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1 Introduction

In this paper, we are concerned with the following chemotaxis equation with a ratio-
dependent logistic reaction term

? = DV (uV ln%) + u(a — b%) (x,t) € Qr

—w:ﬁu—éw (flf,t)EQT

ot (1)
uV IH(E) n=0 (z,1) € I'r

u(e,0) = uo(x) > 0 v €S

w(z,0) = wo(z) > 0 Q)

where u represents the density or population of a biological species, which could be a
cell, or a germ, or an insect, or a vegetarian animal; while w represents an attractive
resource of the species, e.g., hormone for cell, attractant or a plant as food for the insect,
food resource for the animal. D, a,b and (3,0 are parameters, which are supposed to
be constants here. ( represents a bounded domain in R¥(k might be 1,2, or 3) with
sufficiently smooth boundary 0f2 and 77 denotes the outward normal vector of J€2, while
QT = X (O,T), FT = 0f) X (O,T)

The so-called chemotaxis phenomenon is quite common in bio-systems. All living
systems can the environment where they live and respond to it. The response usually
involves movement towards or away from an external stimulus. The mechanism for such
response is called taxis. The purposes of taxis range from movement toward food to
avoidance of noxious substances to large-scale aggregation for survival. There are many
different kinds of taxis, such as aerotaxis, chemotaxis, geotaxis and haptotaxis. Any
taxis involves at least two components:(1) an external signal and (2) the response of the
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organism to the signal. The response also involves two steps:(1)detection of the signal
and (2) the transduction of the external signal into an internal signal that controls
pattern of movements. When the response involves the detection of a chemical, it is
called chemotaxis. The term chemotaxis is used broadly in the mathematical literature
to describe general chemosensitive movement responses. Chemotaxis can be either
positive or negative. Models for chemotaxis have been applied to bacteria, slime molds,
skin pigmentation patterns, leukocytes, etc. Many papers appear to demonstrate the
role of chemotaxis using mathematical analysis or experimental stimulation.

The classical chemotaxis equation was introduced by Keller and Segel[4] as a model
to describe the aggregation of slime mold amoebae Dicrocoelium Discoidal due to an
attractive chemical substance.

8’1; = D,Au — V(ux(w)Vuw) )
2
w

where D, and D, are the diffusion coefficients of the cells v and attractant w, respec-
tively, and hu — kw is the kinetics term of w.
Other and Steven [9] considered the following Other-Steven model

ou 0 Ou 6 Ow

T Pu,w) z€(0,1),t>0

ot

9"y ~0,1 @)
Yox noz—i—ﬁw B =0

u(z,0) = up(x) >0 z e (0,1)

w(x,0) = we(z) >0 z € (0,1)

0
They concluded that when w had linear growth a—lf =u—pw and pu > 0, a > 0, the

system had the constant solution (u,w) = (ug, uo/p) which was asymptotically stable,
if 4 = 0, then there was no time-independent solution, but there was a unstable space-
independent solution (u,w) = (ug, wo + upt) for any a > 0 provided that u(x,0) =

w
ug, w(z,0) = wy. However, when w had exponential growth T uw with boundary
u

0
conditions u— In(—) = 0 and initial data u(z,0) = uy > 0,w(z,0) = wy > 0, the

space-independent solution (ug, wee“") was unstable.



Sleeman and Levine [13] considered a particular system modelling angiogenesis:

;t 8 aax(lnu/QD( ) (x,t) € (0,1) x (0,T)

Z = )\pw pw (x,t) € (0,1) x (0,7) (1)
uz-(Inu/®(w)) =0 x=0,1

u(x,0) = up(x) >0 z € (0,0)

w(x,()) = wp(x) >0 z € (0,1)

They found a explicit solution which could be global or blow up in finite time. In [18],
Yang Yin etc. considered system (1) provided a = b = 0, and concluded the solution
was either global or blew up in finite time. There are other papers [1],[7],[10],[15]
concerned with the similar problem in which there is no diffusion term in the control
equation.

In all works mentioned above, only chemotaxis were discussed without any repro-
duction or wither away. In this paper, we consider a model involving chemotaxis and
an external source.

By making use of a smart function transform introduced by Yang Yin (cf.[17]) and
comparative method, the asymptotical behavior of the solution to the problem (1) is
discussed. The following conclusion is arrived at

Definition. Suppose that (u(x,t),w(z,t)) is a solution to (1).

o (u(x,t),w(x,t)) is said to be blow-up at the finite time if there is a finite T' such
that the solution exists in the interval [0,T) and at least one of u(x,t), w(x,t)
goes to 400 ast — 1.

o (u(x,t),w(x,t)) is said to be quenching at the finite time if there is a finite T

such that the solution exists in the interval [0,T) and keep to be bounded while

at least one of its derivative %, %é) goes to 400 ast — T.

o (u(z,t),w(x,t)) is said to be global if it exists for t > 0.
Main Result. Suppose that (u(z,t), w(z,t)) is a solution to (1), then
e asb+ (3 >0, (u(z,t),w(zx,t)) exists globally;

e asb+ (3 <0,a+0>0 (u(x,t),w(x,t)) blows up if § > 0, or quenches if § < 0
at a finite time;

e asb+[3 < 0anda+9d < 0, whether globally (u(z,t),w(x,t)) exists or not depends
on the ratio of initial data ug(x)/wo(x).

The paper is organized as follows. By a function transform, in the next section,
an auxiliary equation is arrived at, to which comparative method works. In the last
section, various asymptotical behaviors of the solution, going to 4+o0o or 0 when it
globally exists and blowing-up or quenching when it non-globally exists, depended on
the value of the parameters are discussed in detail.
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2 Global existence and blow-up or quenching of the
solution

To discuss the behavior of the solution to (1), define a function transformation

u(z,t)
t p—
plz,t) = — 1)
Then, we have the following problem:
0
8%‘) =DAp+DVInw-Vp+ (a+8)p— (b+B)p* (x,t) € Qr
w(z,t) = wg(m)ef;(ﬁp(x’T)*é)dT (x,t) € Qr
0 5
5 =0 (e,t) € Iy ©)
p(x,0) = po(z) >0 z € ()
w(z,0) = we(z) >0 z €
(

Clearly, (u(x,t),w(z,t)) is a solution of system (1) if and only if (p(z,t), w(x,t)) is
a solution of system (5).
For any given bounded positive smooth function w(z,t) on the domain Qr, the

problem

—DAp—i-DVlnw Vp+(a+0)p—(b+B3)p* (z,t) € Qr

?
o (¢,t) € Ty (6)
p(:r,O) = po(z) >0 x €
is a well posed problem of semi-linear reaction-diffusion equation, to which the com-
parative method works. It can been seen easily that, to (6), there are a sub-solution

p(z,t) and a super-solution p(x,t) free of w(x,t), who read

Po

m as CL+5:0
pla,t) = (0 + el (7)
pola + .
a3t polot B =) watoFl
by _
1+Bo(b+5)t asa+0=0
p(z,t) = (8)
po(a+5) a+5
a+ 08+ p,(b+ B)(elett — 1) wato o

By Comparison, we can conclude that there is a unique solution p(z,t) to (6) for
every given w(z,t) satisfying

p(x,t) < p(z,t) < p(x,t)
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And then, it can be seen that
t
p(x, 7) — 0)dr
<wiz,t) < wo<x>e/o et ) = oxin
x,T)—d)dT

Y

as >0
(x)e/O (Bp(x,7) = 0)dr

w (x)e/Ot(ﬁp(L ™) = o)
: / [ (9

p(z, t)we(z)elo ~ — < wu(z,t) < p(z, t)we(z)e’o b
ot o

(Bp(z,7) — 0)dr

< w(z,t) < wp t 3 (10)
x,T) — 0)dT
<wu(x,t) < ﬁ(m,t)wg(x)e/O (Bp(a,7) )d 3

as <0

p(z, t)wg(x)e/o

From the above inequalities, we see that, if p(z,t) and p(z,t) are bounded on the
interval [0, T, the solution (u(z,t),w(z,t)) to (1) exists, and are positive and bounded;
and then, they could be extended to a larger interval [0,7}) (0 < T < T} < +o00) till
p(z,t) and p(z,t) go to +00. Moreover, we can arrive at the following lemma.

Lemma. If there is a finite T' such that lim,_. p(z,t) = 400, then the solution to (1)
blows up as 3 > 0 and quenches as 3 < 0. If p(x,t) is bounded for t € (0,400), there
is a global solution to (1).

Proof. Suppose that there is a finite 7" such that lim; . p(x,t) = +o0. From (9),
we see that, if # > 0, w(x,t) and u(z,t) both go to 400 as t — T~. Thus, the solution
to (1) blows up at finite time 7.

From (10), we see that, if § < 0, w(z,t) and u(z,t) both go to 0 and & — 400

which means % — 400 as t — T~. That is, the solution to (1) quenches at finite

time 7.

If p(z,t) is bounded for ¢t € (0,400), from (9) and (10), w(z,t) and u(x,t) are
bounded on any bounded interval [0, T]. So, they can be extended. Hence, they exist
globally.

3 Detailed asymptotical behavior of the solution

In this section, we discuss in detail the asymptotical behavior of the solution to (1).

3.1 Thecasea+6>0,b+3>0

In the case of a +d > 0,b+ [ > 0, we can see by comparison that

_ a+0
Jim p(,t) = b+ 3

thanks to that so do both p(x,t) and p(z,1).
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If af > bd, there is T' > 0 such that

af — b
x,t) —0 > >0, ast>T
Then, it can be seen that
‘ _ ) (Bpa,m)—8)dr _
i () = T )l oo

and
lim w(z,t) = lim w(x,t)p(x,t)

t——+o0 t—-+4o0

If af < b, there is T' > 0 such that

af — bs

Bp(x,t) — 4§ < 2659

Then, t
/0 (Bp(z,7)

Jim i, 0) = g o)

and

tE-ri—noo U(Qf, t) - t——+o0

If af = b6,

[ @pte, ) - s)ar

/t Bpo(a + §)el*+0T
0 \a+ 08+ po(b+ B)(eletdm —1)

= ﬁln

a+ 06+ po(b+ B)(eH — 1)

:+OO

<0,ast>T

—0)dr
) =0

lim w(z,t)p(x,t) =0

—5) dr

— 0t

b+ 0 a—+9

= ﬁln

a+ 6+ po(b+ B) (et —

1)

— In e

b+ 0 a—+90

- Py (a+5—pob+B)e 7

"+ po(b+ B)

b+ a4+ 90

then

[ i) = dyar

(b+B)3

ﬁln

(a+8—po(b+5))e” 7 "+ polb+p)

.

t—grnoob—irﬁ a—+9
5 In (b+ B)po

b+ a+06

(11)



Similarly,

7 i) - o)ar

_04ms,
. B . (a+d—pb+B)e 7 " +p,(b+3)
lim In = =
t—+oo b + 3 a+ 06
B ln(b+ﬁ)£0
b+ p a+9

Then, it can be seen that there is a function W (x) as smooth as w(z,t) such that

lim w(z,t) = W(x)

t—+o00
and . ;
(b+B)p,\ "7 (b+B)po\"7 .
wo(x)< o < W(x) < wo(x) " ,if 6>0
8
wo () b+ B)m % < W(z) < wo(x) 0+ Blpy ) =2 if 3<0
0 a+0 = =0 a+6 ’
If 3=0,then b =0 or 6 = 0 due to af —bd = 0. Thanks to b+ 3 > 0, the case
of B =0b =0 is impossible. If § = § = 0, then w(z,t) = wo(z) and p(x,t) — a/b as

a

t — +o0, here u(z,t) — Jwo(x).
Theorem 1. Suppose that a +6 > 0 and b+ 8 > 0, then there is a unique global
solution (u(z,t),w(x,t)) to the problem (1) which satisfying the following property:

e if al — bd < 0, there are constants 0 < M; < My < +00,0 < Ml < MQ < 400
and 0 < A\; < |ad — bf| < Ay < 400 such that

Mye ™ < w(x,t) < Mye 2!, Me ™Mt < u(z,t) < Mye 22!
thus
lim w(x,t) =0, lim u(x,t) =0
t—-+o0 t—-+4o00

e if al — bd > 0, there are constants 0 < M; < My < +00,0 < Ml < Mg < 400
and 0 < A\; < |ad — bf| < Ay < 400 such that

MMt < w(z,t) < Mye?, MeMt < u(x,t) < Moe?t
thus
lim w(x,t) = +oo, lim wu(x,t) =400
t——+o0 t——o0



e ifafl —bd = 0, there is a bounded and positive permanent solution (U(x), W (x))

to (1), i.e.,
with, as > 0
a+o
Uz) = b+5W(x),
s _ B
0( ) <(b;rf25po> s < W(.%) <w (I) (%) 13 7
as 3 <0
a+90
b+ ) (b+ B)p.\ 77
wo () <(;+()spo> < W(z) < wo(w) <a+51%>

as 3 =0 (here 6 =0)

Ux) = %wo(x), W(x) = wo(x)

3.2 Thecasea+6>0,b+3=0

In the case of a+ 9 > 0,b+ § = 0, there is a unique solution p(z,t) to (6) satisfying

which implies

Suppose that 3 > 0.
lim w(x,t) = 400, lim wu(z,t) =400
t——+o00 t——+o00

Suppose that § < 0, it can been seen that

u(z,t) < p(x,t)wo(x)e/o (Op(e,7) = O)dr

i 20 (at8)t_
= Poewo(z)eats ¢ g

thus
lim w(z,t) =0, lim u(x,t) =0

t——4o0 t——+o0



Suppose that 3 =0, then b= 0. If § <0,

lim wo(z)e™® = +oo

lim u(x,t) = lim w(z, t)p(z,t) = +o0

lim w(x,t)p(x,t) = +o0

tlg—noo U}(ZE, t) - t——+o0

and

t—-+o0 t—-+o0
If § =0, then

w(x,t) = wy(x)

and

tginoou(m’ t= t—-o0
If 6 >0,

lim w(z,t) = lim wo(x)e™ =0

t—+o00 t—+o00

while u(z,t) < 400 as a = 0, since

Qowo(x)eat < u(x,t) < powo(x)e®

. _J Aoo,
Jp vt ={

asa >0
asa <0

t

Theorem 2. Suppose that a +¢6 > 0 and b+ = 0, then there is a unique global
solution (u(z,t),w(x,t)) to the problem (1) which satisfying the following property:

e providing < 0,
tligrn w(z,t) =0,

e providing 3 > 0,

lim w(x,t) = +oo,
t—+o00

e providing =0, then as § < 0,

lim w(z,t) = +o0,

lim wu(z,t) =0

t——+o0

lim wu(x,t) =400
t——+o0

lim wu(z,t) = 4o0;

t——+o00 t——+o00
as 0 > 0,
tLl:Jrrnoow(x,t) =0
while
. | 400, ifa>0
tilinoou(x,t) o ifa<0
and u(z,t) < 400 if a = 0;
as =0,
w(z,t) = wo(x)
and

lim wu(z,t) = 400

t—+00



3.3 Thecasea+6>0,b+3<0
In the case of a +d > 0,b+ 3 < 0, there are

- 1 a—+90 . 1 a+o0
Ti=——I(1-—" ) <Ti=——In(1-—""_
! a+6n< po(b+ﬂ))— ' a+5n< po(b+ﬁ)>

such that
lim p(x,t) = +oo, lim p(z,t) = +o0
t—T4 t—T7

that implies that there is a T} with Tl <7 < Tl such that
lim p(z,t) = +oo.

t—T1

If 3 > 0, then we have that

RAC SRR

w(z,t) >
8
B a+ 6+ p,(b+ 3)(el*F — 1)\ 7
= () a+0
— 400, ast— Tl
and
u(z,t) = P(x,t)w(z,t) — 400, ast— 1)
If B <0,
t
p(z, ) — d0)dT
wizt) < wo<x>e/o p) =0
8
a6+ 1’50(5 + ﬁ)(e(a-HS)t _ 1) "B
= wp(z)
a+9
— 0 ast— Tl
while .
x,7)—0)dT
u(z,t) = p(x, t)wo(x)e/o (Bp(e,7) =) —0, ast—1T

since p(z,t) goes to 400 rationally while w(x,t) goes to 0 exponentially.
If =0, it is easy to see that

0 < lim w(z,t) = we(x)e™™ < +o0
t—T,"

lim u(z,t) = +o0
t—=T,"
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Theorem 3. Suppose that a+6 > 0 and b+ (5 < 0, then the solution (u(x,t), w(z,t))
to (1) blows up if > 0 or quenches if 3 < 0 at a finite time T} which satisfies

1 a—+ o 1 a-+0
——h(l-———— | <77/ < ——In(l— ——~
a+6“< po<b+ﬁ>>—1—a+6“< p0<b+ﬂ>>

More detail,

o if >0,
lim w(z,t) = +o0, lim u(z,t) = 400,
=Ty =T
o if3=0,
lim w(z,t) = wo(z)e ",  lim u(z,t) = 400,
=T =Ty
e if <0,
. : . Ou
lim w(z,t) =0, lim u(z,t) =0, lim — = 0.
=T t—T," =T (925

3.4 Thecasea+6<0,b+3>0

In the case of a +§ < 0,b+ [ > 0, there is a unique global solution p(x,t) to (6)
satisfying

Jm p(e,t) =0
Suppose that 6 > 0, then
tginmw(x t) =0, tlgrnoo u(z,t) =0

Suppose that 6 =0, then a < 0. As g > 0,

x)@/Ot Bp(x, T)dr

(a +p, (b + ﬁ)(eat . 1))656

= wp(x)

Op(z, T)d
< .Z‘t<”LUO /

= wo(x) <a+p0(b+ﬁ)(e —1)>b+6

a

as 3 <0,
e | 8o, yar
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B
8

wo(x) (a + Po(b + ﬁ)(eat _ 1)) =

Bpa:T
< xt<w0 /

B
a +p0(b+ﬁ)(e -1\
= wo(z) -
a
thus, we see that
lw(z,t)] < +oo, tliin u(z,t) =0

Suppose that 6 < 0, then
lim w(z,t) = +o0

t——4o00
As 3 >0,
t
X, T)— 5 dT
p(x,t)wo(:v)e/o (Bple,7) =)
= pyuwo()|a+ 877 - ]a+5+p0(b+ﬁ)( (a0}t _ 1)[5F5 ot
x, T
< u(z,t) < plx, wolx /ﬁp
b
= ]50100({)3”&—1—5‘@ . ‘a“f‘(s—i-po(b—i—ﬁ)( (a+0)t 1) b6 Lat
as 3 <0,
t
p(x,T) —d)dT
o thuna)e JRECE
;b
— £0w0($)|a+ 6|ﬁ . ‘a + 5+ﬁo(b+ﬂ))(e(a+5)t o 1) b8 e“t
Z, 7'
< u(z,t) < plz, Hwo(x /ﬁp
;b
= Powo(x)|a+ 67 - ‘a +6+p, (b+ B)) (e — 1)|7F ot
thus
400, a >0,
L, (e, 1) = { 0, a<0

while lim,;_ 4 o u(z,t) is bounded if a = 0.

Theorem 4. Suppose that a +6 < 0 and b+ 8 > 0, then there is a unique global
solution (u(z,t),w(x,t)) to the problem (1) which satisfying the following property:

e provided that § > 0,

lim w(z,t) =0, lim wu(z,t) =0

t——+o0 t——+oo
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e provided that § = 0,

0 <w(z,t) < 4oo, tli+m u(z,t) =0
e provided that § < 0,
) ) 400, a >0,
Jim w(w,t) = +oo,  lim u(z,t) = { 0, a<0

while limy_, o, u(z,t) is bounded if a = 0.

3.5 Thecasea+d<0,b+5=0

In the case of a + 0 < 0,b+ § = 0, there is a unique global solution p(x,t) to (6)
satisfying

thus
lim p(x,t) =0

t——+4o0
and

0< < 400

exp{/ot Bp(x,T)dr}

which implies that there are two bounded positive functions 0 < Wi (x,t) < Wh(z,t) <
+o00 such that

Wl(x,t)e_ét <w(zx,t) < Wg(x,t)e_&
Suppose that § > 0, we see that

lim w(z,t) =0, lim wu(z,t) =0

t—4o00 t——+00

Suppose that § = 0, then a < 0 and p(z,t) = Qoeat,ﬁ(x, t) = poe™. So, we see that,

if 320,
Py pof3
wo(x)e lal < lim w(z,t) < wo(x)e lal
if 6 <0,
pof Py
wo(x)e lal < tliin w(z,t) < wp(x)e lal
while

lim u(x,t) = lim p(x,t)w(z,t) =0

t—+o0 t——+o0

Suppose that 6 < 0, then

lim w(x,t) =400
t—-+oo
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while

powo(x)eat@/o ot <u(z,t) < ﬁowo(x)eate/o Ppla, 7)dr

thus

lim wu(zx,t) =

t—4o00

400, a >0,
0, a<0

while limy ;o u(x,t) is bounded if a = 0.

Theorem 5. Suppose that a +6 < 0 and b+ 8 = 0, then there is a unique global
solution (u(z,t),w(x,t)) to the problem (1) satisfying the following property:

e provided that § > 0,

tgirloow(m,t) =0, tl}gloou(x, t)=0
e provided that § = 0,
0 < w(z,t) < 4oo, tligrn u(z,t) =0
e provided that § < 0,
) . 400, a >0,
Jim w(w,t) = +oo,  lim u(z,t) = { 0, a<0

while limy_, o, u(z,t) is bounded if a = 0.

3.6 Thecasea+d<0,b+3<0

Suppose that a +6 < 0,6+ (5 < 0, if pg < gig, we see from (8) and (7), that

lim p(x,t) =0, lim p(x,t) =0

t——+o00 t——+o00 =

which implies that there is a unique global solution p(x,t) to (6) satisfying

lim p(x,t) =0.

t——+o00

Similar to the analysis mentioned above, we see that there are 4 bounded positive
functions P;(z,t), Wi(z,t),i = 1,2 such that, as t — 400,

Pia, 0)el® H O < p(a 1) < Py, t)el@ T

Wiz, 1)e 0 < wia, t) < Wz, t)e 0

whereupon
Py(x, )Wz, t)e™ < u(z,t) < Po(a, t)Walz, t)e™
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0 as 0 >0
Jim w(z,t) =4 bounded asd =0
o +00 as 0 <0

Moreover, if § > 0, the case of a + § < 0 means a < 0. And then, we see that

Ji (et =

0 asd > 0orad >0
+oo asd<0Oanda>0

Theorem 6. Suppose that a4+ 6 < 0 and b+ § < 0 and py < gig, then there is a

global solution (u(z,t),w(x,t)) to the problem (1) satisfying

0 asd >0
tlim w(z,t) =4 bounded asd =0
e +00 asd <0
lim u(z,t) = 0 asd >0orad >0
t—too ") 400 asd<0anda >0

If Py > gig, there are

- 1 a+9o . 1 a+9
Tzil ].—‘ 9 T: 1 ]'_
¥ a+6“< po<b+ﬂ>> : a+6“< p0<b+ﬁ>>
such that
lim p(z,t) = 4o, lim p(x,t) = +o00

t—Ty t—Ty —

which implies that there is T, € [TQ, Tg] such that

lim p(z,t) = +o0

t—T,

that is to say that thee is not a global solution to (6).
If >0,

t

. /Ot(ﬁp(x,ﬂ —8)dr (Bl ) — B)dr

<w(z,t) < wo(a:)e/o

which implies that
lim w(z,t) = 400
t—>T2_
and
lim u(x,t) = lim p(z,t)w(z,t) = 400

t—Ty t—=Ty
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If 3 <0,

t

wo(x)e/ot(ﬂp(l',T) — (S)dT (ﬁg(l’ﬂ') _ 5)d7‘

<w(z,t) < wo(a:)e/o

which implies that
lim w(z,t) =0

t—T,

And then, we see that
lim u(x,t) =0
t—Ty
since w(z,t) goes to +o0o exponentially with respect to p(z,t).
If 3=0, w(x,t) = wy(x)e ® is bounded for ¢ € [0, T3] while

lim u(z,t) = +o0
t—T,

Sum up above, we have the following theorem.

Theorem 7. Suppose that a+9 < 0 and b+ < 0 and P, > %, then the solution

(u(z,t), w(z,t)) to the problem (1) blow-up if 3 > 0 or quench if 3 < 0 at a finite time.
In detail, there is a finite Ty satisfying

1 a+90 1 a-+90
— ]l —-—— | <Th < ——In(l1l— ——
a+6n< ﬁo(b+6)>_ 2—a+6n< po(b+ﬁ)>
such that

e provided that 3 > 0,

lim w(z,t) = +oo, lim wu(x,t) = +o0
t—T, t—T, oo

e provided that =0,

lim w(z,t) = wo(z)e 2, lim u(z,t) = +o0
t—T, t—T,

e provided that 3 < 0,
ou

lim w(z,t) =0, lim u(x,t) =0, lim — = o0

Ty Ty -1, Ot
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3.7 Thecasea+d=0,b+3>0
In the case that a +6 =0,b+ (3 > 0,

_ Po Py
7t Y 7t = T . A
A v oy AR ACHL L+ p,(b+ B)t
which implies
tliin p(z,t) =0

Then, it is seen easily that
t

i b ()/O(ﬁp(m,T)—(S)dT_ 0  asd>0
im w(z,t) = lim wy(zx)e ) 400 asd <0

t——+o0 t——+o00

Asd=0and g >0,

wo(f)e/ot 5}2(3;7 7)dT

B
= wo(z) (1+p,(b+B)t)""
—  +o00, as t — 400 (13)

w(z,t)

v

while as 0 =0 and 3 < 0,

)€/Ot Bp(x, 7)dr

w(z,t) < wo(x
= wo(x) (1+p,(b+0)t)""

— 0, as t — 400 (14)

and as =0 and § =0, w(z,t) = wy(x).
Then, consider the behavior of u(z,t). It is clear that, as § > 0,

lim u(x,t) =0

t——+o0

If 6 <0, since p(zx,t) goes to 0 rationally while w(z,t) goes to +00 exponentially,
lim wu(z,t) = +o0
t—-+o0
If 6 =0 and § <0, since p(z,t) goes to 0 and w(z,t) goes to 0 or is bounded,
tlgnoo u(z,t) = tginoop(x, Hw(x,t) =0

Ifé=0and 5>0,asb>0

o) > p(I’t)wo(x)e/o Bp(z, 7)dr

= pywo(@) (14 p,(b+ B)t)"”
— 400, as t — 400 (15)
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orasb<0

xtwo /ﬁp

b
= powo(x) (1 +p0(b+5) )+
— 0, as t — +oo

u(z,t)

IN

orasb=0,
pywo(x) < u(z,t) < powo()

Thus, we can sum up above as follows.

(16)

Theorem 8. Suppose that a +6 = 0 and b+ 8 > 0, then there is a unique global
solution (u(z,t),w(x,t)) to the problem (1) satisfying the following property:

e provided that § > 0,

Egrnoow(x t) =0, Egrnoo u(z,t) =0
e provided that § < 0,
hin w(x,t) = 400, 11£Ln u(x,t) = 400
e provided that § = 0,
+00, asb>0 ~+00,
lim w(z,t) =4 wo(x), asb=0 lim w(z,t) =< bounded,
t—-+o00 t—-+o0
0, asb <0 0,

3.8 Thecasea+d=0,b+03<0
In the case of a +6 = 0,0+ 3 <0,

Po Py
plx,t) = ———F———— plr,t) = —————n
R e T T L SN T
which implies that there are
- 1 . 1
Ty = ———— Ty= ———
P b+l P b+ 5l
such that
lim p(z,t) = 4o, lim p(z,t) = +o00
t—Ty t—Ty

Then, we conclude by comparison that there is T3 € [Tg, T 3] such that

lim p(x,t) =400
t—>T3_
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Hence, we can see that

t
v, 7) — 8)dr 400, as >0
lim w(z,t) = lim wo(a:)e/o (Bple,7) = 8)dr_ —0Ts
t—T; t—T, 0, as 3 <0

As for u(x,t), it is obvious that, if 5 >0,

lim u(z,t) = +o0
t—Ty

If 3 < 0, since p(z,t) goes to oo rationally and w(z, t) goes to 0 exponentially, so u(z,t)
goes to 0. Hence,

t
. . / (Bp(x,7) — d)dT 400, as B3>0
M vt = D el uol)e’s 0 w5

To sum up, we have the following Theorem 8.

Theorem 9. Suppose that a+6 = 0 and b+ 5 < 0, then the solution (u(x,t), w(z,t))
to the problem (1) blow-up as 3 > 0 or quench as 3 < 0 at a finite time. In detalil,
there is a finite T3 satisfying

1 1
I G )3 —
Bolo+ 8] = 77 = p,lo+ g

such that

e provided that 3 > 0,

lim w(z,t) = +o0, lim u(z,t) = +o0
=Ty Ty

e provided that =0,

lim w(z,t) = wo(z)e %, lim u(x,t) = 400
=Ty =Ty
e provided that 3 < 0,
: . . Ou
lim w(z,t) =0, lim u(x,t) =0, lim — = o0
t—Ty Ty -1y, Ot
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3.9 Thecasea+6=0,b+3=0
In the case of a +6 = 0,b+ 5 =0,
Py < p(2,t) < Po.

Obviously, p(x,t) = % = % is a stationary solution of (6). Let

M%ﬂ—g+M%ﬂ

then, the function n(z,t) is subjected to

Z]—DAn—i—DVInqun (x,t) € Qr

w(z,t) = wo(:v)efot otendr(x 1) € Qr

o _ 0 (x,t) €Tp (17)
on 5 -

n(@,0) = no(x) = po(x) — g TE

w(x,0) = we(z) >0 x€Q

For any given function w(z,t), it can be seen by the classical method that
+oo
n(z,t) =3 bygu(z)e ™, 2€Q t>0
n=0

solves the following initial-boundary value problem

0

g;]:DAn—i—DVlnw-Vn (z,1) € Qr
91— g (z,t) € Ty (18)
on 5 -
n(x,0) =no(z) = po(z) — g TE€ Q
where
O=X < A< <<\, <+, A\, — +00, as n — +o0
and

(1), /Q]¢n(x)]2dx:1, n=0,12,--

are eigenvalues and corresponding eigenfunctions, respectively, of the following eigen-
value problem

%:O x € 0f) (19)

{ DAG+DVInw-Vo = -\ € Q
on

while
bn:/ 770($)¢n(55>dx7 n:O’1727"'
Q
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Then,
by ()

/ n(x, 7)dr = bodot + Z (1 — et
0 n=1 )\”
which suggests that there is bounded positive function

M(x,1) = wp(a H exp( 228 g —

such that
w(x,t) = M(x,t)e’ooot

Thus, we can see that, as 5 # 0,

+00 if 6[)0@250 > 0,
(x,1) bounded if Bbypy = 0,
0 if Bbyoy < 0,

Since that ¢g = ||~}

)
bo = /9770(56)%6@ = |g12| /on(x)dx — B

it can be seen that, as 3 > 0,

+00 if Po > 0,
w(x,t) — < bounded if py =0,
0 if pp < 0,
as 8 <0,
0 if Do > 0,
w(z,t) — < bounded if py =0,
+00 if po <0,
where

_ 1
Do = Q) /on(x)dx

And then, we see that u(x,t) behave asymptotically as same as w(z,t) does due to
that p(z,t) is bounded.
As 3 =0, since w(x,t) = wo(x)e %, we see that

0 if 6 >0, 0 if 6 >0,
w(x,t) — ¢ we(x) fd=0, w(zx,t)— 4 bounded if §j=0,
+oo  if § <0, +o00 if 6 <0,
Theorem 10. Suppose that a + 0 = 0 and b+ (3 = 0, then there is a unique global

solution (u(z,t),w(x,t)) to the problem (1) satisfying the following property:

21



provided that 3 > 0,

400 lfﬁo > O, —+00 lf]jo > 0,
t1i+m w(z,t) =1 bounded if py =0, tliin u(z,t) =< bounded if py =0,
= 0 if po < 0, = 0 if py < 0,

provided that 3 < 0,

0 if pg > 0, 0 if pg > 0,
tligrn w(x,t) =< bounded if py =0, tligrn u(z,t) =< bounded if py =0,
> +00 if po < 0, > +00 if po < 0,

provided that 3 = 0,

0, as o >0 0, as o >0,
lim w(z,t) =< w(x), asd=0 lim w(z,t) =< bounded, asd =0,
t——+oo t—+o00

~+00, as 0 <0 +00, as o <0

summarizing the above, the main result is concluded.
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