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Abstract

This investigation is devoted to the program to characterise continuous
and variable discrete asymptotics of solutions to elliptic equations on a
manifold with edge, continued in a cicle of forthcoming expositions [15],
[16]. The structure of continuous and variable discrete (in general branch-
ing) asymptotics is very complex. Therefore, in order to make things more
transparent we present here the approach first in the special constant di-
screte case, based on meromorphic Mellin symbols.
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1 The typical differential operators

Operators on a manifold with singularities (of conical, edge, or corner type), expressed in
stretched coordinates, are degenerate in a typical way. We illustrate that for the case of differ-
ential operators, motivated by the shape of Laplacians belonging to corresponding degenerate

Riemannian metrics, or by rephrasing operators with smooth coefficients in anisotropic terms,
coming from the geometry or the position of strata in the configuration.

1.1 Manifolds with conical singularities and operators of
Fuchs type

An example of a cone embedded in the Euclidean space R!*™ for a certain
n € N, is the set M defined by

M:={z e R'"":5 =0, or #/|i| € X when # 0},
where X is a C* submanifold of S™ = {# € R*" : |Z| = 1} of any codimension.

Definition 1.1. A manifold M with conical singularities S is defined as a
topological space' with a finite subset S such that

(i) M\ S is a C* manifold,

(ii) every v € S has a neighbourhood V in M with a system of so-called sin-
gular charts x : V. — X* for a closed C*° manifold X = X (v), for

X5 = Ry x X)/({0} x X), (1.1)

I Topological spaces in this context are assumed to be of a simple structure, say, a countable
union of compact sets.



such that x restricts to a diffeomorphism
Xreg 1 V \ {v} = X" =Ry x X, (1.2)
and different singular charts x, x from the system have the property that
)zregox;eé5R+ xX >Ry xX
is the restriction of a diffeomorphism R x X — R x X to Ry x X.

Remark 1.2. Every manifold M with conical singularities S = {v1,...,on}
can be represented as a quotient space

M=M/~ (1.3)

for a C> manifold M (called the stretched manifold associated with M) with
boundary OM where we assume that OM is the disjoint union of C*° manifolds
X, j =1,...,N. The quotient map M — M is induced by X; — v;, j =
1,..., N, and the identity map on M\ S = M\ OM.

Let Diff¥(-) denote the set of all differential operators of order v with smooth
coefficients on the C*° manifold in parantheses. The topology of local C'**° co-
efficients gives rise to a natural Fréchet topology in Diff”(-).

Definition 1.3. Let M be a manifold with conical singularities S. We denote
by Dift}) (M) the set of all A € Dift"(M \ S) that are close to every v € S in
the splitting of variables (r,x) € Ry x X of the form

terr S () ”

for certain a; € C>® (R, Diff* (X)), j = 0,...,u Any such operator A will
be called of Fuchs type.

Observe that manifolds with conical singularities form a category with natural
(iso)morphisms. If M and M are objects in that category, with S and S as the
respective conical singularities, then a morphism is a continuous map

X:MH]\;[

restricting to a map S — 5', such that x is the quotient map induced by a
differentiable map s : M — M in the category of C*° manifolds with boundary
(the latter includes that ys|sns : OM — M is a diffentiable map). In particular,
an isomorphism x : M — M between manifolds with conical singularities gives
rise (via operator push forward) to an isomorphism

X« : Diffy, (M) — Diffy

deg deg (M)

between the respective spaces of operators in Definition 1.3.

Fuchs type differential operators are motivated by the shape of the Laplacian
on (open stretched) cones Ry x X 3 (r, x) with respect to a Riemannian metric
of the form

dr® +r2gx(r)



where gx (1) is a family of Riemannian metrics on X, smooth in Ry up to 7 = 0.
The Laplacian then has the form (1.4) for u = 2 (including the weight factor
r=2).

Operators of the form (1.4) appear when we introduce polar coordinates (r, z) €
R, x S™ (with S™ being the unit sphere on R"*!) in a differential operator A
in R 5 7,
A= " cald)Dg
lal<p
with ¢, € C°(R*™). For instance, if we consider the Laplace operator

n+1 2
A_S O

n+1
- . . 0
Observe that the operator E Z; == in polar coordinates takes the form r—.
= 8$j or

1.2 Manifolds with edge and edge-degenerate operators

An example of a wedge embedded in the Euclidean space R'T"*¢ for certain
n,qg € N, is the set M = X4x Q, X4 ={z e R : 7 =0, 0or 7/]7] € X
when x # 0}, where X is a closed C* submanifold of S™ of any codimension
and © C R? an open set. We call X* (cf. formula (1.1)) the model cone of the
wedge and X its base. Moreover, €0 is called the edge of M; it is non-trivial only
when ¢ > 0, otherwise M is simply a cone.

In order to define manifolds with edge in general we first note that we can talk
about locally trivial X2-bundles over Y for some C°° manifolds X and Y. As
before we assume X to be closed. Such a bundle is a topological space W with
the following properties:

(i) there is a canonical continuous projection 7 : W — Y, such that for every
y € Y the preimage 7~ (y) =: W, is isomorphic to X* in the category on
manifolds with conical singularities;

(ii) W\Y is a C* manifold, and 7|y : W\Y — Y is a differentiable map,
7|y 1 Y — Y the identity (where the tip of the cone 7=1(y) is identified
with y);

(iii) every y € Y has a neighbourhood U such that there is a homeomorphism
o N U) =Wy — X* x U,

which restricts to a diffeomorphism Wy \ Y — X x U and to the identity
U — U, and for the canonical projections 7: Wy — U and p: X2 x U —
U, we have m = po .



The space W \ Y has the structure of a locally trivial X”-bundle over Y, with
the canonical projection 7|yn\y : W\Y — Y (as a subbundle of W in the sense
of the general terminology on fibre bundles).

In the following definition we first assume that Y is connected.
Definition 1.4. A topological space M is called a manifold with edge Y if
(i) M\Y andY are C*® manifolds;

(i) the setY has a neighbourhood W which is a locally trivial X *-bundle over
Y for some C*° manifold X.

Observe, as a consequence of Definition 1.4, that every y € Y has a neighbour-
hood V' in M such that there is a so-called singular chart

x:V—=X*xQ, Q CR? open, g =dimY, (1.5)
which restricts to a diffeomorphism
X:V\Y = X" x Q. (1.6)

Definition 1.4 easily extends to the case when Y has several connected compo-
nents Y;; then the respective X; may depend on j.

Remark 1.5. Every manifold M with edge Y (consisting of connected com-
ponents Y; of different dimensions q;, j = 1,...,N) can be represented as a
quotient space
M=M/~

for a C* manifold M (called the stretched manifold associated with M) with
boundary OM consisting of connected components (OM);, j = 1,..., N, where
(OM); is a (locally trivial) X;-bundle over Y; for certain C*° manifold X;.
The quotient map M — M s induced by the bundle projections (OM); — Yj,
j=1,...,N, and the identity map on M \'Y = M\ OM.

Example 1.6. (i) For M = X° x Q the stretched manifold has the form
M=R, x X x Q.

In this case OM = {0} x X x Q plays the role of the above-mentioned
X-bundle over the edge ().

(ii) A C* manifold M with boundary OM can be interpreted as a manifold
with edge OM. In this case X is a single point, and the neighbourhood
W of Definition 1.4 can be interpreted as the inner normal bundle of the
boundary (with respect to any fized Riemannian metric).

Definition 1.7. Let M be a manifold with edge Y. Then Diffgeg(M) 1s defined
to be the set of all A € Diff*(M\Y') that are close to everyy € Y in the splitting
of variables (r,x,y) € Ry x X x Q of the form

A= r—uﬁ%;u aja(r,y) <—T§T>j (rDy)® (1.7)

for certain aj, € C°(Ry x Q, Diff*~UFleD (X)), Any such operator A will be
called edge-degenerate.



Manifolds with edge form a category with natural (iso)morphisms. If M and
M are objects in that category, with Y and Y as the respective edges, then a
morphism is represented by a continuous map

X:M—>M

that restricts to a differentiable map ¥ — Y, and X is the quotient map of a
differentiable map xs : Ml — M between the respective stretched manifolds in the
category of smooth manifolds with boundary, where x| om : M\OM — M\@M
is diffentiable in the category of smooth manifolds, and yslom : OM — OM is
a differentiable morphism between the respective X-bundles over Y and X-
bundles over Y. In particular, an isomorphism x : M — M between manifolds
with edge is given when x5 : M — M and x;s|am : OM — OM are isomorphisms.
Note that when y : M — M is an isomorphism then the operator push forward
gives rise to an isomorphism

. : Diffy,_ (M) — Diffs__ (M)

between the respective spaces of operators in Definition 1.7.

Edge-degenerate operators are motivated by the shape of the Laplacian on (open
stretched) wedges Ry x X x Q3 (r,z,y) with respect to a Riemannian metric
of the form

dr? +rigx (r) + dy?

where gx(r,y) is a family of Riemannian metrics on X, smooth in R} x Q up
to r = 0. The Laplacian then has the form (1.7) for 4 = 2 (including the weight
factor 7~2). Other operators of the form (1.7) appear when we introduce polar
coordinates R*"\ {0} 3 7 — (r,z) € Ry x S™ in a differential operator A of
order

A= Z Ca<i‘7y)Dg,y (18)

lo|<p

with coefficients ¢, € C°°(R*"%9). For instance, for the Laplacian in R!*"+4
we obtain

—2 a 2 a ! 2 82
A=r TE +(n_1)TE+AS"+ZT (97y2 . (1.9)
1=1 !

2 The cone algebra

By the cone algebra we understand a pseudo-differential algebra on (the C°*° part of) a mani-
fold M with conical singularities S, with a principal symbolic hierarchy o = (o, 0¢), consisting
of the principal interior symbol ¢y, and the conormal symbol o¢, contributed by M\ S and S,
respectively. The cone algebra is defined as a substructure of the standard pseudo-differential
calculus on M \ S where, close to S, the operators in terms of the Fourier transform are
rephrased by operators based on the Mellin transform. According to the expected asympto-
tics of solutions to elliptic equations in weighted Sobolev spaces, we define so-called discrete
asymptotics, also for Mellin symbols and Green operators, and study ellipticity with paramet-
rices.

In this section we outline essential elements of the analysis of the cone algebra with discrete
asymptotics in a new trasparent way, also as a background for the material in Section 4 below
and in [15], [16]. More details and complete proofs, as far as they are not given here, may be
found, for instance, in [13].



2.1 Tools from the classical pseudo-differential calculus
Let us first define symbols and operators in an open set of R".
Definition 2.1. The symbol space

SH(U x R™) (2.1)

for U CR™ open, u € R, is defined to be the set of all a(x,&) € C*°(U x R™)
such that
sup (&)~ Dg D a(w, )|
rzeK,E€R”
is finite for every K € U and multi-indices « € N™, 3 € N where (§) :=
(14 |2, The space of classical symbols

SH(U x R™)

is defined as the subspace of all a(xz,£) in (2.1) such that there are homogeneous
components a¢,—j(x,§) € C(U x (R"\ {0})), j € N, with

agu—i) (2, AE) = M ag,_;(z,€), for all A € Ry,
such that

N
alw,€) = x(6) Y agu— (x,€) € S*~ MU x R")
j=0
for all N € N; here x(&) is any excision function in R? (i.e., x € C*°(R?),
x(m) =0 for |n| < co, x(n) =1 for |n| > c1, with certain 0 < ¢y < ¢1).

If an assertion holds both in the classical and general case, we write ‘(cl)’ as
subscript.

The space S{; (U x R") is Fréchet in a natural way, and the set Sf (R") of
symbols with constant coefficients is closed in the respective space. Then
S’&l)(U x R™") = C*(U, Séél) (R™)).

To associate pseudo-differential operators with symbols, we often consider the
case U = Q x Q for an open set @ C R™ and write in this case (z,z’) instead
of . Moreover, since in Definition 2.1 the variables and covariables are of in-
dependent dimension, we can also form spaces of parameter-dependent symbols
a(x,z',€, \) with parameter A\, where (¢,\) € R*™ [ € N, is formally treated
as the covariables. This gives rise to parameter-dependent pseudo-differential
operators

Op(a)(Nu(z) := / / (! €, Nu(a!)da'de, (2.2)

a¢ = (2m)~"dg, first for u € C§°(Q) and then extended to various larger func-
tion and distribution spaces. In (2.2) the function a(z,z’, &, \) is often called a
double symbol while a(z, £, ) and a(z’, £, A) are called left and right symbol, re-
spectively. The case [ = 0 corresponds to the ‘usual’ pseudo-differential calculus
without parameters. Let us set

Lf (R = {Op(a)(N) : alw,',€,2) € S

(X Q2 x Rn+l)} . (23)



The elements of (2.3) are called parameter-dependent pseudo-differential ope-
rators in 2 (classical or general).

The standard elements of the pseudo-differential calculus may be found in many
text-books, see, for instance, [4], [8] and [18]. The main purpose here is to fix
notation and then freely employ the known results.

The space
L™ R == () LM RY
pneER

can be identified with S(R!, L=°°(Q)), with L=°°(Q) being the space of all in-
tegral operators with kernel in C*°(Q2 x Q) (in the Fréchet topology from the
bijection L~>°(Q2) = C>(Q2 x Q)).

Let X be a C*° manifold with a Riemannian metric. Then there is a similar iden-
tification between C*°(X x X) and the space L~°°(X) of smoothing operators
on X, namely,

Cu(z) = / c(z, 2" yu(z")dz',
X
where dx’ is the measure from the Riemannian metric on X. This gives rise to
L™®(X;R) = S(R', L™>(X)),

the parameter-dependent variant of smoothing operators on X. The known co-
ordinate invariance of pseudo-differential operators allows us to define operators
globally on X. If x : U — Q is a chart on X, 2 C R™ open, we set

LH

TR = { (AR s A € Ly (SR

with (x~!). denoting the operator push forward under x =1, i.e., (x 1) A(\) =
X AN (x~1)* with x* being the function pull back.

Let us fix a locally finite open covering U = (U;);en of X by coordinate neigh-
bourhoods Uj, (¢;) en & subordinate partition of unity and (¢;),en a system
of functions ¢; € C§°(U;) such that ¢; < ¢; for all j (here ¢ < ¢ means ¢ =1
on supp ¢). Then we define

Ly (XGRY) = {7 0 ANy + C(A) = A;(N) € LY,y (U RY,
JEN (2.4)

j €N, and C(\) € L™=(X;R)}.

The classical notion of properly supported pseudo-differential operators easily
extends to the parameter-dependent case.

Remark 2.2. Every A € L’(LCI)(X;]RI) can be written in the form A = Ay + C

where Ay is properly supported and C € L~°°(X;R%).

Theorem 2.3. A € Lé‘cl)(X;Rl), B e LE’CI)(X;RZ) and A or B properly sup-

ported entails AB € L‘(‘CT)”(X; RY).



There is a natural notion of parameter-dependent ellipticity of operator fami-
lies in (2.4). Consider, for simplicity, the classical case when operators have a
parameter-dependent homogeneous principal symbol o,(A)(x,&,A) belonging
to C®°(T*X x R!'\ 0) (with 0 indicating (£, \) = 0), (positively) homogeneous
of order p in (£, A).

Definition 2.4. An A(\) € LY (X;R!) is called parameter-dependent elliptic if

op(A) (@, N) #0
for all (z,6,\) € T*X x R'\ 0.

Theorem 2.5. (i) A parameter-dependent elliptic A(\) € LY(X;R!) has
a (properly supported) parameter-dependent elliptic parametric P(\) €
L"(X;RY) such that

1—PNAN), 1 —ANP(\) € L™®(X;RY).

(ii) If X is compact, then the parameter-dependent elliptic operator A(\) in-
duces a family of Fredholm operators

AN s H¥(X) — HM(X) (2.5)

for all s € R, and there is a constant C > 0 such that (2.5) are isomor-
phisms for all |\ > C.

Another well-known result in this context is the following theorem.

Theorem 2.6. Let X be a closed compact C* manifold. Then for every p € R
and | > 1 there is an R*(\) € LY (X;R") which induces isomorphisms

RM(N) : H¥(X) — H*"(X)
for all X € R!, s € R, and we have (R*(X))~1 € L " (X;RY).

Operators of that kind will be also referred to as a (parameter-dependent) order
reducing family.

The pseudo-differential calculus on a manifold M with conical singularities S,
cf. Definition 1.1, formulated in Section 2.6 below, will be a subcalculus of
Ly(M \ S). In order to prepare some notation we define the space L} (M) C
LH(M \ S) consisting of all operators A that are modulo L=>°(M \ S) in the

local splitting of variables (r,z) close to S, cf. the formula (1.2), of the form
A=r""0p, ,(a) (2.6)
for a symbol a(r,z, p, &) = a(r,x,rp,§), a(r,z, p,€) € S5 (R4 x L x R™); here
3 C R™ corresponds to a chart on X. An alternative is to write locally near S
(again, modulo L=>°(M \ S))
A=rH0p, (p) (2.7)

for an operator family p(r, p) = p(r,rp), p(r, p) € C(Ry, LY (X;Rz)).



The latter representation will be dominating in the considerations below. How-
ever, from (2.6) we see that the homogeneous principal symbol oy, (A) of order
i, invariantly defined as a function in C°(T*(M \ S) \ 0), has a representation
locally near S in the form

T4 (A)(’/‘, Z, P, §) = 7"7#5'1/1 (A)(’/‘, Z, TP, 5)

for a 64 (A)(r,z, p, &) which is smooth up to r = 0. We will call 6, (A) the re-
duced principal symbol of A.

Observe that we have an analogue of Remark 2.2 for the class Lgcg(M ).

Theorem 2.7. A € Lﬁeg(M), B e Lﬁeg(M) and A or B properly supported

entails AB € Lg:g”(M) and we have
oy(AB) = 0y (A)oy(B), y(AB) =6y(A)Gy(B).

Definition 2.8. An A € Lgeg(M) is called oy -elliptic (of order p) if oy (A) # 0

on T*(M\ S)\ 0 as usual, and locally close to S, d4(A) # 0 up to r = 0.

Theorem 2.9. A € Lgeg(M) oy -elliptic has a (properly supported) parametriz

P e Lyl (M) in the sense
1-PA1-AP e L==°(M\ S),
and oy (P) = 0y ()Y, 59(P) = 5 (A)

2.2 Mellin operators and weighted spaces

In the analysis on manifolds with conical or edge singularities it is useful to em-
ploy a variant of pseudo-differential operators on the half-axis Ry > r (with r
corresponding to the distance to the singularity) based on the Mellin transform
rather than the Fourier transform.

The Mellin transform is defined as
o0
Mu(z) = / = Yu(r)dr, (2.8)
0

first for u € C§°(Ry), where z is a complex variable, and then extended to
various classes of weighted distribution spaces, also vector-valued ones, where z
varies on some weight line

I's={z€C:Rez=p}.

Ifu € C§g°(Ry), Mu(z) is an entire function, and g(z) := Mu(z)|r, is a Schwartz
function on I'g for every 3 € R, uniformly in compact 3-intervals. We then have

the inversion formula )

u(r) = 57 /Fﬁ r=*g(z)dz (2.9)
for every f € R. We will call
M, :u— Mulr,
277



the weighted Mellin transform of u with weight v € R. As is well-known, M,
extends from C§°(R;) to an isomorphism

M, 1T LA(Ry) — LT, )
and M ! has the form (2.9) for g = 17

Mellin pseudo-differential operators based on M, are defined by
/

0 [ e\ —(5—v+ip) 1 ) dr
onte(rutr) = [ () Flrr 5 =+ ioyulr') el

dp = (2m)~'dp, where f(r,7’,z) is a symbol in S"(Ry xRy x 'y __ ), see Defini-
tion 2.1; here P%—'y is identified with a real axis with p = Im z as the covariable.
When v = 0 we will use the notation

opyy () = opy (") (2.10)

We employ Mellin pseudo-differential operators also with operator-valued sym-
bols, e.g.,
J(rr',2) € C®(Ry x Ry, Ly (X3 Ty ) (2.11)

for a closed compact C'*° manifold X, and where f takes values in the space
of parameter-dependent pseudo-differential operators on X, with parameter

p=1Imz z el _, see (2.4). In (2.11) we tacitly employ the natural Fréchet

topology in the spaces (2.4).

Remark 2.10. The operator op},(f) for f as in (2.11) belongs to L% (X") and
as such induces a continuous operator

opis(f) : CGI(X") — C=(X7)
for every v € R. Then, for (dyu)(r,z) := u(Ar,z), A € Ry, we have

05 ophs (f)dx = op}, (), (2.12)

A’ 2) = fO" i A 2), for every A € Ry

In particular, if f = f(z) has constant coefficients, op},(f) commutes with &y.

Mellin pseudo-differential operators act in suitable scales of weighted Sobolev
spaces. In the variant of amplitude functions of the form (2.11) for a closed
compact C'°° manifold X, n = dim X, we have the following definition.

Definition 2.11. The space H*V(X"), for s,v € R, is defined to be the com-
pletion of CS(X") with respect to the norm

lul

1 3
i i= {gm [ IR Im2) (M) ey de}

27
ntl_y

Here n = dim X, and R*(\) € L5 (X;Ry) is an order reducing family in the
sense of Theorem 2.6.

10



Remark 2.12. (i) Different choices of order reducing families in Definition
2.11 give rise to equivalent norms in H>7(X").

(ii) We have
HE(XN) = rTHSO (XM
for every s € R, and

HOO(XN) =r S L3R, x X)

where the L?-space is based on drdx, with dx being associated with o fized
Riemannian metric on X.

(iii) We have
H* (X)) C Hio(X7)

for every s,y € R.

Remark 2.13. The space H*7(X") can also be defined in terms of H*7 (R x
R™), combined with charts Ry x U — Ry x R™ on Ry x X, using a partition of
unity, where H*V (R4 x R™) is the completion of C§° (R4 x R™) with respect to
the norm

([, [ e opa

(2,€) = (1+]|z]2+|¢[?)2. Here M,_., is the Mellin transform on R, and Fo_e¢
the Fourier transform on R™.

For purposes below we also define cylindrical Sobolev spaces
H°(Rx X) on Rx X > (¢,z) (2.13)

as the completion of C§°(R x X)) with respect to the norm

P / IR () (Fu) (7) 2y dr

with an order reducing family R°(7) € L (X;R;) and the one-dimensional
Fourier transform (Fu)(r) = [ e #Tu(t)dt (the z-variable is suppressed in this
notation). Alternatively, we can define (2.13) in terms of local expressions com-
bined with a global construction along X, using a partition of unity, similarly
as in Remark 2.13. Let us set

H°R; x X) :={(Fi—ru)(r,) s u(t,-) € H* (R, x X)}. (2.14)

There are other useful and important variants of Sobolev spaces on X" in our
calculus.

Let us choose an order reducing family p(p,7) € Lgl(X;R;;]q), s € R, in the
sense of Theorem 2.6, now with the parameters (5,7) € R1*? for some ¢ > 1,
and set p(r,p,n) := p([r]p,[r]n). Here r — [r] means a fixed strictly positive
function in C*°(R) such that [r] = |r| for » > C, C > 0. Let us interpret the
Cartesian product R x X > (r,x) as a manifold with conical exits  — o0, in

11



this case denoted by X~=.

By a cut-off function (on the half-axis) we understand any w € C$°(R,) such
that w(r) =1 in a neighbourhood of r = 0.

Given a compact manifold M with conical singularity v, we define H*7(M) for
s,7 € R to be the subspace of all u € Hf (M \ {v}) such that w(x ™ ')*u €
HSY(XM) for any cut-off function w on Ry and a singular chart x : V — X2.

Definition 2.14. The space HE. .(X™), s € R, is defined to be the completion

cone

of C§°(R x X) with respect to the norm

1

{ [ N2 0m, ) yutr) [ |

where Op,.(+) refers to the pseudo-differential action in r (see the formula (2.2)),
and the parameter n is fived at a sufficiently large absolute valued n'. Moreover,
we set

HZ9 (X=):=(r)"9H

cone cone

(X7) (2.15)
for any g € R.
The spaces HE9 (X™) are adequate in the theory of pseudo-differential opera-

cone
tors on manifolds with conical exits. In our case we need them on X”, and we
set
HE9 (X)) = HE9 (X7)|xn.

cone cone

From the definition we easily see that

HEe(X") C Hipo(X7)

cone

for all s,g € R.

In the definition of cone operators below we employ pseudo-differential operators
that are adapted to the spaces HZ, ,(X™), briefly referred to as operators on

X~= with exit behaviour, cf. [13], [CE())]r.leThe corresponding subspace Lé‘d’; (X™) C
Lfbcl)(R x X) of operators of order p € R and exit order v € R is defined in terms
of symbols a(z, &) € Séﬁfg(R?” X Réfr”), n = dim X. The space S#¥ (R x
R*7) is characterised as the set of all smooth a(Z, &) such that

D2 D a(,€)| < (@)1 )1

for all o, 8 € N (%,€) € R x R and constants ¢ = ¢(a, 3) > 0.
Moreover, we have the space Sé‘l(RH") of symbols with constant coefficients
with its natural (nuclear) Fréchet topology, and we set

S (RM™ x R o= SH(RY™) @S5 (RE™)

with @W being the completed projective tensor product, called classical symbols
in (%,&) of order (p,v). Now we set

Ll(gS(RHn) = {Opj(a) a(i, ) € SFC;S(RHn y Rl—i—n)}.

12



In order to define Lé‘cs (X=) for smooth compact X we choose an open covering
of X= by sets of the form (—1,1) x U; and Ry x Uj, where U;, 1 < j < L,
form an open covering of X. Those are chosen together with charts z; : U; — B
where B is the open unit ball in R, and we define an atlas on R x X (& X~=)
by

Xi o (=1L,1) xU; = (=1,1) x B,

th Ry xU; - Ty = {(r,mj(y)) ERYM:reRy,y € Uj},

for j =1,...,L. On X= we fix a partition of unity {¢1,..., s} obtained in
the form

0 = Pj

J 3L ~
Ej:l Pj

where

(i) @ € C°((~1,1) x U;) for j=1,...,L,

(i) ¢; for j = L +1,...,2L in the coordinates & € I';. are of the form
¢;(T) = (1 — w(|2]))®;(Z)

for a cut-off function w(r) on the half haxis (say, equal to 1 for 0 < r < 1/2
and vanishing for r > 2/3) and a ®;(z) € C>°(I'y) such that ®;(\Z) =
®,;(z) for all A > 0, and supp ®,|1xp compact in 1 x B,

(i) @; for j = 2L 4+ 1,...,3L are also of the same form as in (ii), now for
®;(z) € O*(I'~) with ®;(\&) = ®;(Z) for all A > 0 and supp ®;|{_1}x B
compact in {—1} x B,

3L - .
such that } 77, ¢; never vanishes.

Moreover, we choose the functions 9;, 1 < j < 3L, of analogous kind such that
p; <, for every j.

Now L{;}(X™) is defined to be the set of all operators

3L
A=Y A +C
j=1

where X (pjA;¥;) € Ligyy((—1,1) x B) and x;ju(p;A;;) € LG (RT™) for

j=1,....,Land j = L+ 1,...,3L, respectively, while C is an operator with
kernel in S(R x R, C*°(X x X)).

Theorem 2.15. Fvery A € L‘(‘Cl”) (X=) induces continuous operators

A Hifo(X7) = HOGH ™ (X7)

for all s,g € R.
Definition 2.16. We set

ICS’WQ(XA) = UJHS”Y(X/\) + (1 —w)HS (XA)7

cone
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$,7Y,9 € R, where w is any fized cut-off function on the half-axis, and
ISV (XN i= KSVO(XM).
Moreover, we define

SUXN) = lim KV (XN, So(X7) = lim KVVN (X7

NeN NeN
and
Ko(XM) o= lim KVY(XM),  K9®(XM) = lim £5N(X7M). (2.16)
NeN NeEN

If © = (9,0] is finite we also write

SH(XN) == 1lim ST 70775 (X ).
JEN

In the space K%0(X") =r~ 2 L?(R; x X) we fix the scalar product
(u,v) = /u(r,x)ﬁ(r, x)rdrdx (2.17)
where dz refers to a fixed Riemannian metric on X, n = dim X. Then, (-,-) :
C& (X)) x C§°(X") — C extends to a non-degenerate sesquilinear pairing
() s KSTI(XN) x K977 9(XM) = C (2.18)

for every s,v,g € R. Later on we often refer to groups of isomorphisms on our
spaces, for instance,

n+1

kS T KOTI(XN) — K3V9(XN),  (kau)(r,z) := A2

tou(ar, z), (2.19)

AER,.

2.3 Discrete asymptotics in cone spaces

Definition 2.17. A sequence

P = {(pj’ mj)}j:(), N (2-20)

.....

of pairs (pj,m;) € C x N, for N = N(P) € NU {oo}, is said to be a discrete
asymptotic type, associated with the weight data (v,0), with a weight v € R
and a (half-open) weight interval © = (¥,0], —oco < ¢ < 0, if the set m¢P =
{pj}j=o0,..n C C is contained in {”T'H —v4+ 9 < Rez < "T'H — 'y}, where
n =dim X, furthermore N(P) < oo for ¥ > —oo, and Rep; — —oo for j — oo
in the case ¥ = —oo and N(P) = cc.

We write
T°P = {(p; + 6,m;)}j=0,...N
for any 6 € R. A discrete asymptotic type is said to satisfy the shadow condition
if
(pm)eP = (p—Il,m)eP

14



for all | € N with Rep —1 > %t — + 4.

The complex conjugate of a discrete asymptotic type (2.20) is defined as

P = {(pjamj)}j:07-~7N'

If P is a discrete asymptotic type associated with (v,0), ¥ > —oo, and w a
fixed cut-off function, we set

N m;
Ep(XN) = { e (@)w(r)r P logh r : ¢jp € C°°(X)}. (2.21)
§=0 k=0

This space is isomorphic to a direct sum of Z;-Vzo(mj + 1) copies of the space
C°(X) and as such a Fréchet space. Observe that if we set

Ep(Ry) := { chkw(r)r_pj loghr: e € (C},
jok

which is of finite dimension Z;\[:O(mj + 1), we can also write
Ep(X") = C=(X, Ep(R4)). (2.22)
Remark 2.18. We have
Ep(X") C C5To0(X1)
for every s € R.

Let us define the space of flat functions (of flatness —¢ — 0 relative to the weight
7) as
K£579(X") := lim ]Cswfﬂfﬁ;g(X/\)
meN
in the Fréchet topology of the projective limit.

Definition 2.19. (i) Let P be a discrete asymptotic type associated with
(v,0), © finite; we set

K379(XN) = KGV9(XM) + Ep(XT) (2.23)
(which is a direct sum);
(ii) if P is a discrete asymptotic type, © infinite, we form

n+1

Pz:={(p7m)€7’:Rep> v—(l+1)}7

k € N, which is associated with ©; = (—(l + 1),0], and we set

K79 (XN = lim K09 (X ).
IEN
Analogously as before we write KG"(X") and K37 (X") when g = 0. Moreover,
we set
SHXM) = lim Ky N (X7,
NeN
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Remark 2.20. Setting
BT = P9 (XN) + Ep (X)

for B; == max(—(j +1),9) + j%, and P; := {(p,m) € P : Rep > max(—(j +

1),9)+ ﬁ}, we obtain a Hilbert space for every j € N, with continuous embed-

dings BITY — EI s s 79(X7), where K379(X") = lim E7. Observe
jEN

that (2.19) restricts to a group of isomorphisms 5 : K" (X") — K379(X"),

A € Ry, induced from corresponding isomorphisms kS : E9 — E7, for every

jeN.

Theorem 2.21. Let P be a discrete asymptotic type associated with the weight
data (v,©) and x be a mcP-excision function.

(i) Let u(r,z) € K3"(X") and w(r) a cut-off function. Then
My_n . (wu)(z, )

extends from FnTH_,Y to a H*(X)-valued meromorphic function f(z,x)

mn z, ”7“ — v+ 9 < Rez < % — v, with poles at the points p; of
multiplicity m; +1 and Laurent coefficients at (z fpj)’(kﬂ), 0 <k <my,
belonging to C*(X) such that x(z)f(z,x)|lr, € H*(I'z x X) for every
”TH —-7+9 << "TH — 7, uniformly in compact B-intervals (cf. the
notation in (2.14) where T is to be replaced by Im z for z € T'g).

(ii) Let f(z,x) € ﬁs(FnTﬂi,y x X) be a function that extends to a H*(X)-
valued function which is meromorphic as in (i), where x(2)f(z,)|r, €
fIS(Fﬁ x X) for every 4t — v+ 9 < B < 2 — 5, uniformly in compact
B-subintervals. Then for every cut-off function w(r) we have

w(r) (My_z .. f) (r,z) € K" (X").

Proof. (1) Without loss of generality we assume that © is finite. By virtue of
(2.23) every u € K37(X") has a decomposition

w(r, ) = Ufat (7, T) + Using (T, )

for upay € Kg7(X7), Using € Ep(X"). We have wuga, € 70H*Y(X") for every
0 < ¢ < —9, and from the nature of H*7-spaces we know that (Mwugat)(z, )
extends from I'ni1_ to a holomorphic H* (X)-valued function in the strip 2+ —
y+19 <Rez< "T'H — 7. Therefore, it remains to characterise Musing (2, z). By
definition uging is a finite linear combination of expressions of the form

w(r)e(z)r™" logk T

for p € mcP, ¢ € C*°(X), k € N. The Mellin transform of such a function is
known to be a C*°(X)-valued meromorphic function with a pole at p of mul-
tiplicity k& + 1, and xM (wer™P log" r) is a Schwartz function on every line I'g,
0 € R, uniformly in finite S-intervals. This gives us altogether the assertion (i).
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(ii) Let f(z,z) be a function with the assumed properties. Then for every € > 0
there is a o < v —1 such that vy —19 — o < ¢, and the finite set 7¢cP is contained
in {z:Re z > 2 — 5}. We have

1 1 al
w(r)— [r7* z,xdz:wr—,(/rfz z,x)dz /rfz z,xdz)
( )27” /Fnﬂfs ) ( )27” iji(, ) +jgo szpjl‘iEs :

’ ’ (2.24)
for any sufficiently small § > 0, with counter clockwise taken integration con-
tours. The left hand side of (2.24) belongs to £*7(X") and the first summand
in the right to g (X") (since o with the indicated properties is arbitrary). It
remains to characterise the other summands on the right of (2.24). Close to p;
the function f(z,z) is a finite sum

> (@) (z = pg) D 4 by (2, 2)
k=0
for coefficients ¢j, € C°°(X) and h; holomorphic in z near p;, k = 0,...,m;.

By Cauchy’s theorem the integrals over r~*h;(z, z) vanish. Therefore, we have

to characterise )
w(r)=— [ 1 2cjp(z)(z — p;)~*Vdz (2.25)
270 J)a—p; 126
for every j, k. Writing =% = r~PirPi—% = p~Pie(Pi=2) 1987 the expression (2.25)
takes the form

s 1 1 -
w(r)r pjcjk(‘r)mzl'/(pj — ) ogl r(z — pj)~FF V2.
1=0 "

z—pj|=6

Only the terms for | = k give a non-vanishing contribution, and we just obtain
the singular functions of asymptotics of type P. O

Remark 2.22. Assume that a function fo on some weight line ].—‘nTﬂi,y has

an extension to a meromorphic function f in some strip of the complex plane;

then for motational convenience we often identify fo and f. In particular, in

modification of the original meaning of My_z : u +— Mulr,,., = fo, we
= 7

interpret My _= also as a mapping from u to f when such an extension exists.

Remark 2.23. Let u(r, x) be as in Theorem 2.21 (i) and ¢(r) € C§°(R4.). Then
[z @) = My_z .z (pu) (2, @)

extends from ].—‘nT-H_,Y to a H*(X)-valued meromorphic function in z with poles

at the points p; — I, | € N, ”TH — v+ 9 <Rep; — I, of multiplicity m; + 1 and
Laurent coefficients in C*°(X), for all j,1. This phenomenon is a motivation for
the above definition of the shadow condition of asymptotic types.

Definition 2.24. Let P be a discrete asymptotic type associated with the weight
data (v,0), M a compact manifold with conical singularity v and x : V — X*
a fixed singular chart. Then

H (1)
s € R, is defined to be the subspace of all uw € H{{ (M \ {v}) such that for any
cut-off function w on Ry we have w(x;og) u € K37 (X7).
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The space Hp" (M) is a Fréchet space in a natural way, and the same is true
for HZ""(M) = (N,er H” (M). From the scalar product of H*?(M) we have a

non-degenerate sesquilinear pairing
H>Y(M)x H > (M) —C
for every s, € R. This allows us to define formal adjoints A* of operators
A:HSY(M) — H "7 (M)
that are continuous for all s € R, for some reals «, 7, u, namely, by the relation
(AuaU)H°>0(M) = (%A*U)HUvO(M)
for all u,v € C§°(M \ {v}). Then A* induces continuous operators
A* HS V(M) — HH7(M)
for all s € R.

Analogously, the £%%(X”)-scalar product gives us a non-degenerate sesquilinear
pairing

K57 (XN) x K51 (XM) = C
for every s,y € R, and any operator

ALK (XN — (X

which is continuous for all s € R and some ~,7, 4, has a formal adjoint A*
defined by
(AU,U);CO,O(X/\) = (U,A*’U)]C0,0(X/\)

for all u,v € C§°(X"). Then A* induces continuous operators
A S TI(XN) = KX

for all s € R.

2.4 Background from the calculus for conical singularities

Let M be a manifold with conical singularities S. In the general part of this
exposition for simplicity we assume that S consists of a single point v (most
of the constructions have straightforward generalisations to the case of finitely
many conical singularities). Locally near v, we fix a singular chart x and a
corresponding splitting of variables (r,z) € Ry x X, cf. Definition 1.1 (ii). If
we motivate our constructions by the task to express parametrices of elliptic
operators A € Diff}j (M) (see Definition 1.3) the specific novelties compared
with the smooth case have to be expected in a neighbourhood of v. Given the
operator A in the form (1.4) we can write

A= r_“opx/;% (h)
for h(r,z) := 3>-1_a;(r)2’; here n = dim X, and v € R is a weight that we fix

later on in connection with ellipticity. The Mellin symbol h(r, z) is Diff*(X)-
valued and holomorphic in the covariable z. We have h(r, z) € C®° (R, M (X)),
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cf. Definition 2.25 below. More generally, as noted in Section 2.2 we may admit
L’(‘Cl)(X; F%ﬂfv)—valued Mellin symbols for any v € R, cf. (2.11). In the follow-
ing definition we admit operator functions depending on 1 € R? which already
prepares material for the edge calculus.

Definition 2.25. The space My (X;R?) for a closed compact C> manifold X,
peR, g €N, is defined to be the set of all h(z,n) € A(C, L¥(X;RY)) such that

h(B+ip,n) € LE(X;T5 x RY)
for every B € R, uniformly in compact B-intervals.

From the definition it is immediate that M/ (X;R?) is a Fréchet space in a
natural way. We set
ME(X) = ME(X;R),

and we simply write M (R?) when dim X = 0 (in this case L} (X; R?) is replaced
by S%(RY) in the canonical Fréchet topology), and M}, when ¢ = dim X = 0.

Theorem 2.26. For every p(r, p) € C (R, LE (X;R;)) there exists an h(r, z)
in the space C*°(Ry, M5 (X)) such that for p(r,p) = p(r,rp) we have

Op,(p) = opy; * (h) mod L™>(X")
for all v € R (as standard pseudo-differential operators C§°(X) — C*(X)).

Theorem 2.26 is crucial for the cone calculus (and later on, in parameter-
dependent form also for the edge calculus). A proof may be found, for instance,
n [13]. A particularly trasparent alternative proof is given in [7].

Definition 2.27. An h(z) € ME(X) is called elliptic (of order p) if there is a
B € R such that h(B + ip) is parameter-dependent elliptic in L'}(X;T'3).

Remark 2.28. The latter definition of ellipticity of h(z) € M5 (X) (of order p)
is independent of 3, i.e., if h(B+ip) is parameter-dependent elliptic in L'} (X;Tg)
then h(6 +ip) is parameter-dependent elliptic in L'} (X;Ts) for every 6 € R.

Theorem 2.29. Let p(p) € L'\ (X;R;) be parameter-dependent elliptic, and
form h(z) € M§(X) according to Theorem 2.26. Then h(z) is elliptic in the
sense of Definition 2.27.

Theorem 2.30. Let h(z) € MU (X) be elliptic (of order p); then there is a
discrete set D C C such that DN{c < Re z < '} is finite for every ¢ < ¢ where

h(z): H(X) — H~*(X)
is an isomorphism for every z € C\ D and all s € R.

Definition 2.31. A sequence
R = {(ijnj)}jez

of pairs (rj,n;) € C x N is said to be a discrete asymptotic type for Mellin
symbols (also referred to as a Mellin asymptotic type) if the set icR = {r;j}jez
intersects the strip {c < Rez < '} in a finite set for every reals ¢ < c'.
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Definition 2.32. Let R be a Mellin asymptotic type. Then Mz (X) is defined
as the set of all f(z) € A(C\ n¢R,L™°°(X)) such that

(i) f is meromorphic with poles at the points r; of multiplicity nj +1, j € Z,
and in a neighbourhood U; of r; we have

"

F(2) = eiplz =)~ " 4 hy(2)

k=0

for some hj € A(U;,L~°(X)) and coefficients c;r € L™°°(X) that are
operators of finite rank for every k =0,...,n;, j € Z;

(ii) for every mcR-excision function x(z) (i.e., x € C*°(C), x(z) = 0 for
dist(z, mcR) < €9, and x(z) = 1 for dist(z, 7¢R) > &1 for some 0 < gp <
€1) we have

x(2)f(2)lr, € L™°°(X;Tp)

for every B € R, uniformly on compact B-subintervals.
Example 2.33. Let ¢ € L=°°(X) be an operator of finite rank and w a cut-off
function, p € C, v < % — Rep. Then
f(z) :== M, (cw(r)rPlogh r)(2)

extends to an element in the space Mz > (X) for R = {(p,k)} (the choice of ¢
is not important).

Definition 2.34. For a given Mellin asymptotic type R we set
Mg (X) = Mz™(X) + Mp(X).

Remark 2.35. f; € M%J (X), j =1,2, implies fi + f2 € Ménax{“l’“z}(X) when

pi—po €7, f1fa € M7’§1+“2 (X) for resulting S and P. Moreover, f € Mz>(X),
h € Mg(X) implies fh € M5 (X) for every Q,R and some resulting P.

Theorem 2.36. f € M;>(X) implies (1+ f(2))"' =14 1(z) for an element
l € Mg>™(X) for every R and some resulting asymptotic type S.

Theorem 2.37. Given f € MG(X), i¢RN Pupr | = 0, and cut-off functions

w,w’ the operator wopX;%(f)w’ nduces continuous operators
wop’]w_%(f)w’ CKEY(XN) — KETRT(XN),
and .
wopy, 2 (f)w': KE(X") — K " 7(X7),

for every (discrete) asymptotic type P with some resulting Q, associated with
weight data (v,0) (for any weight interval ©).

Theorem 2.38. For every f € LY\(X;Tg) there exists an h € MU (X) such
that
hlr, = f mod L™°(X;Tg).
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2.5 The asymptotic part of the cone algebra

The pseudo-differential calculus on the (open stretched) cone X” contains two
substructures, consisting of Green operators and smoothing Mellin plus Green
operators, both with asymptotics. Those operators are automatically produced
when we compose operators of simpler structure or construct parametrices in
the elliptic case.

Let us fix weight data g = (v,4,0), 7,d € R, © = (9,0], —oco < 9 < 0.
Definition 2.39. An operator G € (), LICEVI(XN), K% (X)), 5,9 € R,

is called a Green operator on X", if there are (G-dependent) asymptotic types
P and Q, associated with the weight data (§,0) and (—, ©), respectively, such
that

G K*79(XN) — SH(XN),

G* : K5709(XM) — SL(XM)
are continuous for all s,g € R. Here G* is the formal adjoint of G in the sense

(G’LL, U))CO,O(X/\) = (u, G*'U)]C0,0(X/\)

for all u,v € C§°(X") (¢f. the sesquilinear pairing (2.18)).
Let La(X", g)p.o denote the space of all those operators, and set

Lo(X",g) = La(X" 8)po
(the union taken over all P, Q).
Remark 2.40. We have
G e Lg(X" g) e rPGr = € Lo(X", h)
for arbitrary o, 8 € R and h = (y + «,0 + 3, 0).

Remark 2.41. The spaces L(X",g)p,o are Fréchet spaces in a natural way.
Moreover, the composition GG for G € Lg(X",¢)s,0, G € La(X",b)p s and
c=(0,0,0), b= (y,0,0) gives rise to a bilinear continuous map

La(X",¢)s,0 X La(X",b)ps — La(X",8)p.o

forg=(v,9,0).

We now turn to so-called smoothing Mellin operators on X” with asymptotics.
Those operators are (although smoothing on the open manifold X”) of crucial
importance for the cone algebra in general. They are in general not compact,
and may change the index of elliptic operators.

Let us first observe some simple properties of operators of the form

A= rf”JrjwopXjf% (f)o'’
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for f € MP(X), p € R, j € N, 7; € R, and cut-off functions w(r), w'(r). In
order that A induces a continuos operator

A KST(XN) — KO H(XN)
we have to make some assumptions on R and ;. In fact, by definition we have
opyy 2 (f) = Fopy (1700 ) fr=tu=9),

(TP £)(2) = f(z+1), cf. (2.10). Thus, to apply op,, (T~ ~3) f) on w'r~ (i~ 5y
for u € K57 (X") we need that =3y € K30(XM), i.e., —y; +7v > 0, and
that 7-(%~2) f has no poles on the weight line F%, ie, mcR N FnTH_%_ = 0.
Moreover, to reach the space with weight v — u we need the condition

Jt+ =
In other words we ask

vy—Jj<v <~v and TeRNTwn = 0. (2.26)

In the following definition we fix weight data g = (y,v — i, ©) for © = (—(k +
1),0], k € N.

Definition 2.42. An operator A € [\, jcp LIKSVI(XN), KT (XN)) s
called a smoothing Mellin plus Green operator on X, associated with the weight
data g, if it has the form

k
A=r"w{ erop;(/’f%(fj)}w’ +G
j=0

for some G € LEL(X",g), cut-off functions w,w’, smoothing Mellin symbols
fj € Mg *(X) and weights v; such that (2.26) holds for all j. Let Ly, (X", g)
denote the space of all those operators. In the case © = (—o0,0] we define
Ly (X", g) as the intersection of all Ly, o(X", (v, —p, (=(k+1),0])) over
ke N.

Let us set ‘
ol (A)(2) = fi(2), j=0,... .k,

called the conormal symbol of A of (conormal) order p — j.

Remark 2.43. Given A, A € LY (X", g) we have A—Ac La(XM,g) if and
only if _ o

ot (A) = ot (A)
forallj=0,... k.

Proposition 2.44. A e L‘J(M_G(XA,g) induces continuous operators

A ICS"Y(XA) N ICS_“”Y_#(XA), IC;’Y(X/\) _ /CSQ_M”Y_H(XA). (2.27)
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Theorem 2.45. A € Ly, .(X",c) forc= (v —v,y — (u+1),0) and B €
Ly (XM, b) forb = (v,7 —v,0) imply AB € L‘;;:G(X/\,d) ford = (v,7—
(n+v),0), and we have

ot AB)E) = 3 (T AN (B (229)
i+j=l
for every 0 <1 < k.

The formula (2.28) is also called the Mellin translation product between the
sequences

(0179 (A)) =0,k and (0¥ 7H(B))izo,...k- (2.29)
Operators of the form
T4+ A: K7 (XN) — K97 (X7

for A € LY, o(X",8), g = (.7, (=(k +1),0]), v € R, Fn;l_,y NmcR = 0,
for 02(A)(z) € Mz>°(X), form an algebra, as we easily see from Theorem 2.45.
Such operators are special elliptic elements of the cone algebra.

Definition 2.46. (i) The operator 1 + A for A € LY, (X", g), is called
elliptic if

od(1+ A)(2) =1+ 02(A)(2) : H(X) — H*(X) (2.30)
is a family of bijective operators for all z € FnT-H_,y, and some s € R.

(ii) An operator 1+ B for B € LY, (X", g), is called a parametriz of 1 + A
if
(1+A)(1+B)=1and (1+B)(1+4)=1
modulo Lg(X",g).

Theorem 2.47. An elliptic operator 1 + A has a parametriz 1 + B, and the
sequence of conormal symbols (o7 (1+ B))i=o.... k follows by inverting (o7 (1+
A))j=o,...k through the Mellin translation product.

In fact, the ellipticity of 1 + A allows us to invert the operators of the family
(2.30). This gives us
(21 +A) " (2) =1+1(2)

for an | € M4 °°(X). Then, using

y - e - B 1 forl=0
o, ((1+A)(1+B))—i+zj;l(T o7 (1+ A))og (1+B)_{ 0 forl>0

together with o, 7(14+ A) =1+ 0.7(A) for j =0 and o7 (1 + A) = o7 (A) for

j > 0 we can successively determine o, ¢(B) for all i = 1,2,... In this process
we also apply Remark 2.35.
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2.6 The cone algebra with discrete asymptotics

Given a manifold M with conical singularities S by a cone algebra on M we
understand a subalgebra of L’} (M \ S) that contains close to S in the splitting
of variables (r,z) € Ry x X all operators of the form

rOp,(p)  mod L™®(M\S), (2:31)

for all p(r,p) = p(r,7p), B(r, p) € C=(R4, L (X;R;)), together with the para-
metrices of elliptic elements. The remainders in (2.31) will be specified in such a
way that ellipticity entails the Fredholm property of operators in adequate dis-
tribution spaces and that elliptic regularity of solutions includes asymptotics for
r — 0. There are many variants of cone algebras. We may have compact mani-
folds M with conical singularities as well as infinite cones X* with some control
for r — oo, and there are different notions of asymptotics. In this chapter we
focus on discrete asymptotics. In the following definition we consider a compact
manifold M with conical singularity v, for a mapping xyeg : V' \ {v} = Ry x X
as in (1.2), and choose cut-off functions w, w’,w” on Ry such that w” < w < w'.
Moreover, we form corresponding cut-off functions € := Xje,w, € = X;‘ng’ ,

"o * 1
€' 1= Xjegw' on M close to v.

Recall that from Section 2.5 we have the space Ly, (X",g) of smoothing
Mellin plus Green operators with discrete asymptotics, for weight data g =
(7,7 — p, ©), and, moreover, we introduced the space Lg(M, g) of global Green
operators on M with discrete asymptotics. Since the smoothing Mellin operators
are supported by a neighbourhood of the conical singularity we also obtain the
space LY, +q(M, g) of global smoothing Mellin plus Green operators.

Definition 2.48. Let M be a manifold with (for simplicity one) conical sin-
gularity v, and assume that M is compact. Fiz g = (v,y — u, 0) for a weight
v € R, an order u € R, and a weight interval © = (—(k + 1),0], for some
k € NU{+oo}. Then L*(M,g) is defined to be the set of all A € Lt(M \ {v})
of the form

A= Asing + Areg +G

where Aging = (X@é)*{wr*“OpE%(h)w’j wRW'} and Aveg € (1 — )L (M \
{o}h)(A = €") for arbitrary h(r,z) € C* (R4, M§(X)) and R € LYy, (X", g),
and G € Lg(M,g).

For A € L*(M,g) we set
a(4) := (a4 (A),0c(4))

where oy (A) is the standard homogeneous principal symbol of A as an operator
in LY} (M \{v}). Observe that close to v in the variables (r,z) € Ry x 3, ¥ C R™,
corresponding to a chart on X we have

O (A)(’/‘, Z, P, g) = 7"_#5'1# (A)(’/‘, Z,Tp, 5)

for some function 6 (A)(r, z, p,§) (also referred to as the reduced homogeneous
principal symbol of A) that is homogeneous in (p, &) # 0 of order p and smooth
in 7 up to 0. Moreover, we set

oe(A)(2) = 0, 2) + fo(2)
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for fO(Z) = JC(R)(Z), z € F%_’Y’
symbol of A. It is L% (X)-valued and as such defines a family of continuous
operators

n = dim X, called the (principal) conormal

oc(A)(2) : H*(X) — H*H(X),
s eR.

Similarly as in Section 2.5 we may observe also the lower order conormal symbols
of A. In this case we write o#(A)(z) rather than o.(A)(z), and the lower order
terms are defined as

. 1 . .
oe 7 (A)(z) = (O7h)(0,2) + o (R) ()
for 5 =0,...,k.
Let us now give an analogous definition in the case of the infinite (stretched)

cone X" rather than M.

Definition 2.49. Let X be a closed compact C*° manifold, fiz weight data
g = (v,7— 1, ©) as in Definition 2.48, and choose cut-off functions w” < w < W'’
on Ry. Then LH(X",g) is defined to be the set of all A € L' (X") of the form

cl
A= Asing + Areg
where Aging = wr‘“op};%(h)w’ + R, for an h(r,z) € C*([R4, M5H(X)), R €
Lh (XN g), and Aweg € (1 —w)LE(X=)(1 - w").

Here L!°(X =) is the space of classical operators of order y on the manifold X=
with conical exits to infinity and exit order zero, cf. [13, Section 1.4].

We have again a principal symbolic structure of operators A € L¢(X", g),
namely,

0(A) = (0y(A),0c(A), or(4)) (2.32)

where 0, (A), and o.(A) are of analogous meaning as before, while og(A) is the
pair of exit symbols

o5(A) = (0e(A), 0p,c(4))
belonging to A for r — oo. Concerning the definition of o, and oy, cf. [13,
Section 1.4].

Theorem 2.50. (i) Let M be a compact manifold with conical singularity,
and A € LH(M,g), g = (v,7—1,©). Then A induces continuous operators

A HV(M) — H*#17H(M), HE" (M) — HS5"77"(M)

for every s € R and every asymptotic type P with some resulting asymp-
totic type Q, associated with the weight data (v,©) and (y—u, ©), respec-
tively.

(i) Let X be a closed compact C* manifold, and A € L*(X",g), with g as
in (i). Then A induces continuous operators

A K (XN) — KSR (XN, K3 (M) — Kg "7 (M)
for every s € R and P and Q as in (i).
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Remark 2.51. (i) Let A be as in Theorem 2.50 (i); then o(A) = 0 (i.e.,
oy (A) = 0c(A) = 0) implies that

A:H>'(M)— H*7HY7H(M)
is a compact operator for every s € R.

(ii) Let A be as in Theorem 2.50 (ii); then o(A) = 0 (i.e., oy(A) = 0c(A4) =
0e(A) = 0y e(A) = 0) implies that

A . K:s,'y(X/\) — ICS—/L,'y—,u(X/\)
is a compact operator for every s € R.

In the following theorem we assume M and X" to be as in Theorem 2.50.

Theorem 2.52. (i) Let A € L¥(M,g) forg = (v — i,y — it — 1, 0) and
B € LF(M,g) for g = (7,7 — f1,0); then we have AB € LM (M,go g)
forgog=(v,y—f—u,0), and 0(AB) = o(A)o(B) in the sense

0y (AB) = 0y(A)oy(B), 0c(AB) = (T"0c(A))oc(B)

(TP f)(2) = f(z + B).
(i) Let A € L*(X",g) and B € L*F(X",g) with g,& as in (i); then we have

AB € LHRA(X" gog) and o(AB) = o(A)a(B) in the sense of the rules
from (i) together with

06(AB) = 0c(A)oe(B), 0y e(AB) =0y e(A)oy.e(B).

Remark 2.53. Similarly as in Theorem 2.45 the sequence of conormal symbols

(oH A=Y (AB))=,.. k. can be obtained as the Mellin translation product between

the sequences (77 (A)) =0, ..k and (027 (B))i=o,.. k-

2.7 Ellipticity in the cone algebra and asymptotics of so-
lutions

Based on the principal symbolic structure of operators in the cone algebra we
now study ellipticity and asymptotics of solutions.

Definition 2.54. (i) Let M be a compact manifold with conical singularity
v, and let A € L' (M,g) as in Definition 2.48. Then A is called elliptic if
oy(A) #0 on T*(M \ {v})\ 0, and, locally near v, G4 (A)(r,z,p,§) # 0
for all (p,&) # 0, up to r =0, moreover,

oc(A)(2): H*(X) — H™*(X) (2.33)
is a family of isomorphisms for all z € F%—’y and some s = sy € R.

(i) Let A € L*(X",g) be as in Definition 2.49. Then A is called elliptic if
oy (A) and o.(A) satisfy analogous condition as in (i) and if the symbolic
components of og(A) are elliptic in the sense of the calculus of operators
in L' (X=) at r = oo.
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Theorem 2.55. (i) Let A € L*(M,g) be as in Definition 2.48. Then A is

(i)

elliptic in the sense of Definition 2.54 (i) if and only if
A:H>'(M)— H*"H77H(M) (2.34)

is a Fredholm operator for some s = sg € R (which is equivalent to the
Fredholm property for all s € R).

Let A € L#(X", g) be as in Definition 2.49. Then A is elliptic in the sense
of Definition 2.54 (ii) if and only if

A KXY — smma—ma (X 1) (2.35)

is a Fredholm operator for some s = sg,9 = go € R (again equivalent to
the Fredholm property for all s € R).

Theorem 2.56. (i) Let A € L*(M,g) be an operator as in Definition 2.48.

(i)

Then the Fredholm property of (2.34) for some s = sg, entails the Fred-
holm property of (2.34) for all s € R. Moreover, A has a parametric
Be L #(M,g %), ie., [—BA € Lg(M,(v,7,0)), [ — AB € Lg(M, (v —
Yy — @, ©)). Finally, if (2.34) is invertible for an s = sg € R then so is
for all s € R, and we have A= € L™*(M,g™') for g~ := (v — u,7, ©).

Let A € L*(X", g) be an operator as in Definition 2.49. Then the Fredholm
property of (2.35) for reals s = sg, g = go, entails the Fredholm property of
(2.35) for all s,g € R. Moreover, A has a parametriv B € L=*(X", g=1),
i.e., I — BA € LG(X/\’ (7773 @))a I —AB € LG(X/\a (’7 - ﬂvG))
Finally, if (2.35) is invertible for some s = sg,g = go € R then so is for
all 5,9 € R, and we have A=1 € L=#(X",g™1).

In the following theorem we indicate by subscripts ‘(Q)’, etc., spaces with or
without asymptotics of type Q.

Theorem 2.57. (i) Let A € L*(M,g) be elliptic, u € H 7 (M), and Au =

fe H&Z)“"y_“(M), s € R (for some discrete asymptotic type Q, associated

with the weight data (v — 1, 0)). Then u € H(gp'y) (M) (for a resulting
discrete asymptotic type P, associated with the weight data (7, ©)).

(i) Let A € LM(X",g) be elliptic, u € K™ °7~°(X"), and Au = f €

3

Kféf’“’*“‘g(XA), s,g € R, for some Q as in (i). Then u € ICfg)"’g(XA)
for some P as in (i).

Abstract edge operators

The calculus of edge pseudo-differential operators is formulated in terms of various quantisa-
tions of ‘scalar’ (edge-degenerate) symbols. One aspect of this approach is based on operator-
valued amplitude functions with twisted homogeneity; those encode, in particular, various
kinds of trace, potential and Green operators. Moreover, there is the concept of ‘abstract’
edge spaces which are the model of the concrete weighted edge spaces where an anisotropic
information from the wedge geometry is feeded in corresponding scales of spaces, modelled on
a vector space with group action. Another important part is a vector/operator-valued version
of Kumano-go’s technique to oscillatory integrals and pseudo-differential operators globally in
the Euclidean space, see [8].
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3.1 Abstract edge spaces

Definition 3.1. A Hilbert space H (throughout this consideration assumed to
be separable) is said to be endowed with a group action k = {Kx}\cr, if

(i) kx : H — H, X\ € Ry, is a family of isomorphisms, where kKxk, = Ky,
for all \jv e Ry,

(ii) A — kah, A € Ry, defines a function in C*° (R4, H) for every h € H (i.e.,
K s strongly continuous).

Let us give a few examples of Hilbert spaces with group action. By H*(R™),
s € R, we denote the standard Sobolev space in R of smoothness s. Recall that
H?(R™) can be defined to be the set of all u € S’'(R™) such that (Fu)(§) =
(&) belongs to <£>’SL2(R?). Moreover, if Q@ C R™ is a domain with smooth
boundary, we set
H*(Q) :==A{u|qg:ue HR™)}.
Example 3.2. (i) H := L2(R}) and (kxu)(r) := A2u(\r), A € Ry;
(ii) H := H*(Ry), s € R, with ky as in (i);

(iil) H := H*(R™), s € R, and (kru)(z) := Az u(Az), A € Ry.

Definition 3.3. A Fréchet space E, written as a projective limit of Hilbert
spaces E7, j € N, with continuous embeddings E/ — E° j € N, (i.e., E =
ﬂjeN EJ, and the projective limit referring to the mappings E — FE7, j € N) is
said to be endowed with a group action k = {’”\}Aeﬂh ,if

(i) K is a group action on E°,
(i) ®|gs is a group action on E? for every j € N.
Example 3.4. Let E = S(Ry) be written as

B = lim{r) ) (Ry.).
JjEN

Then k from Example 3.2 (i) defines a group action on E.

Definition 3.5. Given a Hilbert space H with group action k = {’”\}Aeﬂh the
abstract edge space W* (R, H) of smoothness s € R, modelled on H and with
edge R4, is defined to be the completion of S(R%, H) with respect to the norm

by an iy 1= { [ 0

where u(n) = (Fu)(n) is the Fourier transform in Re. If necessary, to indicate
the choice of the group action we write

5 1/2
i} (31)

W3R, H),.
In particular, we set H*(RY, H) = W*(RY, H)q.
If H=C and ) = id for all A we obtain the standard Sobolev space H*(RY)

of smoothness s.
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Remark 3.6. Recall that W?*(R?, H) can equivalently be defined as the set of all
u e S'(RY, H) (= LIS(RY), H)) such that HZ%’&(T]) € (n)~*L*(RY, H). A proof
may be found in [3].

Remark 3.7. Replacing ||-||; in (3.1) by an equivalent norm in H and n — (1)
by any strictly positive function p(n) with c(n) < p(n) < Cn) for alln € R
and certain ¢,C > 0, gives us an equivalent norm in the space W*(RY, H). In
particular, we can take p(n) = [n] (recall that n — [n] is any strictly positive
function in C*°(RY) such that [n] = |n| for |n| > const).

If Q C RY is an open set

Weomp (2, H) (3-2)

will denote the set of all u € D'(Q,H) (= L(CF(),H)) such that gu €
Ws (R, H) for every ¢ € C§°(€2). Moreover,

Wie(Q, H) (3.3)

is defined to be the set of all u € D'(Q2, H) such that pu € Wg,,,,(Q, H) for

every ¢ € C§°(€). As a consequence of the above definitions, we have
Weomp (£, H) € Wi, (€2, H)
for every s € R.

Remark 3.8. The norm (3.1) can also be written in the form

o I ISt |

L2(Re,H s(R1,H)

which shows that there is an isomorphism
K :=F 'k, F: H*(RI, H) — W*R?, H),. (3.4)

In other words, for every u(y) € W*(R?, H),, there exists a v(y) € H*(R?, H)
such that

a(n) = Fg0(n)- (3.5)

Later on in this context it will be convenient to replace () by [n].

Example 3.9. Let us consider H*(R™) with the group action (kyu)(z) =
NY2u(Ax), A € Ry. Then we obtain

W (RY, H*(R™)) = H*(R? x R™) (3.6)

for every s € R. Observe that {/<;,\}>\E]R+ is unitary in L?(R™); thus for s = 0
the relation (3.6) just means L?(RY, L?(R™)) = L?(R? x R™).

Remark 3.10. Let E', E° be Hilbert spaces with a continuous embedding E' —
E° and let & be a group action on E° that restricts to a group action on E'.
Then we have canonical continuous embeddings

W* (R, E') — W*(RY, E°)

forall s,s' €R, s’ > s.
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Definition 3.11. Let E be a Fréchet space with group action as in Definition
3.3. We set 4
WH(RY, E) := lim W*(R?, E7), s € R, (3.7)
JjEN

taken in the Fréchet topology of the projective limit.

Similarly as (3.2) and (3.3), we have the spaces

Wi (Q,E) and W (Q,E)

comp

in the case of a Fréchet space F' = lim F7 with group action, namely,
JEN

Weomp (2, E) = im W2, (D, E),

comp comp
jEN

and analogously for the ‘loc’ version.

Proposition 3.12. Let E be a Fréchet space with group action. Then we have
W*(RY, E) = H*(RY, E),

i.e., the space W*(RY, E) is independent of the choice of the group action
{,'{)\}>\€]1ng n E.

Proof. Let us first note that if E is a Fréchet space with group action, £ =
lim E7, for every j there are constants c;, M; > 0 such that
JEN

Il AM; for A>1
KX 5y <G
CEDZTAM for A< 1

We then have, for every s € R, continuous embeddings
HtMi(RY, BT ) < WH(RY, E7) — H*~Mi(RY, BY), (3.8)
i.e., we obtain W (RY, E7) = H>®(RY, E7) for every j, and hence

W (RY, ) = lim W (RY, EY) = lim H(RY, BY) = H* (R, E).
jEN jeN

Remark 3.13. For s’ > s we have a canonical continuous embedding
W (R, E) — W* (R, E).
Proposition 3.14. Let E = @Ej be a Fréchet space with group action. Then
jEN

for every s € N we have

W (R, E) = {u e W)(RY, E) : Dyu € W’ (R, E), |a| < s}.
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Proof. There are constants ¢, co > 0 such that

(D Py < ) < e Y )

la|<s la|<s

Therefore, for all |a| < s,

Sz atmlidn <oo = [l yatlizdn < .

and vice versa, and this holds for all j. O
Proposition 3.15. Let £ = liLnEj be a Fréchet space with group action, and
JEN
set _
L*(RY, E) := lim L*(RY, E).
JEN

Then we have

W> (R, E) ={u e L*(R, E) : Dju € L*(R%, E), foralla e N}, (3.9)

Proof. For every fixed j we have
H*R%, E7) = {ue S'(RI, ) : /(77>25H11(77)||2Ejd77 < oo}

From (3.8) it follows that W™ (R?, E7) = (,cpg W*(R?, E?) = (N, H*(RY, E7).
By virtue of

H*RY,EY) = {u € L*(R%, E’) : Dyu € L*(RY, E), forall o« € N’ |a| < s}

for every s € N (see Proposition 3.14) we then obtain the relation (3.9) for the
space E7 instead of E. Since this is true for all j it follows (3.9) for E itself. [

Corollary 3.16. Let £ = @jeN EJ be a Fréchet space with group action. Then
we have

W (L E)=CP (0 E), WX(QE)=C®,E). (3.10)

comp
Proof. First, Proposition 3.12 gives us
W>(R? E) = H*(RY, E)
which is characterised as the space
{ue L*(R% E): Dfu e L*(R%, E) forall « € N/} .

For u € Wi, (Q, E) and every fixed ¢ € C§°(Q2) it follows that Dy (pu) belongs
to L?(R?, E) and has compact support for all o € N%. This just Characterlses the

space C° (), E'). The first relation of (3.10) is then an immediate consequence.
O
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Later on for H we will insert weighted cone spaces K*7(X”) on the infinite
stretched cone X" = Ry x X with the group action (k u)(r,z) = A" u(Ar, ),
A € Ry, for n = dim X. Then we obtain so-called weighted edge spaces

W2 (RY, K57 (XM)).

More generally, it may be interesting to admit weights for » — oo, i.e., to take
the spaces K579 (X") = (r)y=9K57(X") (cf. Definition 2.16) for any g € R, with
the group action (2.19) and associated edge spaces

WE(RY, K59 (X)) o (3.11)
In the case g = 0 we simply write x and W?*(R?, K57 (X")).
Theorem 3.17. For every s,v,g € R we have

HE (X x RY) C WH(RY, K579 (X))o C HE (X" x RY).

comp

The edge pseudo-differential operators below will be independent of the specific
choice of the group action when we refer to operators in spaces of that kind.
A careful analysis of the functional analytic properties of weighted edge spaces
(3.11) shows that g := s — v may be a natural choice. In this case we set

Ko7 (X1 = K877 (X M) (3.12)

and
WS’W(X/\ x RY) := Ws(Rq,KS’W(XA))Ns_v. (3.13)

However, in the majority of our considerations we refer to the case g = 0 which
is natural, too (e.g., when standard Sobolev spaces are anisotropically decom-
posed, cf. Example 3.9).

Theorem 3.18. Let E be a Fréchet space with group action k, and let Ey, Fq
be Fréchet subspaces, continuously embedded in E, such that E = Ey + Ey in
the sense of the non-direct sum.

(i) If k restricts to group actions on E;, i = 0,1, then W*(RY, E;) is contin-
uously embedded in W?(RY, E), and we have

W(R?, E) = W (R, Ey) + W (RY, Ey),
also as a non-direct sum; here W*(R?, E;) = KH*(R%, E;), see (3.4).
(ii) In the case that Ey or Ey are not invariant under k, we then have
W (R, E)= KH*(RY, Ey) + KH*(R?, Ey),

again as a non-direct sum.

3.2 Calculus with operator-valued symbols

Parallel to the concept of abstract edge spaces modelled on Hilbert/Fréchet
spaces with group action, there are spaces of symbols with twisted homogeneity.
Let H and H be Hilbert spaces with group action k and K, respectively. A
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function f(y,n) € C=(U x (R?\ {0}), L(H, ﬁ])), U C RP open, is said to be
(twisted) homogeneous of order 1 € R in the variable n € R?\ {0}, if

Fly, M) = NRaf(y,m)ey (3.14)

for all A € Ry and all (y,n) € U x (R?\ {0}). Let x(n) be an excision function;
then

a(y,n) = x(n).f(y,n)
belongs to C'*° (U x RY, L(H, ﬁ)) and satisfies the symbolic estimates

sup  (n) " HH1Al H’%an) {D;‘Dga(y,n)}fim)H <00 (3.15)

(y,n) €K xR4 L(H,H)

forall K e U, a e NP, g € N9,

Definition 3.19. Let H and H be Hilbert spaces with group action k and F,
respectively. Then the space of (operator-valued) symbols

SH(U x RY; H, H) (3.16)

for open U C RP, u € R, is defined to be the set of all a(y,n) € COO(U X
RY, L(H, fI)) such that the symbolic estimates (3.15) hold for all K € U, o € NP,
B € N4 Let 3

S"(U x RY; H, H) (3.17)
denote the subspace of all classical (operator-valued) symbols a(y,n) belonging
to SM(U x RY H,H) such that there are (twisted) homogeneous components
a(u—j(y,n) of order p— j, j € N, with

N
a(y,n) = x(n) Y ag—j(y,m) € S*" NV (U x R H, H)
§=0
for every N € N. We write Sé‘cl)(U x R H, H) if we mean (3.16) or (3.17). In

particular, Sé‘cl) (R%; H, fI) will denote the subspace of respective elements that

are independent of y. If necessary, in order to indicate the dependence on k, K
we write

Sty (U X R% H, H) . (3.18)

Remark 3.20. The space (3.16) is Fréchet with the semi-norm system given by
the left hand side of (3.15), where K varies over compact sets of U (countably
many exhausting U) and o € NP, § € N4,

Remark 3.21. In our calculus we will construct many concrete examples of
operator-valued symbols. For future references we observe that when a function
a(y,n) € C=(U x R, L(H,H)) has the property

a(y, An) = Mixa(y,n)ky ' (3.19)
for all X > 1, |n| > C, for some C > 0, then

ay,n) € SHU x R H, H).
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Example 3.22. Set H := K*7(X"), H := K5 *7~#(X"), and let h(y) €
C>(U, M{5(X)). Moreover, consider the family of operators
a(y,n) == r~*Hw(r))opy, * () (y)n*e (r[n))
forj €N, a e Nt |a| < j, and for cut-off functions w,w’. Then we have
a(y,n) € C(U x R, LK (X7), L7HT7H(XM)))
for every s € R, and a(y, \n) = MW= U=1eDkya(y,n)ky" for all X > 1, |n| > C,
for some C > 0. This implies
aly.n) € S5V x R (XN), K777 (X)),

Proposition 3.23. For every a(n) € S*(R% H, ﬁ) and any fived § € RY we
have ag(n) = a(n+ &) € S*(RY; H, H) and a(n) — ag(n) € S*"Y(RY; H,H). In
particular, if a(n) is classical, then

a(u) (1) = ag ) (n)

for every €.

Remark 3.24. There is an analogue of Definition 3.21 for Fréchet spaces E, E
with group action rather than Hilbert spaces H, H. In the case

Ezl(iinEj, E:@Ek
JEN keN

with group actions K and K in E° and E°, respectively, restricting to group
actions in B and E* (cf. Definition 3.3) we have the spaces Sélcl)(Q x Q x

R4, E7, E’k) for every j, k. For notational convenience we assume that there are
continuous embeddings EIT! — EJ EFTL — EF for all j,k € N. Then an
element a(y,y',n) € C°(Q x Q x R, L(E®, E°)) belongs to

Sl‘f

(c1)(Q x QxR E,E)

if for every k € N there is a j = j(k) € N such that a(y,y’,n) also belongs to
Sﬁl)(Q x Q x R, EI) EF) for every k € N.

Let us give an example in the sense of Remark 3.21 now for Fréchet spaces
rather than Hilbert spaces.

Example 3.25. Let p(r) € C°(Ry), and let M, be the operator of multipli-
cation by . Moreover, set p,(r) := @(r[n]). Then b(n) : n — M, defines a
function

b(n) € C*(RY, LK (X)), £(X7))),

cf. the formula (2.16), and we have
b(\n) = kab(n)ry "
forallX>1, |n| > C for some C > 0. Thus

b(n) € SR KT (XN), L2 (X7)).
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In the case U = Q x Q, Q C R? open, we write (y,y’) instead of y. Similarly as
in the scalar case (see Section 2.1) we form pseudo-differential operators with
operator-valued symbols

cmg@u@w:/]a@wmmwwcmmymyﬁ, (3.20)

dn = (2m)~9n, first for u € C§°(Q2, H), and then extended to other function
and distribution spaces. If the variable in the pseudo-differential action is clear,
we simply write Op(a) rather than Op, (a). The notation double, left and right
symbol will be employed in an analogous meaning as in the scalar case. Let us
set

L{y (5 H, H) = {Op(a) caly,y',n) € S

£ (Q X Q x REH, ﬁf)} . (3.21)

Theorem 3.26. An A € L*(Q; H, H) (with H, H being Fréchet spaces with
group action) induces continuous operators
A Wiomp (@ H) — Wi (2, H)
for every s € R.
Theorem 3.27. Let H be a Hilbert space with group action k and let p € S(RY).
(i) The operator of multiplication by ¢ represents a continuous operator
My, W (R, H) — W*(R?, H)
and ¢ — M, defines a continuous operator
S(RT) — LWV (RY, H))
for every s € R.

(ii) The operator M., gives rise to an element ¢ -idyg € S°(R? x R%; H, H),
the mapping ¢ — ¢ -idg =: a(y,n) defines a continuous operator

S(R?) — S°(R? x R%; H, H),
and we have Op(a) = M.,,.

Remark 3.28. Let E,E be Hilbert spaces, and a € [,(E,E’) a given element.
Then, applying the operator a pointwise to an element u(y) € H*(RY, E), s € R,
and denoting the resulting function by (Myu) (y), we have

(Mau) (y) € HS(Rq7E)1

M = Op,(a), where a is interpreted as an element of SH(R?; E, E) where the
involved group actions are idg and id g, respectively.

In fact, the mapping e — ae, e € F, can be interpreted as an operator-valued
symbol in S°(R%; E, F) independent of 1. As a special case of the symbolic

estimates (3.15), the norm ||a||;(p g) = sup H‘r;””E is finite. Thus
) E

HMWﬁm@f:/@WWW%MW%W7:/W%MWM@%%

IN

2 s 2 2 2
[lall /<77>2 [Fu) g dn = llall” el e g,z -
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For future references we now give more examples of operator-valued symbols.
In the following € C R? will be an open set.

Example 3.29. Let ¢(y) € C5°(R), w(r) a cut-off function, and d € R, o € NY;
then

(o3

a(y,n) = P(y)w(ri))rty
defines a symbol
aly,n) € S Q@ x RE K9 (XN, K079 (X))
for every s,v,9 € R.

Example 3.29 is a special case of Remark 3.21, since
a(y,n) € C%(Q x RY, LIK™T9(XN), L7459 (X 1))
and the relation (3.19) holds for p = |a| — d.

Example 3.30. The operator of multiplication by w(r) — w(r[n]) for a cut-

off function w defines an element of SO(R%; K79 (XN, KC5%9(XN)) for every

s,7v,9 € R.

Proposition 3.31. Let F = liﬂlEj be as in Corollary 3.16. The operator Dy,
jeN

a € N9 induces continuous operators

D : W*(R%, E) — W*I*l(R?, E) (3.22)
and ‘
D; : somp/loc(Q7 E) - jo_nll(;/loc(ga E) (323)

for every s € R, Q C R? open.
Proof. To show (3.22) we write Dy = F~'n*F and obtain for every j € N

2

a |12 s—|a -1 a
HDyuHWSfIa\(Rq,Ej) = /<77>2( b H“(m(Dy“)A(n)‘Ej dn

_ 251\ —2lal) a2 || =140 |2
Sl i) an

IN

||UH$/VS(]R’1,EJ) .
For (3.23) we choose any j € N, ¢ € C§°(Q2), and show that there are elements
g € C§°(Q), such that

H‘MDSU)Hst\a\(Rq,Ej) < Z ||‘PB“HWs(Rq’Ej)-
Ba

In fact, by the Leibniz rule we have

Dy(pu) = > tsDiu
B<a

for suitable 15 € C§°(£2), where ¢, = ¢, i.e.,

p(Dgu) = Dy (pu) = Y ¥aDyu.
<o
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By repeatedly forming commutators between differentiations and multiplica-
tions by functions in C§°(Q2) we obtain an expression of the form

¢(Dgu) =Y DJ(ppu)
BLa

for suitable g3 € C§°(2). Then, using Theorem 3.27 together with the first part
of the proof, it follows that

HQO(DZu)HWS*IQ\(RQ,Ej) < H [;]Dg(@ﬂu)”)/vsa(lkq,m)

< ZH‘PBuHst\al+\ﬁ\(Rq7E1‘)
Bla
< C Z ”‘pﬁu”Ws(Rqﬂj) .
Bla
In the latter step we employed Remark 3.13. O

The elements of the pseudo-differential calculus are particularly transparent
when we refer to operators with symbols with uniform symbolic estimates, ac-
cording to a generalisation of Kumano-go’s technique to the case of operator-
valued symbols.

Let us first recall some variants of vector-valued amplitude functions, with values
in a Fréchet space V, that are involved in oscillatory integral constructions.

Definition 3.32. Let V be a Fréchet space with a fized countable system of
semi-norms (m;)jen that defines the topology of V. Moreover, let p = (11;) en
and v := (v;)jen be sequences of reals. Then the space

SHV (R, V) (3.24)
is defined to be the set of all a(x,&) € C°(R*?,V) such that

sup (&)~ (x) " (DE DL a(x,€)) (3.25)
(z,&)ER24

is finite for all o, 3 € N and all j € N. Observe that the space SF¥(R29;V) is
Fréchet with the system of semi-norms (3.25). Moreover, let

S (R V) = | J S#¥ (R%; V)
n,v

(the union is taken over all p,v).

The spaces in Definition 3.32 for V' = C are employed in [8]; the variant with
values in a Fréchet space is studied in [17].

Given a function x(z,&) € S(R??) with x(0,0) = 1 we form the oscillatory
integral

Osla] = // e~ q(x, &) dads = shﬂ% // e~y (ex, e€)a(x, &)dxds.  (3.26)
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Recall that the right hand side of (3.26) represents a regularisation of a corre-
sponding divergent double integral and that this process is justified by certain
integrations by parts that lead to convergent integrals.

The same process works also for vector-valued amplitude functions a(z, &) €
SH¥(R24; V). As a result we obtain the following theorem.

Theorem 3.33. The oscillatory integral construction (3.26) defines a conti-
nuous mapping
Os[] : S¥¥(R?*%; V) — V.

Let H and H be Hilbert spaces with group actions x and kK, respectively (thg
following considerations easily extend to the case of Fréchet spaces E and F
with group actions).

Definition 3.34. The space ~S“(R‘i x RY; H, H)b is defined to be the set of all
a(y,n) € C*(R? x RY, L(H, H)) such that

sup Gt Hffl D DPa(y,n)}k H . < oo
(y,n)eRdx]Rq<n> (71){ v ( 77)} ) L(H,H)

for all « € N¢, 3 € N9. Moreover, let
SH(RY x R H, H)y,

denote the subspace of all a(y,n) € SH(R? x R%; H, E)b such that there are
elements a(,—jy(y,m) which are twisted homogeneous of order p —j, j € N
(more precisely, a(,—j)(y,n) € C®R? x (R?\ {0}), L(H, H)), with subscript
‘b’ referring to the y-variable, and twisted homogeneous in the sense of (3.14))

with
N

a(y,n) = x(m) Y agu—j (y,n) € S~V (R x RY H, H)y,
=0

for every N € N.

As usual, we employ subscripts ‘(cl)” when a consideration is valid in the clas-
sical as well in the general case. Moreover, if necessary we write SZ: 1)( R

similarly as (3.18). In the case d = 2q we replace y by (y,y’). Let us set
LI(JJCI) (Rq7 Ha H)b = {Op(a) : a’(y7 y/7 77) € Sét;l) (R2q X qu H7 ﬁ)b}
for every pu € R (cf. the notation (3.20)).

Theorem 3.35. Let a(y,y’,n) € Sé‘cl) (R? x R? x R%; H, H)y,, o € R; then there
are unique left and right symbols

ar,(y,n) and ar(y',n) € S&l)(Rq x R? x R H, H)y,
respectively, such that

Op(a) = Op(ar) = Op(ar).
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Those can be expressed by oscillatory integrals

ar(y,n) = //e_imia(y7y+x,n+f)dwd‘€

and

ar(y',n) = // e a(y + x,y,n — €)dade.

We have asymptotic expansions

1
aL(y,m) = 0 Dyaly. v n)ly=y
a€Na

and

1
ar(y',n) = Y 5(—1)“1'57717566(1/,3/’,n)\y:y'-
a€Ne

Moreover, the mappings a — ar, and a — ag are continuous. There are remain-
ders

1 - i
TL,N ‘= ap — Z JaﬁD;a(y,y’,nﬂy/:y e SH=(NH1)(RY  RY; H, H)y,
la|<N

11 _ AN '
Ly = (N +1) Z /0 %// e (00 DY a)(y, y + w,n + t€)dudddt,

la]=N+1
and
1 ~ ~
Ry =ar— Y — (=10 Daly. ' n)ly=y € S*THD(RT X RY H, H)y,

la|<N

11 _ N ,
re,N = (N+1) Z / %// e‘”f(ag‘Dga)(y’—i—x,y',n—tf)dmdﬁdt,
laj=N+1"0 '

and the mappings a — 7 n and a — TN are also continuous between the
respective symbol spaces.

Theorem 3.36. Let H,H and Hy be Hilbert spaces with group actions K,k

and kg, respectively. Then A € L’(“‘CI)(R‘?; Hy, fI)b, Be L’(’Cl) (R4, H, Hy)y, entails

AB € Lﬁ;ﬁ”(Rq; H,H),. If A= Op(a), B = Op(b) for left symbols

a(yan) € S(Mcl)(Rq X Rq;HOaH)ba b(yﬂ?) € SEJCI)(Rq X RQ;H’ HO)b

then we have AB = Op(atd) for

(ath) (y,7) = / / e~ Ea(y,n + E)bly + o, n)dedt

also referred to as the Leibniz product between A and b, where (afb)(y,n) €

SFC—BV(R‘] x R% H, H)y, and afb has an expansion

(h)(.m) = Y ~0fa(y,m)D§bly,n) + ()
lol<N
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for a symbol ry(y,n) € SFCT)Vf(NH)(Rq x R%; H, H)y, which has the form

197 _ s\N _
=) Y [ESEE [ emsona) g+ ) 0500+ 2, midodsde

la]=N+1

for every N € N. The mappings (a,b) — atb and (a,b) — rn are bilinear
continuous in the respective spaces of symbols.

4 The edge algebra

If M is a manifold with edge Y, in the simplest case a wedge X* x R? for a C'°° manifold
X as the base of the model cone and R? as the edge, by the edge algebra we understand
a subalgebra of L% (M \'Y) that contains all edge-degenerate differential operators together
with the parametrices of elliptic elements. Asymptotics of solutions to elliptic equations will
be obtained by using parametrices within the calculus. Here we study the case of constant
discrete asymptotics. The ingredients of the edge algebra are organised in such a way that
weighted edge spaces and subspaces with such asymptotics are expected under the action of
operators.

In this Section we give an overview on essential elements of the edge calculus in a new accessible
form, later on used as a reference in [15], [16]. More details and complete proofs, as far as they
are not given here, may be found, for instance, in [13].

4.1 Weighted edge spaces and discrete asymptotics

In Section 3.1 we introduced weighted edge spaces, based on Definitions 3.5 and
3.11. We now deepen this material and study subspaces with (constant) discrete
asymptotics.

Given a discrete asymptotic type P, written in the form (2.20), associated with
weight data (v,0), © = (4,0], —co < ¢ < 0, according to the consideration in
Section 2.3 we have the spaces K379(X") as subspaces of K*79(X"), s,9 €
R. Using the fact that 37 (X") is a Fréchet space with group action x, see
Definition 3.3 and the formula (2.19) for ¢ = 0, we can form the associated
wedge space

WS (RY, K357 (X)) = W (X" x RY)

which is again a Fréchet space, cf. Definition 3.11.
Theorem 4.1. We have
WARL KT (X)) = WHRLKET (X)) + WI(RLKS (XY) (4.1)
for every s € R.
Proof. Because of the relation
K37 (X7) = K5 (X7) + K87 (X7)
it suffices to apply Theorem 3.18 (i). O

Let us characterise the spaces (4.1) in more detail where we assume © = (¢, 0]
to be finite. In this case we have a representation

C57(X7) = Ep(X") + K57 (X1,
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cf. the formula (2.23), and hence, by virtue of Theorem 3.18, using the fact that
K&7(X") is preserved under the action of kK = {kx}rer, ,

W R K (X7)) = KHY(RY, Ep(X")) + WHRLKS (X)), (4:2)

The space W*(R?, g (X")) represents distributions of edge flatness —¢ — 0
relative to the weight ~y, while the elements of K H*(RY,Ep (X)) are the singu-
lar functions of edge asymptotics of type P. The cut-off function w as well as
the function n — [n] are fixed. The influence under changing those data will be
discussed below.

Using (2.21) and setting £ = H*(R?,Ep(X”)) we obtain the singular functions
of (constant) discrete asymptotics

N my

KE = F2 0 o) Y2 b, ) (rln)) ™ log' (vl :
§=0 1=0 (4.3)

bj(z,y') € C%(X, H*(RL)), 0 < 1 < my, j =0,.. N}

bji(z,n) = Fy_ybji(x,y'). In other words, every u € W*(R?, K37 (X")) can be
written in the form
U = Using + Uflat (44)

with uging being an element of (4.3) and ugay € WH(R?, K57 (X7)).

Remark 4.2. Let E be a Fréchet space E with group action {H)\})\GR+; accord-
ing to Proposition 3.12 we have W>®(R?, E) = H*(R?, E), i.e., we may ignore
K in this case. Thus, analogously as (4.2) we have

W (R, K37 (X)) = H®(RY, Ep(X7)) + HZ(RLKET(X).  (45)
In particular, for the space of singular functions it follows that
H® (R, Ep (X)) = O (X, H*(RY, Ep(R 1)),

see the formula (2.22), i.e., the singular functions of the discrete asymptotics
for s =0 are of the form cji(z,y)w(r)r—Pilog'r, ¢;; € C®(X, H®(RY)).

Remark 4.3. Let us fir p € C, Rep < ”TH -7, 1 €N, be C®(X); then

e ] w(r[m)b(@) (r[m) 7 log (r[n)e (4.6)
represents an element
k(n) € SR C, L% (X7))id s (4.7)

see Definition 3.19.

In fact, we have
k(An)e = kak(n)c
for all c € C, A > 1, || sufficiently large, and

k(n) € C>®(RY, L(C,K>>7(X"))) (4.8)
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(see Remark 3.21).

Denote for the moment the potential symbol (4.8) associated with p,l,b by
kpib(n), then the associated singular functions have the form Op, (k)v for v €
H*(R?). In general, a function bj(x,y") € C=(X, H*(R],)) has a convergent
expansion

bjl(ffyyl) = Z Aubjlu(x)vjlu(yIL
v=0

A €C, Y |A| < oo, with sequences (bj1)ven C C™(X), (vjiv)ven C H*(RY),
tending to zero in the respective spaces, and then our singular functions (4.3)

have the form
co N my

Using = Z Z Z )‘VOp(kPj,l,bjlu)vjlu~ (49)
v=0j=0 1=0
In the definition of singular terms of the asymptotics we fixed the function
7 — [n]. Let us compare the results between different such functions [n] and [n];.
On the level of potential symbols (4.7) coming from (4.6) and their analogues
k1(n) based on [n]1, we have

k(n) = ki(n) € S7%(RTC,K*7(X"M)),
since this difference has compact support in 7. Thus
Op(k — k1) - H*(R?) — WX (R, KF7 (X)),

i.e., we obtain a difference of the representation of singular functions belonging
to the space (4.5). In the general case the expansion (4.9) shows a similar effect.

Definition 4.4. The space of smoothing operators on the wedge X* x Q with
(constant) discrete asymptotics L~°°(X% xQ,g), g = (v,0,0), is defined as the
set of all

C WS (L K57(XN)) — WE(Q, K7 (X))

comp

that are continuous for all s € R and such that C and C* induce continuous
operators
C e Wi (LK (X)) = WS (Q, K577 (X)),

comp
and
C* : Weomp(, K277(X7)) = Wi (L, K577 (X7))

for all s € R, for some asymptotic types P and Q, associated with the weight data
(0,0) and (—v, ©), respectively. More generally, given j_,j. € N, by L™°°(X* x
0,g;7-,7+) we denote the space of all

C't Wegmp (4 K57 (X)) @ Hignnp (2, C77) = WiRL(Q, K577 (X)) @ Hig (2, C7)

that are continuous for all s € R and such that C' and C* induce continuous
operators analogously as in the case of upper left corners, here including the
extra spaces over Q.

Remark 4.5. Observe that we have
<1>L*°°(X’\ x Q)0 C L™°(X* xQ,g)

for every ®,®" € C*°(R,.) vanishing near zero.
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4.2 Edge quantisation

The edge quantisation is a rule to pass from edge-degenerate operators (or sym-
bols) to a representation modulo elements of order —co such that the quantised
objects are continuous between the chosen weighted edge spaces. Analogously
as in Section 1.1 on a Manifold M with edge Y we proceed as follows. We define
the space Ljj (M) C L*(M \'Y') consisting of all operators A that are modulo
L7°°(M\Y) in the local splitting of variables (r, x,y) close to Y, cf. the formula
(1.6), of the form

A= T_“Opr’m,y(a) (4.10)

for a symbol a(r,z,y, p,&,n) = a(r,x,y,rp,&,rn), a(r,z, p,&,7) € SH(RL x X x
Q x R;Z"{q) (where ¥ C R™ corresponds to a chart on X). An alternative is to
write (again, modulo L=>°(M \'Y))

A= r_“Opny(p) (4.11)

locally near Y for an operator family p(r,y, p,n) = p(r,y,rp,rn), p(r,y, p,7) €
C=(Ry x Q, LE(X;R5D).

Similarly in the conical case the latter representation will be dominating in the
considerations below. However, from (4.10) we see that the homogeneous prin-
cipal symbol oy, (A) of order p, invariantly defined as a function in C*>°(T™*(M \
Y)\ 0), has a representation locally near Y in the form

0'¢(A)(T‘, ‘r7y7p7£a77) = Tﬁﬂ&d)(A)(T,IE, %TP,&TU)

for a 6y (A)(r,z,y, p,&, ) which is smooth up to r = 0. We will call 6,,(A) the
reduced principal symbol of A.

It is straightforward that every A € L%

deg(M ) admits a properly supported
representative modulo L= (M \ Y).

Theorem 4.6. A ¢ Lg‘eg(M), B e Lgeg(M) and A or B properly supported

entails AB € LZ:;(M) and we have

0y (AB) = 0y (A)ay(B),  Gy(AB) = 6y (A)oy(B).

Definition 4.7. An A € Ljj (M) is called oy -elliptic (of order ) if o,(A) # 0
on T*(M\Y)\O0 as usual, and locally close to'Y, 54(A) #0 up tor =0.

Theorem 4.8. A ¢ Lgeg(M) oy -elliptic has a (properly supported) parametriz

P e Lyf,(M) in the sense
1 - PA1-APe L-=(M\Y),
and oy(P) = 0y (A)7, 64(P) = 6y(A) 7"

By edge quantisation we understand a rule to pass from an edge-degenerate
symbol
p(r,z,y,p,&n) = p(r,z,y,7p,&,m1)
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for p(r,z,y,p,&,7) € SHR;: x ¥ x Q x RM79) 53 C R", Q C RY open, to a
Mellin symbol

f(r7 x’ y7 z7€, "7) = f(/r" x’ y, Z’ §7 rn)’
f(r,x,y,z,&,ﬁ) € SHRL x T x Qx F”T“—’Y X Rg}riq), with z running over a

weight line I’ EEST such that

Op,.,.,(p) = 0Py * Op, , (f)

modulo L™° (R x ¥ xQ), as operators C°(Ry x X x Q) — C®(Ry x X x Q). In
order to have a more concise description we mainly talk about operator-valued
amplitude functions where the action in z is already carried out, globally on
a C'* manifold X. Then the task to construct a correspondence p — f will
be formulated on the level of L% (X)-valued amplitude functions. It turns out
that we find the Mellin symbol in a very specific way, namely as a holomorphic
operator function, now denoted by h.

Theorem 4.9. For every

p(r,y, p,n) = B(ry,rp, ), Blr,y, 5,71) € O (Ry x Q, L (X RIED) (4.12)
there exists an operator function

hir,y,z,mn) = iL(ny,z,rn), E(ny,z,ﬁ) e C> (RJF X Q,M(’;(X;R%))7

such that for every fized v € R

Op,(p) = Opy(opX/[_%(h)) mod C™ (Ry x Q,L™°(Ry x X x Q)), (4.13)
as operators C3°(Ry x X) — C*®(R4 x X) for all (y,n) € Q x R4.
Theorem 4.10. (i) Let h(r,y,z,7) € C®°(R, x Q, M5 (X;RY)), and set

h(r,y, z,n) = h(r,y, z,rm),

and

n

a(y,n) == w(r))r~"opy, * (h)(y,n)w'(r[n]),

for some cut-off functions w,w’. Then
a(y,n) € S* (2 x RL 5V (XN), K51 (X))
for every s € R.
(ii) Let p(r,y, p,7n) € C°(R, x Q,Lgl(X;R;j;-,q)), and set
p(r,y, p,n) = p(r,y,rp,rn)
and
b(y,n) = €(r)(1 — w(rln]))r"Op,(p)(y, n)(1 — " (r[n]))€ (r)
for arbitrary cut-off functions w,w"” e, €'. Then
b(y,m) € SH(Q x RL V(XN K5TH°(XM)) (4.14)

for every s,y € R.
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(ili) Let pint(r,y, p, 1) € C°(Ry xQ, L (X;REE9)) and ¢, ¢ € C§°(Ry). Then
for
c(y,n) = ¢ (r)Op, (pint) (y, M¢' (1)

we have
c(y,m) € SH(Q x REG KV (XN), K571 (X))

for every s,y € R.

Theorem 4.11. For every p(r,y, p,7) in the space C= (R, x 2, LY, (X;R;;q)),

cl

p(r,y,p,n) = plr,y,rp,rn) and h(r,y,z,m) as in Theorem 4.9 for arbitrary
cut-off functions w,w’,w"” €, €', W' < w < W', we have

e Op, (p)(y. e = e{w(rln)r " ops; * (h)(y, n)e' (r[n))
+ (1= w(rf)r " Op, () (y. M) (1 — " (r[n))) e
modulo C(Q, L=< (X";R?)).
The operator-valued symbols
aly,n) = e{wrlm)r+op); ® (h)(y,me' (r[i))
+ (1= w(rl)r Op, () (y, ) (1 — W (r[n) b (4.15)

+ 00D, (Pint) (Y, )¢’

with p,h and w,w’,w”, €, € as in Theorem 4.11 and piy, @, ¢’ as in Theorem
4.10 (iii) will play the role of the non-smoothing amplitude functions of the
edge operator calculus.

Remark 4.12. Given (4.12) the rule to pass from r—*Op,.(p)(y,n) to
cacage(ys e’ = e{w(rn))r"opy, 2 (h)(y, n)w' (r[n))

+ (= w(rn))r™"Op,(p)(y, )1 — " (rl])) e

is what we understand by edge quantisation (with respect to a chosen weight )
close to the edge. It can be proved that

er "0p,.(p)(y, )€ = €acage(y,n)e€ mod C*(, L™ (X";RY))
in the sense of pseudo-differential operators on X’ i.e., operators
Co(XM) — O°(XM).
This entails
er "0p,. ,(p)’ = €Op, (Gedge )€ mod L™°(X" x Q). (4.16)

Associated to the operator function (4.15), we have a (edge-degenerate) homo-
geneous principal symbol oy (a)(r, x,y, p,€,n) which has the form

0'1/,(0,) (Ta x, Y, p,§, 77) = Tﬁue(r)6¢ ((1) (7“, z,y,7p,§, 7"77)6’(7") + oy (QOOPT(Pint)@/)
(4.17)
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where 7y (a)(r, z,y,p,&,1n) € C°(T*(X" x Q) \ 0) is the parameter-dependent
homogeneous principal symbol (of order ) of the function p(r, z,y, p,&,7) oc-
curring in Theorem 4.11, smooth up to r = 0, and the second summand in

(4.17) is the standard homogeneous principal symbol (of order u) of the opera-

tor wOpP,.(pint)¢’ € LY (X" x Q). Moreover, setting

pO(T,y7p> 77) = ﬁ(oayarpa Tn)a hO(rvyaZ777) = ﬁ<03y,za7ﬂn) (418)
we also have a relation of the kind (4.13), namely,
Op, (po) = Opy(opﬁj(;i(ho)) mod C®° (R x Q, L™=°(X" x Q)),
and we define the homogeneous principal edge symbol
ana)(y.m) = wlrlnl)r—*opy, * (ho)(y. m’ (r|nl)

+ (I =w(rn]))r="Op,.(po)(y, m)(1 — w"(r[nl)).

(4.19)

4.3 Smoothing Mellin, trace, potential and Green opera-
tors

The amplitude functions of operators on a manifold with edge consist of symbols
in the sense of Definition 3.19 with values in the cone algebra of the infinite cone
X% (see Section 2). According to the structure of the cone algebra, we have, in
particular, Green operator-valued symbols.

Definition 4.13. A g(y,n) € (N, ,er Sk(Q x R LCHVI(XN), LT (X M) for
an open set Q C RY is called a Green symbol of order ju € R, associated with the
weight data g := (v, 0,0), for weights v,0 € R and some interval ©, if

gly.m) € [ SH(Q x RGKH9(X1), SH(XM)),
s,g€R

and
g*(wm) € (] SHQxRLEEYT9(X"),857(XM)),
s,geR

where P and Q are (g-dependent) asymptotic types associated with (o,0) and
(=7, ©), respectively. The (y,n)-wise formal adjoint refers to the non-degenerate
sesquilinear pairing (2.18). By RE(Q x R?,g) we denote the set of all such
operator-valued symbols g, called Green symbols (with asymptotics), for arbitrary
P and Q. Moreover, let R (Q2xR?,g)p o denote the subspace of Green symbols
for fizred P and Q.

In an analogous manner we define double symbols g(y, y’,n) of the class Ri(Q x
QO xR, g), REQ x Q2 xRY,g)p o (cf. Definition 3.19 where the dimensions of
variables and covariables may be independent).

For notational purpose we mainly consider Green symbols with y and 7 of the
same dimension. Corresponding results will have a straightforward extension to
open sets 2 of arbitrary dimension, such as the following theorem. Moreover,
observe that RY (2 x R?, g)p. o, for fixed P and Q, is Fréchet in a natural way.
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Theorem 4.14. Let g;(y,n) € R’éﬁj(Q x RY,g), j € N, be an arbitrary se-
quence where the involved asymptotic types are independent of j. Then there is
a g(y,n) € RE(Q xR, g) which is the asymptotic sum g(y,n) ~ Z;io 9;(y,m),
i.e., we have

=

9(ym) = gi(y.m) € RV (@ xR, g)
7=0

for every N € N. Every such g is unique modulo R~ (Q x R?, g).

Let us now generalise Definition 4.13 to the case of 2 x 2 block matrix symbols
where the upper left corners are as before but the extra entries off the diagonal
play the role of trace and potential symbols, respectively.

Definition 4.15. An element

g(y,n) € ﬂ SH(Q x RS9 (XM @ €T, Ko7 (X)) @ CIt)
s,geR

is called a Green symbol of order p € R, associated with the weight data g :=
(v,0,0), for weights v,0 € R and some weight interval O, if

glym € [ 94 (2xRLEE9(XN) @ C-, Sp(X") @ CF),
s,g€R

and

g'w.m € [ Sh(QxRLL79(XY) @ C, S (XM @ C)
s,geR

for some (g-dependent) asymptotic types P and Q associated with (0,0) and
(=7, ©), respectively. The (y,n)-wise formal adjoint refers to the non-degenerate
sesquilinear pairings

(K79 (XM @ ©F) x (K~*"""9(X") & CF) — C

via the scalar product (u,v)koo00(xnyeci, for s,7,9 € R, j € N. The set of all
those operator-valued symbols will be denoted by RE(Q xR, g;5_,j4+)p,0, and
by RE(Q x RY,g;5_,j4) the union of these spaces over all P, Q.
Writing

9(%77) = (gi’j(yvn))i,jzlg (4'20)
with g; ; being the entries of the respective 2 x 2 block matrix, we also call
921(y,n) a trace and g12(y,n) a potential symbol. The notation Green symbol
for matrices (4.20) extends Definition 4.13 and is used to emphazise that the
formal properties of the block matrices (4.20) are similar to those of the upper
left corners. Note that the lower right corners are j; x j_ matrices of classical
scalar symbols of order p. The definition of the symbol spaces in Definition 4.15
refers to the group action k) @ id in both spaces where ‘id’ means the trivial
group action in the respective finite-dimensional space.

Definition 4.16. The space LF\(X* x Q,g;j-,j4+), b € R, g = (7,0,0), of
so-called Green operators on X* x Q with (constant discrete) asymptotics is
defined as the set of all

G =O0Op,(g) +C (4.21)
for a symbol g(y,n) € RE(Q xR, 85—, j+) and a smoothing operator C in the
sense of Definition 4.4. In the case j_, j+ = 0 we simply write LA (X* x Q,g).
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We call an operator G € Li(X* xQ, g;j_, j4+) properly supported (with respect
to the variables on ) if the support of its operator-valued distributional kernel
over 2 x Q3 (y,y’) intersects every strip {(y,y') € A x Q:y € K,y € Q} and
{(y,y) €QxQ:y e,y € K} for arbitrary K € €, in a compact set.

Theorem 4.17. Every G € L{,(X* x Q,g;j—,j+) can be written in the form
G=Gy+C
for a properly supported operator Gy € Li,(X* xQ,g) and C € L™°(X*xQ,g).

In fact, it suffices to replace g(y,n) in (4.21) by go(y,v’,n) := ¥(y,y")g(y,n) for
a P(y,y’) € C(Q x Q) of proper support such that ¢(y,3’) = 1 in a suitable
neighbourhood of diag(2 x Q).

Let us now add so-called smoothing Mellin symbols of the edge calculus with
(constant discrete) asymptotics. Those are (y, 77)-depending families of operators
taking values in the space Ly, , (X", g), for g = (v,7—p, (=(k+1),0]), k € N,
cf. Definition 2.42.

Definition 4.18. Let R’]QJFG(Q x R, g) be defined as the space of all operator
functions of the form m(y,n)+g(y,n) for arbitrary g(y,n) € RE(QxRY,g) and

mly,n) == Hw Z S rop3 T (Fia) )n®w (rln]) (4.22)

J=0 |a|<j

for arbitrary fia(y,z) € C(Q, Mg " (X)) for (constant discrete) asymptotic
types Rja and weights ;o satisfying
V=3 <Ya <Y TeRjaNlap = 0. (4.23)

In a similar manner we define RM+G(Q><R‘1, g;j—,j+) to be the space of all 2x2
block matriz-valued symbols of the form diag(m(y,n),0) + g(y,n) for arbitrary

m(y,n) € Ry QxR g), and g(y,n) € RE(Q X R, g;5,74).

Proposition 4.19. The space Ry, (xR, g;j_,j1) is contained in Sl (2%
R 5739 (XN) @ CI=, o~ (X M) @ C+) and in S5 (Q x RG KT (XN) @
CI-, K7 (XM) @ Ci+) for every s,g € R, and for any (constant discrete)
asymptotzc type P, for some resulting Q.

Proof. In fact, it suffices to apply Remark 3.21 (which holds in analogous form
also in the case of Fréchet spaces H, H ) to see that, apart from the Green
summand, the symbol m(y,n) is a finite sum of operator functions satisfying
the homogeneity relation for A > 1, |n| > C, with order p — j + |a], and that we
have the mapping properties (2.27). O

Given a symbol (m + g)(y,n) € Rh,a(Q x R, g;j_,7,) we define o,(m +
9)(y,m), the homogeneous pr1nc1pa1 edge symbol of order u, to be the homo-
geneous principal component of the classical operator-valued symbols in the
sense of Proposition 4.19. In particular, for a Green symbol g(y,n) € RE& (2 %
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R, g:j_,j+) we have oa(g)(y,n). Observe that for m(y,n) of the form (4.22)
we have

aa(m)(y,n) = rw(r|n|) Z S riopy T E (fa)Wntw (rlnl). (4.24)

J=0 |a|=j

Definition 4.20. The space LYy, o(X*® x Q,8;j-,j1) of so-called smoothing
Mellin plus Green operators with (constant discrete) asymptotics, for p € R and
weight data g = (v,v7 — p, ©), is defined as the set of all

A=0p,(m+g)+C (4.25)

for a symbol (m+g)(y,n) € Riy; (xR, g;5_,j1) and a smoothing operator C
in the sense of Definition 4.4. For © = (—o0, 0] we define the space of smoothing
Mellin plus Green operators as the intersection of the respective spaces over
N 3 k for finite ©® = (—(k + 1),0].

For an operator A € LM+G (X2 x Q,g) written as in Definition 4.20 we set

on(A)(y,n) == on(m+g)(y,n). (4.26)

Remark 4.21. Similarly as in Theorem 4.17 we can represent every A €
L”M+G(XA x Q,g) in the form A = Ay + C for a properly supported opera-
tor Ag € Ly, o(X* x Q,g) and some C € L™°(X* x Q,g).

In fact, we may replace the symbols (m+g)(y,n) in (4.25) by ¥(y,y')(m+g)(y,n)
for a o similarly as in connection with Theorem 4.17.

Theorem 4.22. A ¢ LM+G(XA xQ, g; jo,j+) forg = (y—v,y—(u+v),0), and
B e LY o(X* xQh;j_, jo) forh=(y,7—v,0), A or B properly supported,
imply AB € L[V (X® x Q,goh;j_,jy) forgoh = (y,y— (n+v),0), and
we have

on(AB)(y,n) = on(A)(y, m)or(B)(y,n).

Theorem 4.23. An operator A € Ly, o(X* x Q,g) induces continuous ope-
rators
A Weomp (K7 (X7)) — Wi H(Q K27 7H(X)

loc

and
A W? (Q,IC;’,OW*M(X/\)) — W HQ, IC°°’7 “(XA))

comp loc

for every s € R and every asymptotic type P with some resulting asymptotic
type Q. If A is properly supported we may write comp or loc on both sides.

Definition 4.24. (i) An operator 1 + A for A € LY, o(X* x Q,g;j_,j1)
for g = (7,7, (—(k+1),0]), is called elliptic if

oa(L+A)(ym) =1+ oa(A)(y,n) : L7 (X") & C- — K7(X") @& C7*

(4.27)
is a family of bijective operators for all (y,n) € & x (R7\ {0}) and some
seR.

49



(ii) An operator 1+ B for B € L(J)VH_G(XA x Q,8;j+,7—) properly supported,
is called a parametriz of 1 + A if

(1+A)(1+B)=1and (1+4B)(1+A4)=1
modulo L™°.

Note that Definition 4.24 contains as a special case the ellipticity in the space
identity plus operators in LY, 1 - This may illustrate some phenomena, and we
only asked a bijectivity condition between edge symbols, without taking into
account additional edge conditions of trace and potential type.

Note that the conormal symbol
oeon(1+ A)(y.n) =1+ fooly,n) : H*(X) — H*(X) (4.28)

forzel LESHN ,, and fixed y € Q2 is a family of isomorphisms if and only if (4.27)
is a famlly of Fredholm operators. In particular, when we require the bijectivity
of (4.27) we implicitly assume the isomorphisms (4.28). In general, when we
assume for the moment that A € LY, o(X* x Q,g) and that the operators
(4.28) form a family of isomorphisms, then we can always find j_,j; € N and
a family of 2 x 2 block matrix isomorphisms

on(l+A) on(K) K&7(XM) K57 (XN
(y,m) : ® — ® (4.29)
UA(T) UA(Q) (C‘ji (C']+
0 U/\(K)
where the matrix (y,m) has the form oA (g)(y,n) for some

on(T) on(Q)

g(y,m) € RE(Q x RY,g;5-,j4), cf. Definition 4.15. Note that the special case
Jj— = J+ = 0 contains all typical features of the general operators for arbir-
tary j4; so we often content ourselves with operators of the form of an up-
per left corner. At present we impose Mellin amplitude functions f;q(y,2) €
C>®(Q, Mg (X )) with constant discrete asymptotic types Rjq, cf. Definition
4.18. However if we intend to find a parametrix of an elliptic operator 1+ A, A €
LY, (X* x Q,g) we also need a condition on a constant discrete behaviour of
asymptotic types under inversion of the principal conormal symbol, namely,

geon(1+ A) "Ly, 2) € C(Q, MYX)) (4.30)

for some constant discrete Mellin asymptotic type S. (To finally dismiss such a
restriction is just one of the essential results of the present calculus of opera-
tors with variable discrete asympotics.) Under the condition (4.30) we have the
following theorem.

Theorem 4.25. An elliptic operator 1 + A, A € L(J)\/[+G(XA x Q,8;j—,7+) has
a properly supported parametriz 1 + B, with B € L%/H_G(XA X Q, 8 41,7-).
4.4 Edge operators and their symbolic structure

Our next objective is to construct operators that furnish our edge algebra. The
main ingredients are operator-valued symbols of the following kind.
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Definition 4.26. Let R*(Q x R?,g), Q C R? open, defined to be the space of
operator functions a(y,n) := a(y,n) + (m + g)(y,n) for a(y,n) as in (4.15) and
(m +9)(y,n) € Ry xR, g). More generally, let R*(Q x RY, g;j_,j)
denote the space of 2 x 2 block matriz functions of the form diag(a(y,n),0) +
9(y,n) for a(y,n) € RM(Q xR%,g), and g(y,n) € RE(Q X RY, g55-,j1).

By virtue of Theorem 4.10, Definition 4.13 and Proposition 4.19 we have
R (Q x RY,g) C S* (2 x RG L7 (X)), K7+ 7P(XN)) .

On the space R*(2 x R?, g) we have a two-component principal symbolic struc-
ture, namely,

a(a) = (ay(a),on(a)).
Here, oy (a) is defined by the expression (4.17), while

on(a)(y,n) := onla)(y,n) +onlm+g)(y,n), (4.31)
cf. the formulas (4.19) and (4.26).

Definition 4.27. The space L*(X® x Q,8), n € R, g = (7,7 — 1, 0), of edge
operators with (constant discrete) asymptotics is defined as the set of all

A= O0p,(a) + ®4; @ + C (4.32)

for a symbol a(y,n) € R*(Q x RY,g), Aine € LE(X" x Q), functions , " €
C>*(R4) wanishing near r = 0, and an operator C € L™°(X% x Q,g), cf.
Definition 4.4. More generally, let L*(X* x Q,g;j_,j+) denote the space of
2 x 2 block matriz operators of the form A = diag(A,0) + G + C for A €
LH(X* x Q,8), G = Op,(g) for some g(y,n) € RE(Q x RI, g;j,j4), and
CeL >X2*%xQ,8;,j,j+), ¢f Definition 4.4.

The dimensions j_ and j; have the interpretation of fibre dimensions of smooth
complex vector bundles J_ and J4, respectively, over the edge. Here in the local
theory the open set plays the role of a chart on an edge in general; 2 may
assumed to be a contractible open set (e.g, a ball), and then Ji are of course
trivial. Nevertheless, in order to emphasise invariance properties we also write
J+ rather than Q x C7+, and the operators A € L*(X% x Q,g;j_,j4+) act as
continuous operators

A K CP (X" x Q) C®(X" x Q)
A= : & — &)
T Q Cgo(Qv ']—) OOO(Q7J+)

where C’E’S’) (Q, J1) means the spaces of smooth sections in the respective bundles.
More generally, also in the upper left corners we may admit operators between
sections of (smooth complex) vector bundles over X2 x Q, or, in the simplest
case, block matrices. However, here we focus on asymptotic effects; the case with
bundles is a straightforward generalisation, and we ignore this case.

Remark 4.28. Similarly as in the standard pseudo-differential calculus on an
open manifold it can be proved that for every A € LM(X? x Q,g;5_,7+) there
is a properly supported (with respect to the variables r and y) operator Ay such
that A = Ag modulo L™°(X% x Q,g;75_,7+)-
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As noted before, for simplicity, we often consider operators of the form of upper
left corners rather than 2 x 2 block matrices in general. The results for block
matrices are completely analogous; more details may be found in the text books
on edge pseudo-differential operators, e.g., [13].

For an edge operator A given in the form (4.32) we form the principal symbolic
hierarchy

o(A) = (04(A), oA (4))

by 0y (A) 1= oy (a) + 0y (PAin®’) where the first summand is defined in (4.17)
while the second one is the homogenous principal symbol of the operator ® A;,; ®’
in the standard sense, and o5 (A) := ox(a). Observe that

T (A) (T7 z,Y,p, 57 77) = T_IL&IZ) (A) (T7 z,Y,Trp, €’ 7"77) (433)
with x referring to a chart on X, say, z varying in an open set ¥ C R%, where

Gyp(A)(r,m,y,mp,&,m) € CF(Ry x £ x @ x (R;L\ {0})) (4.34)

is homogeneous in (p,&,7) # 0 of order u, and smooth in r up to r = 0.

Theorem 4.29. Let A € L*(X% x Q,8;70,7+), B € L"(X* x Q,h;j_,jo) for
g=(y—v,y—(p+v),0), h = (v,v—v,0), and let A or B be properly supported,
cf. Remark 4.28. Then AB € LFTV(X? x Q,goh;j_,5.), and we have

0y(AB) = 0y (A)ay(B), on(AB) = on(A)on(B).

If A or B belongs to the subspace with subscript M + G (G) then also the
composition AB.

Theorem 4.30. An A € LH(X® xQ,8), g = (7,7 — 1, 0), induces continuous
operators

A Wy (KT (XN) = WiTh(QKITH(XY), (4.35)
AW (K57 (XD)) — Wi B (Q, K57 7H(X ) (4.36)

for every s € R and every (constant discrete) asymptotic type P with some
resulting (constant discrete) asymptotic type Q. If A is properly supported, then
in (4.35) and (4.36) we may write [comp) or [loc) on both sides.

For purposes below we define L*~1(X* x Q, g) for g = (7,7 — u, ©) as the space
of all A € LH(X* x Q,g) such that o(4) = 0 (i.e., both components vanish).
Every such A has again a pair 0(A) = (04 (A), oA (A)) of principal symbols, this
time of homogeneity p — 1. Then, inductively, for every j € N, j > 1, we set

L i(X% x Q,g) = {A e LFU-D(X x Q,g) : 0(A) = o}.
Remark 4.31. Let A € LF1(X2 x Q,g) and ¥,v' € C°(Ry x Q). Then
AP WH(RL 5V (X)) — WEH(RY 5 HT (X))

is a compact operator for every s € R.
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4.5 Ellipticity in the edge calculus

Definition 4.32. An operator A € LM(X* x Q,g), g = (7,7 — 1, 0), is called

Ui//'elliptic Z'fo'w(A)(hxaya pa§7’r}) # 0 fOT’ all LY, T > 07 and (Pa&”) # 07 and
if oy (A)(r, @y, p,€,1) # 0 for all v, z,y, up tor =0, and (p,€,7) # 0.

We call an operator A € LH(X% x Q,g) oy-elliptic close to the edge if the
conditions oy (A) # 0 and G4(A) # 0 hold for all 0 < » < Rand 0 < r < R,
respectively, for some R > 0.

Theorem 4.33. Let A € LH(X* x Q,g) be oy-elliptic close to the edge. Then
for every y € Q there exists a discrete set D(y) C C, D(y) N {c < Rez < '}
finite for every ¢ < ¢, such that

on(A)(ym) : K3V(XD) — Ko7, (4.37)

n # 0, is a family of Fredholm operators for every v € R, such that FnTJr177 N
D(y) = 0.

In the elliptic theory of edge operators we usually assume that for some v € R
the criterion of Theorem 4.33 is satisfied for all y € . From Theorem 2.56 (ii)
we know that (4.37) is Fredholm if and only if oA (A)(y,n) is elliptic in the cone
algebra over X”. This refers to the principal symbols from the cone theory,
namely, the components of (2.32). In the present case those concern o (A), i.e.,
we have to consider

0(A) = (oyon(A),0con(A), onor(A)) (4.38)

It turns out that the oy-ellipticity of A in the sense of Definition 4.32 entails the
ellipticity condition of the cone calculus for the first and the third component
of (4.38). What concerns o.0(A) we have in the present case

UCUA(A)(yv Z) = iL(Ov Y, %, O) + fOO(y, Z)

where foo(y, z) comes from the (M + G)-summand in A, cf. the formula (4.25),
while the conormal symbol £(0,y,z,0) of the cone operator ax(A)(y,n) with
a(y,n) being of the form (4.15), is coming from (4.18). All this refers to the
representation of A as (4.32), and o.0x(4)(y,n) = ocon(a)(y,n) for ox(a)(y,n)
from (4.31).

Then, another well-known aspect is to require the existence of elliptic edge
conditions of trace and potential type, i.e., on the edge-symbolic level a smooth
family of block matrix isomorphisms

on(A) on(K) K57 (XM) Ks—mr=n(X 1)
(y,m) : ® — @ (4.39)
on(T) oa(Q) J_y Sy

for suitable (smooth complex) vector bundles Ji over Q (which are, of course,
trivial when, for instance, {2 is contractible). The relation (4.39) is required for
an s = sg, and then, as soon as ox(K),oa(T), 0A(Q) are homogeneous principal
components of corresponding entries as in Definition 4.15 (with ji being the
fibre dimension of Jy ) the operators (4.39) are isomorphisms for all s € R.
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Remark 4.34. It turns out, that when on(A)(y,n) can be completed by extra
finite rank entries to a family of isomorphisms (4.39), it is possible to find a
Green symbol g1(y,n) of the kind of an upper left corner in Definition 4.15 and
a smoothing Mellin symbol my(y,n) of the form (4.22), such that

an(A)(y,n) + oa(mr + g1)(y,m) : K27 (XD) = KTHITH(X)

is a family of isomorphisms. Since in principle the associated operator A +
My + Gy is of the same nature as A itself and because asymptotic properties of
solutions are the main issue here, the essential aspects concern elliptic operators
A e LHX® x Q,g) without extra data of trace and potential type.

Remark 4.35. Let Ay, As € LH(X* X Q,g), and suppose that Ay = Ay modulo
L=°(X" x Q). Then we have

A1 = A2 mod L?M+G(XA X Q,g)

Definition 4.36. An operator A € L*(X% xQ,g) forg = (v,7—u,O) is called
elliptic close to the edge Q if A is oy-elliptic close to the edge, cf. Definition
4.32, and if

oa(A)(y,n)  K¥V(X") — K771 (X") (4.40)
is a family of isomorphisms for all (y,m) € Q x (R2\ {0}), for some s = 59 € R.

It follows, in particular, that if (4.40) is an isomorphism for s = sy then so is
for all s € R, cf. Theorem 2.55 (ii). The operators (4.40) are elliptic elements
of the cone algebra over the (open stretched) infinite cone X for every fixed
y € Q,ne R\ {0}, cf. Definition 2.54 (ii).

The ellipticity in the cone algebra means the bijectivity of the respective prin-
cipal symbols from the subordinate cone calculus, especially, of the conormal
symbol

ocon(A)(y, 2) = ho(0,y,2,0) + fooly,2) : H*(X) — H™*(X), (4.41)

cf. relations (4.18) and (4.24), which is a family of isomorphisms for every s € R.
Here o.0n(A)(y,2) € C°(Q, M (X)) for some (constant discrete) asymptotic
type R where m¢R N FnTH_,Y = () (concerning notation, cf. Definition 2.32).

In the construction of the local parametrices of operators that are elliptic in the
sense of Definition 4.36 we first invert the components of 0(A) = (04 (A4), 04 (A4))
and then, via an operator convention we pass to an operator

PeL™™X*xQg™"), g'=(@r-w1r0) (4.42)
such that
o(P) = (op(A) " oa(A)7H).

The inversion process for o (A) contains the inversion of (4.41). In the present
special subclass which admits only constant (in y) discrete asymptotics the
relation (4.42) can be true only when

aeon(A) 7 (y, 2) € C(Q, Ms"(X) (4.43)

for some (constant discrete) asymptotic type S. This is, of course, an additional
condition, now imposed to illustrate how asymptotics of solutions are generated.
Then we have the following result.
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Theorem 4.37. If A € LM(X* xQ,g) is elliptic in the sense of Definition 4.36
and if the condition (4.43) is satisfied, then there exists a (properly supported
with respect to the (y,y') variables) P € L=*(X% x Q,g~!) such that

SD(]' - PA)w S LiOO(XA X Qv (7377@)),

Y(1—AP)pe L™(X"* xQ,(y — p,y — 11,0)),

for every ¢, € C (R4 x X x ), with supp ¢, supp? C [0, R] x X for R >0
as in Definition 4.32.

In general, (4.43) will be violated, i.e., the points of 7¢S may depend on y, and
the associated multiplicities may have ‘jumps’ with varying y, which is just the
main issue in our program of variable discrete asymptotics in [16]. Note that the
localising factors ¢, come from the fact that we do not impose o-ellipticity
of A for r > R + ¢ for some € > 0 and hence we cannot expect any smoothing
remainders for r too large.

Theorem 4.38. Let A € L*(X% x Q,g) satisfy the conditions of Theorem
4.37. Then
Au=f

for f e VV["‘;;C’)L((Z,IC;”’A’*“(XA))7 s € R fized, and u € W™= (R?, L~ (X)),

with suppu C [0, R] x X x K for some K € Q) implies

ue W (R, K3 (X))
for every constant asymptotic type Q with some resulting constant asymptotic
type P.

Proof. We choose any ¢ € C°(R, x X x Q) such that ) = 1 on suppu. Thus
u = Yu, and by virtue of Theorem 4.30 we have

Apu=f = PApu=Pf W (KL (X"))

loc
for some resulting asymptotic type Q i.e.,
ePAYu = oPf € Wﬁoc)(Q,ICSQ’V(XA)).

From oPAYu = pipu — (1 — PA)yu and because the smoothing part of the

remainder, (1 — PA)yu, belongs to the space Wﬁzc)(Q,ICOQf’V(XA)) for some

asymptotic type Q, it follows that

WPU € Wﬁoc)(Q7K3V(XA)) + Wﬁzc)(Q»’Cgﬁ(XA))

Choosing ¢ in such a way that ¢|suppy = 1 we obtain u € Wi, (2, Kg"(XM)).
O

For future references we sketch more details on the way to obtain a parametrix
and to derive asymptotics of solutions. From Definition 4.27 the operator A is of
the form (4.32) where by Definition 4.26 the amplitude function a(y, ) contains
an a(y,n) as in (4.15) and an (m + g)(y,n) € Rh;, (2 x R% g). Recall that
(4.15) is already the result of some quantisation (containing what we did through
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Theorem 4.10), starting from local operator-valued symbols (4.12). Under the
condition of oy-ellipticity close to r = 0 (which only depends on p(r,y, p,n)) by
“elementary means” of the general parameter-dependent pseudo-differential cal-
culus we find a Leibniz inverse = of 7~#p(r, y, p,n) of the form r#p(=1 (r,y, p, )
for a

p Iy, p,m) = 5V (g, o, ),
By, p,1) € CF(Ry x Q, Ly (X;R5L7), such that

oy, po)eyr p(r Y o, rn) = 1,
modulo C* (R x Q7L_°°(X;Rf1)j7q)). Then, applying Theorems 4.9 and 4.11,

we find an a(_l)(y, 7n) belonging to r#p(—1) near r = 0 of analogous structure as
a(y,n) (that belongs to 7~#p near r = 0) such that

oD (y, mtyaly,n) =1 mod R, (2 x RY, go)
for go = (’77 s (—OO, 0])
In other words, setting A=Y := Op, (a{=V) it follows that

AVA=14+M+G

for some M +G € LY, 5(X* x Q). At this moment we do not claim that A1
is also elliptic with respect to o; however, similarly as in the cone calculus we
know that

oo n(ATV)(y, 2 + p)ocon(A)(y, z) = 1+ f(y, 2)
for an f(y,z) € C™(Q, Mz (X)) and some constant (in y) discrete Mellin
asymptotic type R. Since for every fixed yo € © we have an inverse (1 +

f(yo,2))~t =1+ 1(yo, 2) for some | € Mg°°(X) we obtain for z € | AEES TR

ocon(A)(yo.2) " = (L +1Uyo, 2 — p)ocon(ATY) (yo, ),

i.e., we completed the inverse of the subordinate principal conormal symbol of
the given operator A at a point yy € 2. Then, if we associate with the conormal
symbol 1+ I(yg, z) an operator-valued symbol 1 + w(r[n])opx/;%l)(yo)w’(r[n]) €
R%+G(Rq, g), the operator

Py := Op, (1 + w(rl)opr; & (1)(yo)w' (r[n]) AT € L7#(X* x Q,g7)

is not only oy-elliptic but also ox-elliptic at yg. Thus there is a neighbourhood
U C Q of yg such that Py is op-elliptic for all y € U. If we localise the task
to assign the asymptotics of solutions to U (which is reasonable anyway) with-
out loss of generality we may assume that (after changing notation) our Py is
(0, 0n)-elliptic (with respect to o everywhere in ). In other words, Fy is an
elliptic ‘crude’ parametrix of A in the sense

PhPA=1+M_1+ Gy

for M_1 + Gy € R%+G(Q x R?, (y,7,0)) but of vanishing principal conormal
symbol. By Proposition 4.25 we find an operator 1 + N for N € L;[“JFG(XA X
Q, (v = #,v — 1, ©)) such that

(1+ N)PoA € L™(X? x Q, (7,7, 0)).
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