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Abstract

The ellipticity of boundary value problems on a smooth manifold with
boundary relies on a two-component principal symbolic structure (oy,0a),
consisting of interior and boundary symbols. In the case of a smooth edge
on manifolds with boundary we have a third symbolic component, namely
the edge symbol o, referring to extra conditions on the edge, analogously as
boundary conditions. Apart from such conditions ‘in integral form’ there may
exist singular trace conditions, investigated in [6] on ‘closed’ manifolds with
edge. Here we concentrate on the phenomena in combination with boundary
conditions and edge problem.
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Introduction

We study boundary value problems on a manifold M with smooth edge Y and
boundary in the framework of a calculus of pseudo-differential operators with a
principal symbolic hierarchy ¢ = (oy,09,04), with interior, boundary, and edge
symbolic components, respectively. Such so-called edge algebras are developed in
different contexts, first on ‘closed’ manifolds with edge, (in this case without og),
see [10], [2] and also on manifold with boundary, see [3], [8]. In such calculi the
edge contributes extra trace and potential operators, which is a similar effect as
in boundary value problems without the transmission property at the boundary.
In contrast to the case of operators with the transmission property, see the work
of Boutet de Monvel [1], the violated transmission property causes regularity of
solutions to elliptic equations in weighted Sobolev spaces instead of standard
ones. Thus, in general, there cannot exist local trace conditions, say, of Dirichlet
or Neumann type. The trace operators are non-local, i.e., of integral form (if they
exist at all for an elliptic operator). Recently there was found a way also to apply
analogues of local conditions in the edge case, see the paper [6] when the manifold
with edge is closed (see also [11, Section 3.2.4]).

In the present paper we investigate the case with a smooth edge on the boundary.
At the same time we establish a new version of edge calculus. To illustrate the idea
let us recall on how boundary conditions in the case of standard boundary value
problems are organised, for simplicity, on Schwartz spaces S(R,)(= S ®g,)
on the inner normal R, to the boundary. Local trace operators have the form
T:S8R;)—C,

N

Tlu = Bu|r:0, B = ijai, (01)

j=0
for certain coefficients b; and some IV. The pseudo-differential calculus of boundary
value problems with the transmission property generates also trace operators in
integral form, namely,

Tou = /000 g(r)u(r)dr (0.2)

for some g € S(Ry) or combinations of (0.1) and (0.2) of the form Tu =
J5° 9(r)Bu(r)dr. Operators (0.1) require the existence of derivatives of u up to
the boundary such that the restriction makes sense. If such a property is not guar-
anteed as in the case of violated transmission property where weighted spaces (for
instance rPS(R ) for some p € C) replace the ones with smoothness up to 7 = 0,
then we have analogues of trace operators (0.2) for suitable functions g such that
the integral makes sense. In the calculus itself such operators are employed as
the values of operator-valued symbols along the boundary; the associated pseudo-
differential operators are just the trace operators on the manifold with boundary.
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Those map functions inside to functions on the boundary. The solutions u(r) to
elliptic equations have asymptotics of the form

u(r) ~ Z ZJ cjrr " Piloghr

FEN k=0

as r — 0, for certain p; € C, Rep; — —o0 as j — oo (for simplicity at the moment
we formulate things again on the half-axis). Then, instead of (0.1) we can try to
pose trace conditions of the form

N my

Tgu = Z Z djijk(u> (0.3)

=0 k=0

for some coefficients d;j (the coefficients cj; = ¢;x(u) are uniquely determined by
w). It is clear that T is meaningless on weighted spaces in general, but on subspaces
of functions with asymptotics of some length N this makes sense. This is roughly
the idea of treating a part of the asymptotics as the singular one, say, for all j such
that Rep; > % — -y for some weight v € R, while other possible contributions to the
asymptotics, i.e., for Rep < % — v (below called regular) are embedded in spaces
of weight v and not individually distinguished by the trace operators that only
exist in this ‘weight region’ in integral form. It is clear that trace operator (0.1) are
a special case of (0.3). Analogously as in Boutet de Monvel’s calculus we speak
about singular trace operators. If these considerations concern a manifold with
edge rather than with boundary we have to replace R, by the non-trivial model
cone X2 = (Ry x X)/{0} x X) of local wedges. The base X is a C* manifold,
either closed compact, or with boundary. The latter is our case here, and the task
is to combine the operator structures on X with regular trace operators at 90X
with singular trace operators with respect to the edge. This is essentially what we
do in this paper. In Chapter 1 we establish the tools on operators in the calculus
over X, organised in parameter-dependent form. Then we briefly formulate the
elements of the regular edge calculus of boundary value problems in weighted
spaces, with trace operators of integral form. In Chapter 2 we study singular trace
operators with respect to the edge, and also singular Green operators, analogues of
contributions to Green’s functions in boundary value problems. Everything refers
to the case of X with boundary. We finally formulate the global edge algebra, and
study ellipticity and parametrices within our calculus.
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1 Operators on a manifold with edge and bound-
ary

1.1 Edge-degenerate families of boundary value problems

A simplest example of a manifold with edge and boundary is a wedge M := X x(,
where X is an interval on the unit circle S*, X2 := {# € R?2: 2 =0 or % €
X,for & # 0}, and Q C R? an open set, the edge. More generally, we can
form a wedge X2 x Q for any compact C> manifold X with boundary; here
XA = (Ry x X)/({0} x X) is the cone with base X, defined as a quotient space
where {0} x X represents the tip v. Setting X" = Ry x X = X4\ {v} we
have a splitting of variables (r,z,y) in X" x Q. Any other admitted splitting is
associated with the given one by a diffeomorphism Ry x X x Q — Ry x X x Q
that is the restriction of a diffeomorphism Rx X xQ — Rx X xQ to Ry x X x )
(in the sense of C*° manifolds with boundary) which induces a diffeomorphism
{0} x X x @ — {0} x X x Q representing at the same time an isomorphism
between X-bundles over ). Together with X we often consider the double 2X
which is a smooth closed manifold, obtained by gluing together two copies X
of X along the common boundary X (we then identify X with X). Then our
wedge M := X2 x Q is embedded in 2M := (2X)? x © and the (closed) stretched
wedge M =R, x X x Qin 2M = R, x 2X x Q. There is a canonical continuous
map 2M — 2M induced by the projection Ry x 2X — (2X)2 and the identity on
Q. The space 2M is a smooth manifold with boundary {0} x 2X x € which has
the structure of a (in this case trivial) 2X- bundle over the edge 2. Similar con-
structions and observations make sense on an arbitrary manifold M with smooth
edge Y and boundary. In this case Y has a neighbourhood in M which is a locally
trivial X2-bundle over Y for a smooth compact manifold X with boundary. We
then also have an associated R x X-bundle over Y'; this gives rise to the stretched
manifold M belonging M. Similarly as before we have the doubles 2M and 2M,
respectively, where 2M is a C° manifold with boundary, and 9(2M) has the
structure of a 2X-bundle over Y. The ‘half” M of 2M has certain corners; however,
since we can always pass to embedded objects in the respective double manifolds,
all our constructions make sense in an invariant way also in the case with boundary.

By Dift”(U) for a smooth C* manifold U with boundary we denote the space of
all differential operators on U of order v € N (with smooth coefficients up to the
boundary). Let Diffj (M) denote the subspace of all A € Diff*(M \ Y') that are
close to Y in the variables (r,z,y) € X" x Q of the form

A=r7t 37 ajalry)(=ror)(rD,)"

Jtlel<p
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with coeflicients a;, € C>=(Ry, Diff*~U+leD (X)), Such operators will be called
edge-degenerate.

The idea of the edge algebra from [1] of boundary value problems (BVP) is
to establish an operator algebra that contains Diffgcg(M ) together with the
parametrices of elliptic elements. Since M \ Y is a smooth manifold with bound-
ary O(M \'Y) (of course non-compact when Y # }) such a program extends the
pseudo-differential algebra of BVP with the transmission property at the boundary.

Let us prepare our considerations by a few notions from the calculus of BVP of
that kind, see also [12] or [5]. We now formulate operators on compact X with
boundary. By B*%4(X) for u € Z, d € N, we denote the set of all operators

.A = (Aij)ivj:LQ . COO(X) D C’°°(8X) — COO(X) D C’°°(8X) (11)

of the form
A = diag(r™ Pe™,0) + (Gij )i j=1,2 (1.2)

where P is a classical pseudo-differential operator on 2X of order p with the
transmission property at 0X. Here e™ is the operator of extension from intX, by
0to X_, and r* the operator of restriction to intX . The operator G = (G;;); j=1,2

belongs to Bé’d(X) and is defined as follows.

Let us first recall some notation. For any open C'°° manifold €2 we have L’ch)(ﬂ),
the space of (classical or non-classical) pseudo-differential operators of order
u € R, based on local amplitude functions a(zx, &) of Hérmander’s class Sﬁo and
L=°(Q) = C°(2 x Q). We need here various operator-valued variants, referring
to Hilbert spaces H with group action » = {%A}AGRJr. By that we understand a
group of isomorphisms sy : H — H such that sz, = s, for all A, p € R, where
A — sy h defines a continuous map Ry — H for every h € H. Now if (H, 5) and
(H , %) are two Hilbert spaces with group action, U C RP open, the space

SH(U x RY; H, H) (1.3)
is defined to be the set of all a(z’,&') € C®(U x R?, L(H, H)) such that
sup (&) 2 (DS DEale’, &) yseen || ooy (1.4)

is finite, where sup is taken over all 2’ € K, £’ € RY, for every K CC U, a € NP,
8 € N4. A similar definition makes sense when one (or both) spaces are replaced

by a Fréchet space E with group action s, i.e., E = lim  EJ for Hilbert spaces
, TJEN :

EJ continuously embedded in E°, and s|g; group actions in E7 in the former

sense, for all j € N.

A symbol a(2’,¢’) is called classical if there is a sequence of a(,—_;)(z',£') €
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C>®°(U x (R?\ {0}); H, H), j € N, with homogeneity in the sense agu—j (@', A =
/\“*jio\a(u_j)(x’,g/)%il for all A € Ry, such that a — XZ;'V:() a(u—j) € Sr—(N+1)
for every N € N, with x being any excision function in & € RY.

Applying this to the case H = L2>(Ry), H = (t)"*H*(Ry) where H*(R) is
the Sobolev space of smoothness s € R on the t-axis R and H*(R;) = H*(R)|g, ,
and (soyu)(t) = A2u(Xt), A € Ry, both in L2(R;) and (£)~*H*(R,), we obtain
the symbol space

SH(U x R%G L*(R1), S(Ry))

as the projective limit of those spaces over s € N. More generally, we can form
S4(U x RG L*(Ry) © CF,S(Ry) @ C') (1.5)

of I x k-block matrices where the group actions on C* and C! are taken as identity
for all A € R. For simplicity set k = [ = 1 (in general C* and C! have the meaning
of fibres of some vector bundles over the boundary). Here and in the sequel we
assume U C R? for ¢ = dimdX. Observe that the space of lower right corners
in (1.5) for k = [ = 1 coincides with S* (U x R?) (classical scalar symbols). An
operator function g(z/,¢') € C°(U x R4, L(L*(R;) & C,S(R;) @ C) is called a
Green symbol of order 1 € R and type 0 if

g(a’,€') = diag(1, (€')%) f(2’, €' )diag(1, (€')77) (1.6)

for some f(z',¢’) in (1.5) such that also f*(z’,¢’) (the pointwise formal adjoint)
belongs to (1.5). More generally,

d
g(x/a 5/) = gO(xlv 5/) + Zgj (mlv §’)dlag(aiv 0)
j=1

is called a Green symbol of order p and type d € N if g;(a’,¢) is Green symbol
of order u — j and type O.

A (global) smoothing operator € = (&;;); =12 of the class B~°>>%(X) is an

operator of the form
d

€ =&+ Cdiag(D¥,0) (1.7)

k=1
where D is a first order differential operator with smooth coefficients on X that
is close to 0X a differentiation along a vector field normal to the boundary, and

the operators €, 0 < k < d, are 2 X 2 matrices of integral operators with kernels
that are C*° in the variables on X x X, X x0X, 0X x X, and 0X x0X, respectively.

Now Bg’d(X) is defined to be the set of all operators & = (&;;); ;=12 that
have the form € plus a finite sum of operators p&@, where & = (y~1).Op,. (g) for
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a chart x : V — U x R, from a neighbourhood V on X intersecting the boundary,
U C RY open, ¢ = dimdX, with a Green symbol g(2/,¢’) of order p and type d,
and ¢, ¢ € C5°(V). Here Op,,(g9) = fgix,g}"m/_}g/ means the pseudo-differential
operator with the Fourier transform s in 2’ with an amplitute function g (such a
notation will be used later on in other variants, as well).

We thus obtain altogether the operator space B*4(X), see the formula (1.2). It is
known that every A € B*%4(X) induces continuous operators

A H(intX) & H* 2 (0X) — H* M(intX) & H* 2 *(9X). (1.8)

The only change in the definition of B#4(X) for non-compact X is to replace
the former finite sum of operators @®¢ by a locally finite sum. Instead of (1.8)
we then obtain continuity between the respective comp/loc -variants of Sobolev
spaces. There is a straightforward extension of B*? to parameter-dependent
operators, i.e., to the space B#4(X;R!), with A € R! as parameter. We simply
replace the former P € L' (2X) by P(\) € L' (2X;R') (those operators rely
on local amplitude functions a(z,&,\) with (£,)) € R** treated as a convari-
able, and L=°°(X;R!) = S(R!,L=>°(X))). Moreover,  in (1.6) is replaced by
(n,A) € RP=1+ and B=°>4(X) by B~°>4(X;R!) := S(R!, B~>¢(X)). Here we
tacitly use canonical Fréchet topologies in the respective spaces.

A family of operators r~Hp(r,y,p,n), 4 € Z, is called edge-degenerate if p
has the form p(r,y, p,n) = p(r,y,rp,rn) for some

By, pvi) € C(Ry x Q. B™ (X5 R).

1.2 The regular edge calculus

In order to develop the idea of singular trace and Green operators we need some
details on the (regular) edge calculus of BVP on a (not necessarily compact) man-
ifold M with edge Y and boundary, based on edge -degenerate families (see, for
instance [5] or [3]). The structure will be similar as (1.1) and (1.2). We form
operators

Cee(M\Y) C>=(M\Y)
® o
A= (Aij)ij=12: CZOM\Y)) — C*OM\Y)), (1.9)
o o

Coe(Y) c=(Y)
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Ce(M\Y) Cx®(M\Y)
where A;; @ — &) contains elements P €
Cee(OM\Y)) COM\Y))

B#d(M \'Y). From r~*p by a certain operator convention we obtain P in such a
way that the operator admits a continuous extension to weighted spaces. The full
block matrix is given as

A = diag(P + M, 0) +6, &= (Qﬁij)i’j:LQ (1.10)

for a so-called smoothing Mellin operator M and a matrix & Green operators
of the edge calculus. We define P and M first on a wedge neighbourhood V' of
a point y € Y, locally represented by V = X2 x Q with its stretched version
V=R, xX xQ3 (r,z,y). Let ./\/lg’d(X;Rl) denote the space of all h(z,\) €
A(C,B*4(X;R!)) (where A(U,E), U C C open, is the space of all holomorphic
functions in U with values in a Fréchet space E) such that

h(B +ip,A) € BY(X; R, %)

for every 0 € R, uniformly in compact S—intervals. Moreover, given a closed set
R C Csuch that RN{c < Rez < ¢} is compact for every ¢ < ¢/, by /\/l;boo’d(X) we
denote the subspace of all f € A(C\ R, B~°>%(X)) such that for any R-excision
function x (i.e., x € C*°(C) with x(z) = 0 for dist (2, R) < €9, x(2) = 1 for
dist (2, R) > €1 for some 0 < ¢ < 1) we have

Xf(B+ip) € B> X;R,)

for every 8 € R, uniformly in compact [(-intervals. The meaning of spaces
My °+4(X) for a continuous asymptotic type R is analogous as that in [12, Section
2.2.4], here in the variant of BVP and B~°°¢(X)-valued operator functions, see
also [5, Section 2.1.5]. Operator functions

h(r,y,z,\) € C®(Ry x Q, MEY(X;RY)

occur as symbols of pseudo-differential operators on R, based on the Mellin trans-
form Mu(z) = fooo r*~tu(r)dr. Set T'g := {z € C: Rez = 3} and

oo = [ (2) T s e Sy

for some v € R, interpreted as a weight, f(r,r',z,y,\) € C®(R; x R} X
Q,BHA(X; F% x RY)), where p = Imz on F%—v is interpreted as a component of the
parameter (p, \). The operator P in (1.10) is defined as an element of B*?(M\Y)
that is locally near Y in the variables (r,z,y) € X" x Q of the form

P =Op,(a)
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where a(y, n) is a symbol in S#(Q x RZ; K57 (X M), ICS™HT7H( X)) between spaces
IC*7 to be defined below. The precise form of a(y,n) is as follows:

a(y,n) = o~ {wnopiy * (A)(y, M@y + xnOp, (D) (s )X} + b(y,m)  (1.12)

for p(r,y, p,n) := B(r,y,rp,rn) where p(r,y,rp,rn) € C=(Ry x Q, BH4(X;R;ED),
moreover, h(r,y,z,nm) = ﬁ(r,y@',rn) where ﬁ(r,y,z,ﬁ) € C®R; x
Q, M‘é’d(X; R¥)) has the property

opa; 2(h)(y,m) = Op,(p)(y,m) mod C™(Q,BH4(X";RY)). (1.13)

(It is known that for any given p such an h exists, see [12]). Moreover, w, @, o, &,
are cut-off functions (i.e., functions in C§°(Ry) that are equal to 1 near r = 0),
X, X are excision functions, (i.e., elements of C°°(R ) that are equal to 1 for large
r and vanish near zero) where w + x = 1, and w < @, x < X (e.g., w < @ means
that ©® = 1 on suppw), and ¢, (r) := @(r[n]) for any ¢ € C*(Ry) and any fixed
function n — [n] in C*°(R?) that is strictly positive and || = [n] for |n| > const.
The operator family b(y,n) is defined by

b(y,n) = wop,.(B)(y,n)P

for some B(r,y,p,n) € C®° (R4 x Q, B+ X, R1*9)) and ¢,p € C°(Ry). The
operator M in (1.10) is a smoothing Mellin operator (not necessarily compact
between the weighted spaces), locally near Y, defined as a finite linear combination
of operators Opy(m) for operator-valued symbols

m(y,n) =r " Hw,op % (fia) (Y)0*Dn,

j =0,k with & € N defining a weight interval © = (—(k + 1),0] (see also
the role of © in the discussion of asymptotics below), where the ingredients
are as follows: & € N%, |a| < j, vja € R, v —j < 7ja < v for all j, «,
fialy) € C=(Q, M2 (X)), where Rjq NTap =0,

In the edge calculus of boundary value problems instead of the spaces in
(1.9) we refer to weighted spaces. Those spaces are very important in the se-
quel. So we recall a few definitions. First we have weighted Sobolev spaces
HSY(XN), on the infinite cone, already employed by Kondratyev [7], in the
case of a closed compact C'* manifold X. This space for s € N, v € R can be
defined to be the set of all u(r,x) € 7~ 2 L2(Ry X X)graz, n = dimX, such that
(rd,)*Dou € 17~ 3 L2(Ry x X) for all k+ |a| < s and every D® e Diff® (X). For
—s € N we obtain the definition by duality via the H%°(X")-scalar product, and
for real s by (complex) interpolation. Moreover, we set

KEY(XM) = wHSY (XN + (1 —w)HE (X)),

cone
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for some cut-off function w(r), where HS . is defined to be the subspace of all

u(r,x) € HY (R x X)|r, xx such that for any coordinate neighbourhood U on X
and a diffeomorphism x : U — Uy, U; C S™ open, and for every ¢ € C5°(U;) the
function

(1 = w(r))e(a)u(r,x ()
belongs to H*(R*™), with (r,xz) € R1™™ \ {0} being interpreted as polar coordi-
nates in R'*™. Moreover, we set

K9(XN) = (r) IS (X7
for any g € R.
We fix a Hilbert space scalar product in K%79(X”) and identify K%00(X")

with =% L?(R; x X). The space K*79(X") can be endowed with a group action
79 = {%g})\ER+7

g n+1

su(r,z) == A2 Tu(dr,x).

Let us set © = (4,0], —oo < ¥ < 0, and form the Fréchet spaces

K:B’Y;Q(X/\) — hinjeN,Cs,v—ﬂ—(l-s-j)fl;g (XM

and S§(X) :=lim  KFY*(X"). The interval © measures flatness of a distri-
—keN

bution with respect to the weight . It is also interesting to formulate non-trivial
asymptotics rather than flatness. By that we mean, say, for finite ¢, that an ele-
ment u € %79 has a decomposition

u(r, .Z‘) = using(rv x) + Uﬂat(ry l‘) (1.14)

Here ugay € KG9, and uging is a singular term with, for instance, discrete asymp-

totics, i.e.,

N my

Using (1, ) = w(r) Z Z ¢k (x)rPiloghr (1.15)

§=0 k=0
for certain p; € C, Rep; < "TH — v, m; € N, coefficients ¢j, € C*(X) and
some cut-off function w. If we fix the sequence P = {(pj, m;)};=o,... v We speak
about a discrete asymptotic type. This gives us a Fréchet subspace K377 (X") of
IC#7:9(X "), defined to be the set of all distributions (1.14) with ugng and ugay as
just described. For purposes below we also define the space

: k,vik
SHXM) =lim KR (X")
<—j €N
with the Fréchet topology of the projective limit. It is clear that the group action

39 on K*79(X") induces group actions on the spaces K377(X") and Sp(X").
This allows us to generalise the spaces of symbols (1.5) to

SH(U x RIKH79(X") & CF, S) (X" & C),
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for any open set U C R? that corresponds to a chart on our edge Y. In this way
we will obtain an analogue of Green, trace and potential symbols explained by the
formula (1.6). The order of trace and potential symbols will be interpreted here
in a new way, compared with [10]. Before we do that we generalise once again
the notion of discrete asymptotics by admitting so-called continuous asymptotics
(similarly as before in our Mellin symbol spaces M Igoo’d(X )). The main reason
is that discrete asymptotic types in the edge calculus may depend on the edge
variable y with a very irregular behaviour of the pattern of p; € C and m; € N
under varying y.

The idea is to describe asymptotics in terms of analytic functionals in the
complex plane of the Mellin covariable. In the sequel we freely employ notation
from this context, see [4] , [11] or [5, Section 2.3]. Let K C C be a compact set
and C € C\ K a (say, smooth) compact curve counterclockwise surrounding K,
with dist(C, K) < € for some ¢ > 0, such that the winding number of C' with
respect to every z € K is equal to 1 (such a C' always exists, see [9]). If U C C is
an open set containing an e-neighbourhood of K, for every f € AU \ K) we can
form a linear continuous functional ¢ : A(U) — C by

(G h) = %m./cf(z)h(z)dz,

h € A(U). A similar construction makes sense for f € A(U \ K,E) where
E is any Fréchet space. In this case we obtain ¢ : A(U) — E. Observe that
when K = ncP = U;‘V:O{pj} and f is a meromorphic C°°(X)-valued function
with poles at the points p; of multiplicity m; + 1, then w(r)((,r7%) is just of
the form (1.15). This is the background of the idea of continuous asymptotics.
Let A'(K,E) denote the space of all E-valued analytic functionals, carried by
the compact set K C C. We say that a function u(r,z) € K79(X") has
continuous asymptotics of type P (with P being represented by a closed set,
P C {Rez < 21 — 4}, such that PN {c < Rez < ¢/} is compact for every
¢ < () if for every § € (9,0) there is a compact subset Kz C P and an element
(s € A(Kp,C®(X)), such that u(r,z) = w(r){Cs,r=*) mod Ks7HHI(XN).
Clearly only PN {Rez > 2L — 4+ 9} affects the asymptotics which is controlled
in the weight strip {2 — v + 9 < Rez < % — 4}, since ¢ € A'(K,C>®(X))
for K C {Rez < 2 — 4+ 9} entails w(r)(¢,r~*) € Kg§7(X"). Similarly as
before we assume that © is finite (the case of an infinite weight interval can be
considered as well, for simplicity we do not discuss the details).

The space K3"9(X") of all functions with continuous asymptotics of type
P is a Fréchet space. Similarly as before we form the spaces S} (X”). Analogous
notions make sense for 0X instead of X. We then obtain the spaces

ICH (X)) = K3 (XM) @ K527 2((0X)) (1.16)
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and subspaces
K37 (X") = K57 (X" @ K3 2772 ((0X)")

of (discrete or continuous) asymptotics of type P. Here, for simiplicity, on the left
hand side we write P for both components (we could distinguish between P for X”
and P’ for (0X)"); however, since there are always asymptotic types with larger
carriers who cover both without loss of generality we can put P = P’). Moreover,
we form 8}(X") = SH(XN) @ SIZ.*%(XA). On the spaces (1.16) or the various
subspaces we have the group action

N = diag(%>w %/A)

where (3o u)(r,z) = A"F u(Ar, 2), (shu)(r,2") = A2 u(Ar, 2’) for A € R,

2 Calculus with singular asymptotic types

2.1 Singular trace and Green symbols

In the regular edge calculus of Section 1.2 we have fixed a reference weight line
F% _, € C and formulated asymptotic information on weighted distributions
in term of a behaviour of their Mellin transforms on the left of that line. Now
we admit asymptotic types carried on the right of that weight line. Although the
spaces with asymptotics themselves are as before, in our notation we distinguish
between the regular part of asymptotics on the left and the so-called singular part
on the right of the reference weight line; the operators of the calculus treat those
parts in a different manner. Our constructions are analogous to [6]; however, here
we introduce more general asymptotic types, also in the case without boundary.
A singular asymptotic type will be a finite sequence

S = {(p%mj)}j:(),..‘,N
with p; € C, mj € Nand ncS = {po,....pn} C {% =y <Rez < 2H — (y—0)}

for some o > 0. Let w(r) be a fixed cut-off function, and set

Zw r)cjk(x )r_pjlogkr tejp € C(X)®C™(0X) for all j7k}.
=0

Mz

= {

Jj=0

e

(2.1)
Observe that £(X")s C KK®777(X") and E(X")s NI (X)) = 0 for every s €
R. The space £(X")g is Fréchet in a natural way, namely, through the isomorphism

E(XM)s = (C®(X) D C>=(0X))- (2.2)
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for L = E;‘V:o(mj + 1). We now define
(XN g =KX @ E(XN)s (2.3)

in the Fréchet topology of the direct sum. (Clearly, (2.3) is independent of the
choice of w.) More generally, we have K79 (X")g 1= (r)79K*7(X")g for any
weight ¢ € R at infinity, and subspaces K379 (X")g := (r) " 9K3"(X")g with
(continuous) asymptotics of type P on the left of the weight line. For purposes
below we set

Sp(X")s = lim _ KCHTH ().

Let

bs : K*V(XM)g — S(XM)s (2.4)
denote the canonical projection along K%Y (X"). Observe that (2.4) is completely
determined by the map IC™°7(X") @ E(XN)s — E(XM)s. Below we employ
parameter-dependent projections

p1s(n) = sqbssl, pos(n) =1 —pis(n).
Definition 2.1.1. An element
ti(y,m) € ) S4(Q x RL K57 (XM)g,C).e
seR

18 said to be a singular trace symbol of order v with respect to the asymptotic type
S (and of type d € N') if t1(y,n) vanishes on K>V (X") for all (y,n) € 2 xR? and
if it only depends on the coefficients

¢k () = (¢ (2), cjr () € CF(X) © CF(0X)

of the singular asymptotics via the action of a function d;i(y,n) € C®(Q x
R?, By, 3 (X)). Here By, *3H(X) is the subspace of all C € B~4(X), C =
(C”)m 1,2, such that C11 = Ci2 = 0, and the action of (Ca1,Ca2) on (Cjk,1,Cjk,2)
1s of the form

d
> / d'yo 1 (y,m, @) Dl (x)da + / dir2(y, 1,2 Vs 0 () da!
=0 VX 2'e

for certain dé‘k,l € C®(Q x R, C®(X)), djko € C(Q x R, C>(0X)), and a
differential operator D as in (1.7).

Given a meromorphic function v in the half-plane Re z > § for some real 3, for a
pole p of multiplicity m + 1, we set

1

B
Pk 27rz

(z — p)*v(2)dz,
[z—p|<e

0 < k <m. Here £ > 0 is so small that |z — p| < € does not contain other poles of
v.
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Proposition 2.1.2. Every function

t(y,m) € () C=(Q x RY, L(K*7(X")s,C)) (2.5)
seR

that vanishes on IC*7(X") and such that the values of t(y,n) depend on the coef-
ficients c;ji, involved in E(X")g via mappings d;r(y,n) as in Definition 2.1.1 has
a representation of the form

my

N
t(ya 77) = Z djk(yv 77) © B:Dj»k o Mw (26)
=0 k=0

where wy is any cut-off function and M the Mellin transform, conversely (2.6)
represents an element of (2.5).

Proof. If we have a function (2.5) with the assumed properties then its values are
completely determined by its values on (2.2), and can be reproduced by

u — (Bp, i 0 Mwiu)o<j<n,0<k<m;

composed with the functions d;i(y,n). Conversely, a function (2.6) belonging to
(2.5) vanishes on K*7(X") and only depends on the coefficients c;j, as described.
0

Remark 2.1.3. (i) The space of singular trace symbols of order —oo associated
with the singular asymptotic type S consist of all t(y,n) of the form (2.5)
where the coefficients d;i(y,n) depend on n as Schwartz functions;

(ii) the homogeneous components of a singular trace symbol of order v can be
represented analogously as the right hand side of (2.5), now with coefficents
dir(y,n) that are homogeneous in 1 # 0 of corresponding orders.

This can be proved in a similar manner as Proposition 2.6. Analogously as the
case without boundary, see [6], we can show that when #(y,n) is a function on
Q x (R?\ {0}) with values in L(K*7(X")g,C), vanishing on IC*7(X"), then it is
smooth exactly when its composition from the right with %[77]1 is smooth.

By a trace symbol of order v of the local edge calculus on the wedge X x Q
referring to the singular asymptotic type S we understand an element of
" (2 x R, K*7(X")g,C) that has a representation

t(y,m) = to(y, mpo,s(n) + t1(y,n)

where to(y,n) is a trace symbol in the regular set-up (see [5, Section 4.2.3]),
referring to the weight v and some weight interval ©, and ¢;(y,n) a singular trace
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symbol.

The edge calculus admits different choices of weighted analogues of Sobolev
spaces. In general, if H is a Hilbert space with group action s (cf. the def-
inition in Section 1.1) we have the space W#*(R?, H) as the completion of
S(R?, H) with respect to the norm [[(n)*s¢(,@(n)| z2ra,zr) (if necessary we write
WH(RY, H),,, since there are different possiblities to choose s, and those may
affect the space). Let us consider the space K579(X") = (r)=9K57(X")

n+1

with the group action (su)(r,z) = A2 T9u(Ar,z), A € Ri. Then we
obtain W#*(RY, K579(X")),.s for every g € R. Analogously, we proceed
with 57277239 ((0X)N) = (r)9K5~ 2772 ((0X)") where the group action is
v(r,a’) — A2 H9u(Ar,a’) = (339)(r, 2’). This gives us spaces

WA e K (0X) )

and we form W#(RY, K579(X")) .0 @ W2 (R, K527 29((X)")) 00 also de-
noted by W?®(RY, KC*79 (X)) for s,7, g € R. Especially for g = 0 we omit g from
the notation. Analogously we have the spaces

WH (R K (X)) (2.7)

where subscript (P) again indicates regular edge asymptotics of type P (or no
asymptotics on the left of the reference weight line) and S singular asymptotics.

If M is a (say, compact) manifold with edge Y and boundary OM we apply
local decriptions by wedges X" x R? and (0X)" x RY, respectively. Concerning
the transition maps we impose a mild extra condition, namely, that those are
independent of r for small r. Using the invariance of the above-mentioned edge
spaces (that are far from r = 0 the standard Sobolev spaces) we obtain global

spaces
W I(M) and WER(M)s, (2.8)

respectively (for instance, W9 (M) = W¥9(M) & WS~ 27~ 2:9(9M)). In the
case g = s — -y our spaces have a particularly natural behaviour, e.g., with respect
to the multiplicativity of weights (recall that the group action depends on g). For
g = s — vy we employ the notation

H*"(M) and Hfg)(M)S
rather than (2.8). For ¢ = 0 we omit the corresponding upper subscripts at the
spaces (2.8).
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2.2 Global operators and ellipticity with singular trace con-
dition

In spaces and operators globally on a (compact) manifold M with boundary 0 M
and edge Y it is useful to associate global operators Py g with the symbols pg s(n)
defined in Section 2.1.

First note that the spaces (2.7) (for ¢ = 0, and without subscript (P)) can
be written in the form

WH(RY,ICHT(XN)g) = WP (R, K (X)) @ VR, E5(X7))
for
VA(RY, Eg(X")) = Foepyy FH(RY, E5(X7)) @ Faely FH*2 (R, E5((9X)")).

Then Op(po,s) is the canonical projection to W#(R?,K*7(X")). Analogously
as in the case without boundary (see [6, Theorem 6.2]) we form an operator
Pys € LOW?*7(M)g) which is a projection to W*7(M), applying the local ex-
pressions Op(pg,s), combined with pull backs under charts to local wedges and
some partition of untiy on M. There are different choices of such operators, but
the difference is and a singular Green operator of order —1 that maps to functions
of infinite flatness at the edge (first locally and then in the sense of our global
definition below). A smoothing operator (of type d € N along the smooth part of
OM) associated with asymptotic types S and T and with weight data (v,y — p)
is an operator

Pys 0 cn o) WTM)s o WETH(M)r
CC[)( 0’ 1)+(021 O>Z ) — S
H:(Y) H*>(Y)
which is continuous for all s € R, s > d— %, where P g is a projection of the above
mentioned kind, and Cy is a of an analogous structure as smoothing operator from
the regular edge calculus of type d with continuous asymptotics close to Y (see
[5], here mapping to edge spaces with singular asymptotics of type T" and regular
asymptotics of type P, see also [6]) while C1; and Ca; vanish on W*7 (M), and
there is a continuous asymptotic type P such that Ci; = Zj:o Ch1 jdiag(D7,0)
where
Cuuj : W (M) — Wp (M) 7

for an operator D analogously asin (1.7), and Ca; = Z?:o Cglﬁjdiag(Dj, 0), Co1,5 :
WY (M) — H*®(Y), for s > d — 3. A Green operator on M of order v € R and
type d € N, associated with singular asymptotic types S and T, is an operator of
the form G = G; +C where C is smoothing as just described while G; is a finite sum
of 3 x 3 block matrix operators defined by Op(g) together with localising factors by

a partition of unity and pulled back to the manifold, where g € Réd(Q xR, (y,v—
/u'))S,Ta Q g RY.
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Definition 2.2.1. By Y*4(M, (v, — p))s.r we denote the space of all operators

of the form
(AR5 O
A= (195 0 )40

where G is a Green operator of order p and type d, associated with the singular
asymptotic types S, T, and A is an operator in the regular edge calculus on M of
order p and type d, both associated with the weight data (v,v— ) (and continuous
asymptotics on the left of the reference weight lines).

Applying the general continuity properties of pseudo-differential operators with
operato-valued symbols we obtain that every A € Y*4(M, (y,7 — p))s.r induces
continuous operators

W (M)s W (M)
@ — @
H*(Y) H71(Y)

for s > d — . Operators A € Y4 (M, (v,y — p1))s,r have a principal symbolic
structure with three components, namely,

o(A) = (oy(A),05(A), oA (A4))

where o, (A) € C°(T*(M\Y)\0) is the standard homogeneous principal symbol
of the upper left corner belonging to L% (int(M \ Y')), moreover, oy(A) is the
homogeneous principal boundary symbol of the (2 x 2) upper left corner of A
belonging to B#4(M \ Y), and o, (A) is the homogeneous principal edge symbol,
namely

oA (A) = diag(oA(A)7 (Po,s), 0) + 77(G)

where o (A) is the edge symbol of A in the sense of the regular edge calculus
of BVP, moreover, oa(Pp,s) is locally defined by the above-mentioned operator
functions pg s, and o (G) comes from the principal homogeneous components of
the classical symbols in (y,7n) involved in G. Definition 2.2.1 has a straightforward
extension to the case of operators between distributional sections of vector bundles
on M, M, and Y, respectively. Assuming, for simplicity, the bundles over M to be
trivial and of fibre dimension 1, we have corresponding pairs of bundles (G_,G4)
over OM \'Y and (J_, J;) over Y. In this case the boundary symbol is a family of
operators

op(A) : H*(Ry)® G_ py — HTHRY) ® G4 s (2.9)

s>d— %, parametrised by the point of T*(OM \ Y) \ 0, where G4 ,,+ is the fibre
of G+ over a point m’ € 9M \ Y. Moreover, the edge symbol represents a family
of continuous operators

on(A)(y,n) : KX )s @ Ty = KX ) @ Iy (2.10)
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s>d— %, parametrised by points in T*Y "\ 0, with J , being the fibre of J1 over
y € Y. The notation K*7(X")g is now to be interpreted in the sense of spaces
with the respective bundles in the second components.

Theorem 2.2.2. Let A € Y*4(M, (y—v,y—pu—v))rr1, B € Y"¢(M, (v,7—v))s.r
be operators in our edge operator spaces (where the involved bundles in the middle
fit together). Then we have

AB € YR (M, (v, = (u+v)))s.r
for h = max((d +v)*,¢), with p™ = max(p,0), and

oy (AB) = ay(A)oy(B), 0a(AB) = 0a(A)oa(B), on(AB) = UA(A)UA(g)ﬁ)

Proof. The details are voluminous but of a relatively simple structure. The proof
essentially consists of a combination of arguments from the standard pseudo-
differential calculus over the open manifold (M \ Y )iyt which gives us the symbolic
rule for oy, the calculus of pseudo-differential boundary value problems over the
smooth manifol M \ Y with boundary with the symbolic rule for oy, and the edge
calculus in the variant of local model cones with boundary which gives us the
symbolic rule for o,. Those elements are well known, see, for instance, [5] or [3]
for 09 and o,. The new aspects concern a neighbourhood of the edge Y where
the operators are locally described by standard pseudo-differential operators in
R?; here with 3 x 3 block matrix valued amplitude functions taking values in the
cone calculus of BVP over X' with singular trace and Green operators. These
amplitude functions are operator-valued symbols of a similar structure as (1.3),
with H, H being replaced by the spaces in (2.9). The symbolic estimates are of the
kind (1.4), here with (y,n) instead of (z’,¢’). Such pseudo- differential operators
can be composed within the corresponding calculus as is known in abstract
terms from [11] (see also [3, Section 1.2]). The specific novelty in our context is
that the compositions preserve the individual structure of the involved symbols,
namely, to be families of pseudo-differential boundary problems on X" with
singular trace etc. entries. The latter ingredients are hidden in Green operators
(apart from smoothing operators) and given in terms of classical symbols. Their
pointwise composition behaviour can be characterised in a similar manner as that
of operators in the cone algebra on X", modified by extra entries in the block
matrices coming from the involved singular asymptotic types, see, analogously,
Definition 6.2.10 and Remark 6.2.11 in [3]. O

We now impose an additional condition on the singular asymptotic types S,
namely, to be represented by a sequence of triples S = {(p;,m;, L;)}j=o0,..N
with {(p;,m;)}j=0,..~ as before but spaces L; := L;(X) & L}(9X) for
finite-dimensional subspaces L;(X) C C*(X), Lj(0X) C C*(0X). We
form €(X")g similarly as (2.1), now for ¢;5 € Lj, 0 < k < mj, rather than
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¢k € C®(X) & C°(0X). In this way the space £(X)g is finite dimensioin.
Concerning other singular asymptotic types T}, ..., we make an analogous assump-
tion. All notions and constructions from Section 2.1 on have a straightforward
modification; we employ them in the rest of this paper, without changing notation.

Definition 2.2.3. An operator A € Y*U(M, (v,y — p))s, is called elliptic if
oy (A) does not vanish on T*((M \ Y)ins) \ 0, and, in the splitting of variables
(r,z,y) nearY,

Gyp(A)(rz,y,p,&n) = 1oy (A)(r,z,y,r o, & r7 ) #0

for (p,&€,m) # 0, up tor =0, moreover, og(A), is bijective as an operator function
(2.9) parametrised by the points of T*(O(M\Y))\0, and, in the splitting of variables
(r,a’,y) nearY

Go(A)(r, @'y, p, &'\ n) = r'oa(A)(r,a’y,r ' p, & vy

is bijective for (p,&',n) # 0, up to r = 0, and finally op(A) is bijective as an
operator function (2.10), parametrised by (y,n) € T*Y \ 0.

To have a convenient notation, if the first (first plus second) condition of Definition
holds we call the operator A oy -elliptic ((oy, 0g) -elliptic).

Theorem 2.2.4. An elliptic operator A € Y*4(M, (v,y—pu))s,r has a parametriz
P e Yy md=wT (M, (y - w, )15, i.e., PA—T and AP — T are smoothing in
the operator classes with singular asymptotic types S, S’ and T, T', respectively.
Moreover, A induces a Fredholm operator

WHI(M)s  WRIR (M),
A: D — D
BV, HRY)
— 1 (similarly as in (2.10) the bundles G_ and G4 are
included in the meaning of the spaces W7 and W7 7#  respectively).

for every s > max(d, p)

Proof. Writing A as in Definition 2.2.3 the operator A in the upper left corner is
elliptic in B*4(M \ Y) on the (non-compact) C° manifold M \ Y with smooth
boundary d(M \ Y). As such it has a parametrix in B~#(@=#)" (M \ Y). This will
be an ingredient of the parametrix of A itself, namely, the part near the edge Y,
multiplied by a function that vanishes near Y. It remains to construct P close
to the edge and to add the result to the former one after a multiplication by a
cut-off function that is equal to 1 near Y. O

Let us now make some concluding remarks. As noted in the introduction
certain typical effects can be read off from the case of operators on the half-
axis which is a part of the edge (or boundary) symbolic structure anyway. The
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possibility of posing boundary conditions of the form (0.1) in elliptic BVP with
transmission property is a result of knowing that solutions are of sufficiently
large Sobolev smoothness when we assume a corresponding smoothness of the
right hand sides. However, in BVP on a manifold with singularities we may
have singular solutions, as we easily see in the case of an equation Au = f for
A=yl aj(—rd,)?, say, with constants a;. Writing A = r~*op,,(h) for
h(z) = 3" a;27, under the assumption h(z) # 0 on 'y we obtain solutions in the
form of u(r) = op,,(h~1)(r*f). If we take the space L*(Ry) with the weight
v = 0 as the reference space then wu(r) acquires asymptotics from the poles of
the meromorphic function A= M (r# f) on the left of the weight line T 1 However,
if there are points p € C, Rep > 3, with h(p) = 0, then there are solutions not
belonging to L?(R, ). Those p on the right of the reference weight line generate
functions with singular asymptotics. Those cause singular trace operators, apart
form regular ones referring to the left of the weight line. We see that the nature
of singular asymptotics depend on the individual operator. Thus, in order to pose
singular trace conditions in a concrete case we need to complete the non-bijectivity
points of conormal symbols explicity. This is a separate task for every concrete
operator and subject for separate papers. In [3] there are explicitly characterised
those points for a large variety of BVP, in fact mixed problems with the edge as
the interface where the boundary conditions have their jump.
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