i), we denote by B(U*) the non-
constant blocks of B(U*). Then we apply again Moser type estimates 7 and Algebra 4 of Propo-
sition 2.2, together with induction hypothesis (5.10) and the structure of the matrix B yield

IBW, 511 < CslU¥ (x5 < Cs (R+[1(£%9° 0uf)x,.5)

The constant C'3 depends on C" norm of lfj’:(U) taking in a bounded region of R®Y and ||U¥|| .
Finally, the Hy 5 estimates of A%(u*) and B(U*) with Proposition 2.2:4 provide an upper bound
for || F*||ss41. Thus we have verified all the conditions (4.3).

We conclude that the constant C' of the energy estimate (4.11) depends only on R and the initial
data ||(f07 gO’ 83:f0)HXS,5, hence

%(Vk(t), Vk(t)>Xs,5,Ao < Cey {<Vk(t), Vk(t)>Xs,5,Ao + 1} , (5.13)

and the constant C of (5.13) is independent of k. By Gronwall’s inequality

IVEOIZ,, o < e (IVFO)I, , + Ceot) - (5.14)

s,6,A0 —

Taking into account condition (5.8) and Corollary 4.2, we get from (5.14) that

sup [[VF(0)%,, <
0<t<T

Ceol {cg (”(fk7gk’axfk) - (f;g,axf)H?Xs,é 11, ¢°, 0. f°) — (fjg,azf)H_%(s’é) + CC()T}
2

< eC’coT (12 —I—CCOT> < R2
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provided that T < T* := sup{t : e“°0? (%2 + C’cot) < R%. O

Having shown the boundedness of {U*} we may conclude by the Compact embedding, Proposition
2.2:5, that U* — U in the Xy s-norm for any s’ < s and §' < §. By the Mixed norm estimate
10, u¥ — u in Hgy 15 and if we chose % < s < s, —% < ¢ < 4, then the Embedding into the
continuous 6 implies that

uP(t) — u(t) in CY(R?),

ok (t) — duu(t), duF(t) — dpul(t) in C(R?).
Therefore U(t) = (u(t), Oru(t), Ozu(t)) is a solution to system (5.1) for 0 <t < T™.

5.3 Weak convergence

Here we show the weak converges of {U*} in X s,5- We chose the simplest inner-product on X s,
that iS, for V.= (U17U27U3)7 ¢ = (¢17 ¢27 ¢3) € Xs,(Sa we set

(v, (I)>Xs’5 = Z2<%+6)2j <AS (¢?Ul)2j A (¢12'¢2)2j>

j=0 v
Y2 (N ), 0 (), ) (19
j=0

+ Z2<%+6+1)2J' <AS (%Q'U:’,)Qj A° (¢?¢3)2j>L2 .
=0

This definition coincides with (4.7) in the case where A° is the identity matrix.

Proposition 5.5 Given 0 < s < sl;sn, 0 < 5125”, Ve Xys and ® € Xy i, then
‘<V7 q)>X515‘ < HVHXS/#;/ H(I)HXS//’(S//- (516)

The proof of Proposition 5.14 appears in [1], [3] with §' = §” = §. Only a slight modification of
this proof is needed in order to include it to (5.16).Therefore we leave it to the reader.

Lemma 5.6 (Weak Convergence) For any ® € X5,

lim <Uk(t), ¢>xs,5 = (U, ), (5.17)

uniformly for 0 <t <T*. Consequently

IU®)llx,,, < liminf IU*(®)l1x, 4 (5.18)

and hence the solution U(t) of the initial value problem (5.1) belongs to Cy, ([0,T%], X, 5), where
Cyw denotes the space of functions which are continuous in the weak topology.
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Proof (of Lemma 5.6). We recall that ||[U*(t) — U(t)||n,, ,, — 0 for s’ < s and & < 6. We can

pick now s” and §” such that s < s, s < #, <" and d < %. Given ® € X5 and € > 0,
we may find, by Proposition 2.2:9, ®. € X s» such that

[@ = ®dlx,, < = and [ @clx,, 0 < O[] x. .. (5.19)

£
2R -
where R is the constant of (5.11). Writing

(UH(t) = U (1), D)y, , = (U(t) = U(1), @) x

. 0 (5.20)
H(UP) = U@1), (2= @) )y, , = L+ I,

we have by Proposition 5.5 and (5.19) that
Il < IUM) = U®)x, , Cle)ll®]x. , — 0.

As to the second term of (5.20), since ||U*(t) — U(t)||x,; < 2R by (5.11), we get from the
Cauchy-Schwarz inequality and (5.19) that

2Re
1] < IUH(E) = UDx 5 1@ = Pcllx, s < 55 =
Thus,
limsup [(U*(t) — U(t), @)y s <€
k "
and this completes the proof of Lemma 5.6. =

5.4 Uniqueness

Lemma 5.7 (Uniqueness)  Suppose U(t),V(t) € X5 are solutions to the first order sym-
metric hyperbolic system (5.1) with initial data (f,g) which satisfy (5.2), then U(t) = V(t).

Proof (of Lemma 5.7). Put W (t) = U(t) — V(t), then it satisfies the linear equation

{ A(w)OW = 300, (A*(u) +C%) 0. W + BU)W + F (5.21)
W(0,z) =0 ’ ’
where
3
F = (Ao(u) — .AO(U)) oV + Z (A%u) — A%(v)) 0,V + (B(U) — B(V)) V. (5.22)

a=1

Since U € X5, A%(u), 03.A%(u) and B(U) are bounded, we can apply Lemma 4.5 and obtain

d
ZIW B2 a5,y < Ceo (IW D)2 9,0 + 17152 ) (5.23)

(See (4.62) for the definition of the norm [[W]3.,
)

7ag3 (’LL) ) ’
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We turn now to the estimation of H]—"H%é+1 in terms of the difference |U — Vly 50, (). From

the structure of the matrices A%(u) in Assumptions 5.1, we see that (A°(u) — A°(v)) V =
(ag?)(u) - agg(?))) 0:0,v and

(o) - (@) 2V = (A - A)) 2, ().

where

s { a%0) a%p) o
A@‘@wmﬂmﬂ’ 1,23,

Our idea is to use inequality (2.6) with s = 0, s1 = 1 and s = s — 1 and then to apply the
Difference estimate 8 of Proposition 2.2. We also note that by Proposition 2.2:2, |lu — ’UH%{l 5

llu — UH%g + |0z (u — v)H%§+1 <||lU - V||§,6. These yield the following estimations:

(a3 (1) — a3 (v)) Brdav||;2 =~ || (ads(w) — als(v)) Aoy
541 0,0+

< O||(a%a(u) — a3 (0))|[3, , 10:Da0lF, .,

i : (5.24)
< Cllulltess o 0l Eosr 5) 1w = 0l 100011, 4
2 2
< Cllulltess o 0l e s) VI, , 1T = VI, -
Similarly,
H(Xa(u) - Aw)) aa< o )
zV 12
! (5.25)
< C(lull 1,50 W0l 0 )0 = 0, , (100013 o, + 19013, )
< Cllull s 10l ) IV I, , 1T = VIR,
Writing B = B(p, ¢,7), then by Assumptions 5.1:5 we have
BU)—=B(V))V =0(u—v)- VBV + 0p(u—v)-V,BV.
Hence the simple weighted L? estimate gives
2 2 2 2
10e(u = 0)VBV Iz < [IVgBl 7 10:(w = 0)l[zz, VT (5.26)
and
[00(u — )V, BV IR < IV, Bl 00— )2 (Ve (5.27)
Thus, inequalities (5.24)-(5.27) with the equivalence (4.63) show that
1F i, < CIVILe, 10 = Vi, < VI, 10 = Vi, ag,0- (5.28)
Inserting (5.28) in (5.23) and using Gronwall’s inequality we get that
2 2
WO, , <O,
=33 <33
and since W (0) = 0, it implies that W (t) = 0. O

30



5.5 Continuation in the norm

Lemma 5.8 (Continuation in the norm)  Let U(t) be a solutions to the first order sym-
metric hyperbolic system (5.1) with initial data (f,g) which satisfy (5.2), then (5.3) holds.

Proof (of Lemma 5.8). Since X s is a Hilbert space it suffices to show that

limsup [|U ()| x < U] x

t—0+ 5,8.40(5) 5,8.40(f)

Having proved the uniqueness, we may assume that U is the limit of the iteration sequence U¥.
Furthermore, since u*(t) — w(t) uniformly in [0,7*] and the matrix .A° depends solely on u, we
see from the inner product (4.7) that for a given € > 0 there is a positive integer kg such that

IVlix <(A+9[Vix

5,6,A0(u(t)) — 5,8, A0(uk (1))’

k>ky, Ve Xs75. (5.29)

Using the fact that u(¢,-) — f(-) uniformly as ¢ — 0, Lemmas (5.6) and (4.3), and (5.8) we get

li U3 = U3
lfizhlp 1€ )||Xs,6,A0(f) lﬂzﬂp o )HXs,é,AU(u(t))
k4101
< lim sup limianU + (t)H
t—0+ k X540 u(t))
21 L EEPNIE
< (1+¢)*limsup [ liminf HU (t)”
e k X640 (uk (1))
2
< (1+€)?limsup [ lim inf e“! HU’“H(O)H + Ceot
0+ k X e,6,40 (uk (0))
2 2
<A+ WO, ., -
This completes the proof of the Lemma and thereby of Theorem 5.2. ]

6 Proof of the main result

The solution of the constraint equations (1.5) in the weighted Sobolev spaces of fractional order
Hg s has been proved by Maxwell [22] for s > } and Brauer and Karp for > 1 [3] (see also [2]).
Thus for a given set of free data (I_lab, Kab) such that (I_lab — €gup, Kab) € Hop15 x Hg 541, there is
conformally equivalent data (hgp, Kgp) which satisfies the constraint equations (1.5). Moreover,
there is a constant C' such that

”(hab — €gp, Kab)HHS+176><HS,5+1 < C H (Bab — €4b, Kab) ’ (61)

Hs+1,6><Hs,5+1 ’
We apply now Theorem 5.2 to (848 — Mag, :8as, 02843) With initial data (1.2) and where the

pair (hgp, Kgp) satisfies the constraint equations (1.5). Then gqs(t) is the unique solution to the
reduced Einstein equation (1.4) and (1.13) holds by Remark 5.3. Inequality (1.14) follows from
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(6.1) since for ¢ € [0,7] the bounds of ||gas(t) — magll .., ; and ||0igas(t)|#, s,, depend solely
on the initial data (hg, Kgp).

In order to assure that g.s(t) satisfies the vacuum Einstein equation (1.1) we need to establish
the harmonic condition (1.3). Recalling that F'* satisfies the linear wave equation

g% 0,03 F" — %3800, F" = 0 (6.2)

(see e.g. [L0], [27]), it thus suffices to show that F*(0,z) = 0,F*(0,z) = 0. Hence by the
uniqueness of linear hyperbolic systems, it follows that F* = 0. Note that g*® — e’ ¢ H s+1,55
Fgﬁgaﬂ € Hy541 and s > %, therefore these facts allow us to use known uniqueness results for
linear hyperbolic symmetric systems with coefficients in H® [15], [19], or alternatively, we apply
the Lg—energy estimate Lemma 4.5, combined with Gronwall’s inequality. We can now use the free
data 0;goa to get the condition F¥(0,z) = 0. Then exploiting the fact that (hgp, Kgp) satisfies
the constraint equations (1.5) leads to the second condition 0, F*(0,z) = 0, see e.g. [1], [27].
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and to Greg Galloway who enlightened the uniqueness issue for me. Part of this project was done
during the author’s visit at the Department of Mathematics at Potsdam Universitat and I would
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