Operators with Singular Trace Conditions

on a Manifold with Edges
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ABSTRACT. We establish a new calculus of pseudodifferential operators on a manifold with
smooth edges and study ellipticity with extra trace and potential conditions (as well as Green
operators) at the edge. In contrast to the known scenario with conditions of that kind in integral
form we admit in this paper ‘singular’ trace, potential and Green operators, which are related to
the corresponding operators of positive type in Boutet de Monvel’s calculus for boundary value

problems.
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The construction of a pseudodifferential algebra containing both the classical boundary value prob-

lems (such as the Dirichlet or Neumann problem for the Laplacian) as well as their parametrices

leads in case of a (compact) manifold M with smooth boundary to Boutet de Monvel’s algebra [1].

2000 Mathematics Subject Classification. 35J40, 35J70, 47G30, 58J40.

Key words and phrases. Operators on manifolds with edges, singular trace and Green operators, ellipticity and

parametrices of edge problems.



2 D. KAPANADZE, B.-W. SCHULZE, AND J. SEILER

The operators in this calculus have block-matrix form,

(1.1) (? K) : COO(gE) . CM(ég’F),
@ CoOM,J_)  C®(OM,J,)

(which continuously extend to Sobolev spaces), where E, F and J_, J are vector bundles over M

and the boundary dM, respectively. Classical boundary value problems correspond to operators
A . . . . .
<T> and dim J_ = 0, where A is a differential operator and T" the boundary condition, now called

a trace operator. Shapiro-Lopatinskij elliptic problems have a parametrix of the form (A K), where
K is a potential operator and A =1+ Pet + G with a (singular) Green operator G and a classical
pseudodifferential operator P on the double 2M of M that has the transmission property with
respect to the boundary of M (moreover, e™ denotes the operator of extension by zero from M to
2M, while r* denotes restriction from 2M to int M). Elements of Boutet de Monvel’s algebra are
filtered by their order p € Z (which is simply the usual order of the (pseudo)differential part in the
upper left corner) and posses a so-called type, which is a non-negative integer d € Ny. The type can
be different from zero only for trace operators and (singular) Green operators. For example, taking
k-times the derivative in normal direction followed by restriction to the boundary and application

of a pseudodifferential operator on the boundary yields a trace operator of type d = k + 1.

Another more complicated task is that of developing an elliptic theory for differential operators
on a manifold M with edges. Roughly speaking, outside a lower dimensional smooth stratum Y
(the edge), M is a smooth manifold, while each point of ¥ has a neighbourhood homeomorphic to
U x X2, where U is an open subset of Y and X* is a cone with smooth closed cross section X.
Note that a manifold with boundary is a particular case of a manifold with edge, namely one with
X being a point and thus X = R, the normal to the boundary. Typical differential operators on
M are edge degenerate, i.e. they have a specific singular structure close to the edge (see Section 3 for
more details). As it turns out, elliptic edge degenerate differential operators in general do not have
the Fredholm property (in suitable edge Sobolev spaces), but one has to impose additional trace
and potential conditions over the edge, possibly even simultaneously. In other words, developing a
Fredholm theory for edge degenerate operators leads to a pseudodifferential calculus of operators in
block-matrix form similarly as in (1.1), the so-called edge algebra. This calculus has been developed
by the first author in [10], [11], [12]. A detailed exposition may be found in [3]; a short overview
we provide in Section 8 of this paper.

As is known from the author’s joint works [13] or [14] the analogy between the respective calculi for
boundary value problems and ‘edge problems’ goes very far. But there are also essential differences:
While Boutet de Monvel’s calculus requires the transmission property, the edge calculus admits
general pseudodifferential symbols smooth up to the boundary. In contrast to standard elliptic trace
conditions (e.g. of Dirichlet or Neumann type) at the boundary which make sense on solutions of
sufficiently high Sobolev regularity, the solutions to edge problems generally do not admit traces
of that kind. On the other hand, solutions to edge problems may have asymptotics at the edge,
that can be regarded as a substitute of Taylor asymptotics at the boundary (i.e., smoothness up to
the boundary). It is now natural and desirable to organise a calculus of edge degenerate operators
with trace conditions based on those general asymptotics (called singular trace conditions) rather

than Taylor asymptotics.
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In the present paper we just establish such an extension of the edge algebra by our new singular
trace and Green operators. We study compositions of the corresponding edge operators, formulate
ellipticity with singular trace, etc., conditions at the edge, and obtain parametrices within the
calculus.

2. Symbols of Boutet de Monvel’s algebra

As noted in the introduction, boundary value problems with the transmission property may be
regarded as a model for calculi with singular trace (and also Green) operators. Let us describe this
on the level of boundary symbols in a half-space Q x R, with an open set Q C RY. The variable
in Q we will denote by ¥, the one of R by ¢.

Let p(y,t,n,T) be a (classical) symbol of integer order p with the transmission property at ¢ = 0
(the symbols of that kind form a closed subspace Si(€2 x Ry x RITY) of C(Q x Ry, S¥(RIT))
with S/ (R?"!) being the space of classical symbols of order p with constant coefficients). Assume
that p is independent of ¢t for t > T for some T" > 0. Let us set

(2.1) op™*(p)(y,m) = rop(p)(y, n)e*

for (op(p)(y,m)u)(t) = [[ e p(y, t,n,T)u(t')dt'dr, dr = (2r)"'dr, where et denotes the
operator of extension by zero from R, to R and r* the restriction from R to R, of distributions
(in (2.1) on the right hand side we tacitly insert a symbol p on Q x R x R?*! with p = Plox®, xra+1;
however, since the operator is independent of the choice of p we simply write p). As is known, (2.1)

defines a family of continuous operators

op"(p)(y,n) : H*(Ry) — H*T'(Ry), s> —3

2
where H*(R;) := H*(R)|r, with H*(R) being the standard Sobolev space of smoothness s on R.
Defining for A > 0
(2.2) ka HY(RL) — H5(RL),  (kau)(t) = AZu(At),
we obtain a strongly continuous group of isomorphisms on the space H*(R,), i.e.,
i) k1 =1 and Kkxks = ks for all A\, § > 0,
il) A+ kyu:[0,00) — H*(R,) is continuous for any u € H*(R,).
In particular, these operators are unitary on L?(R,) (with the standard scalar product). An es-
sential observation is that op™(p)(y,n) is an operator-valued symbol in the following sense.
If E is a Hilbert space and {xx}er, a strongly continuous group of isomorphisms on E, we say

that E is endowed with a group action. Let us set (n) = (1 + |n|?)/2.

DEFINITION 2.1. Given Hilbert spaces E and E with group actions {kx}rcr, and {Fx}rcr,, re-

spectively,
(2.3) SH(Q x R%: B, E)
will denote the space of all functions a(y,n) € C>(Q x RY, L(E, E)) such that

sup (7 —utlel||z—1 papBy, L e
y€K777€R‘1< > H <77> n Yy ( ) <77>||E(E,E)

for every compact K C Q0 and all multi-indices o, 3 € N9.
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Note that we obtain an equivalent definition of (2.3) when we replace (1) by, for instance, a smooth
function n — [n] that is strictly positive and satisfies [n] = |n| for |n| > C for a C > 0. In the
sequel, for convenience, we assume C' = 1.

A function a(,)(y,n) € C*(Q2 x (RI\{0}), L(E, E)) is called (twisted) homogeneous in n # 0 of
order p if

(2.4) a (Y, An) = MNExa) (Y, nKy " for all (y,n) € @ x (R?\{0}) for all A > 0.

Note that when x(n) is an arbitrary zero-excision function on R? (i.e., x is smooth, vanishes in a
neighbourhood of the origin, and equals 1 for |n| > R for some R > 0) we have x(n)au)(y,n) €
SH(Q x R% E, E) if a(,) is homogeneous in the former sense. This gives rise to

(2.5) SH(Q x R% E, E),

the subspace of (2.3) of all elements a(y,n) which admit an asymptotic expansion into terms of
the kind x(n)a(,—;)(y,n), with homogeneous functions a(,—_;)(y,n) of order  — j, j € N. In this
case we let
onla)(y,n) = ag(y,n)

denote the homogeneous principal symbol.

The concept of operator-valued symbols in the above sense is very close to the scalar case where
E =FE = C and the group actions are trivial (i.e., identity operators for all A > 0). Nevertheless
there are beautiful (and sometimes surprising) examples of such operator-valued symbols, as we

shall see below.
EXAMPLE 2.2. For every p(y,t,n,7) € SE(Q x Ry x R?*L) (independent of t for large t) we have

1
0" (p)(y, 1) € S(Q X RG H(Ry), HM(Ry)), s> —.

Moreover, if p(, denotes the homogeneous principal part of p of order p in (n,7) # 0, then

Py (W) == opT (P li=0) (W m),  (y.m) € 2 x (RN\{0})

is homogeneous in the sense of the relation (2.4).

It is also necessary for our purposes to admit E to be a Fréchet space with group action: Let
E=1lim. _EJ
«—jeN
be a projective limit of Hilbert spaces E7 with continuous embeddings Fit! < FJ < ... < E°
such that E° is endowed with a group action {s}rcr, that restricts to a group action {kx|z; }rer,
on EJ for every j. Then E is said to be endowed with the group action {xx}rer,. We have the
spaces Séle) (2 x R%; E, EY) for all j, and

SH

(y(QXRLE,E) = @S&l)(g x R%; E, E9)

jeN
is, by definition, the projective limit of these spaces (subscript ‘(cl)’ means that we are talking

about the classical or the general case).

. . . AN .
As is known, the parametrix of an elliptic boundary value problem (T) in the half-space 2 x
R., with an elliptic differential operator A and a trace operator 1" which satisfies the Shapiro-

Lopatinskij condition with respect to A (for instance, the Dirichlet or the Neumann problem for
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the Laplacian), can be expressed within Boutet de Monvel’s calculus of pseudodifferential boundary
value problems. Besides the symbols of Example 2.2, this calculus also contains so-called Green
symbols. Such symbols have an order u € R and a so-called type d € N. They have the form of 2 x 2

block matrices

d ol 0
(2.6) 9(y,n) = go(y,n) + > _ a1y, ) ( 0 0)
=1

where 0, indicates differentiation in the direction normal to the boundary, and, with suitable
j+7j— € N07
gy, € SHQXRELARy) & C- SRy) @ C),  v=p—1,

is a 2 x 2 block matrix symbol of order v, whose pointwise adjoint satisfies

ai(y:m)* € Sg(2 x R LA (Ry) @ T+, S(Ry) ® C7-).
Here, S(Ry) = liinkeN@)’ka(RQ and L*(Ry) are endowed with the group action {rx}er,
from (2.2), while the spaces L?(R}) @ CY and S(Ry) @ CV are endowed with {xy @ idcy }rer, -
Writing g(y,n) = (94j(y,1))i,j=1,2, the component go; (the left lower corner) is a so-called trace
symbol of order p and type d, while g12 is a potential symbol of order p.
The associated operators Op(g) (the pseudodifferential operator with respect to the Fourier trans-
form in the y-variables), occasionally also denoted by Opy(g), are generated in the parametrix
construction of elliptic boundary value problems. For example, Green’s function of the Dirichlet
problem for the Laplacian A is, locally near the boundary, of the form E + Op(g;1) for a funda-
mental solution F of A and a Green symbol g11(y,n) of type 0. Moreover, the potential operator
in the solution of the Dirichlet problem is, locally near the boundary, of the form Op(g12) (clearly,

these relations are true modulo smoothing operators in Boutet de Monvel’s calculus, cf. [1]).

REMARK 2.3. The amplitude functions of boundary value problems in Q0 x Ry have the form

(2.7) a(y,n) = <0p+(p3(y’n) 8) +9(y,n)

where op™t(p) is as in Remark 2.2, and the second summand, given by (2.6) belongs to

SEOQxRGHY(Ry) @ C-,S(Ry) @ Ct),  foralls>d— 3.

From (2.6) we see that trace and Green operators of type 0 are of integral form (in contrast to
operators of positive type that are combined with differentiations in normal direction and the
restriction to the boundary). As noted in the introduction, the calculus of edge problems of [12]
has a similar structure, but the corresponding analogues of trace and Green operators of positive
type are still missing. In the present paper we introduce them as so-called singular operators while

the former ones from the edge calculus are of integral form and regarded as regular operators.

3. Symbolic structure of edge-degenerate differential operators

We now start discussing a category of operator-valued symbols that contribute to the symbolic
calculus of operators on a manifold with edge. By definition (cf. Section 6.1 below) such a manifold

is locally, near the edge, represented by a wedge

X2 xQ, X°%=(R; xX)/({0} x X),
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with an edge Q (an open set in R?) and a model cone X for a closed smooth Riemannian manifold

X. The half-space case just corresponds to dim X = 0.
An edge-degenerate differential operator A on an open stretched wedge
XN xQ, XN =R, x X,
in the splitting of variables (r, x,y) has the form
(3.1) A=r7H Z ajo(r,y)(=10:) (rD,)*
Jtlal<p

with coefficients a;, € C* (R4 x €, Diff*~U+eD (X)), where Diff” (X) is the space of all differential
operators of order v with smooth coefficients on X. Since the main aspects concern a neighbourhood

of r = 0 we assume that the coefficients a;, are independent of r for » > R for some R > 0.
We have A = Op, (a) for the operator-valued amplitude function
(3.2) a(y,n) =r—* Z ajo(r,y)(=10:)7 (rn)?.
Jtlal<p
We now fix an adequate scale of spaces such that (3.2) is an operator-valued symbol in the sense of

(2.3). To this end we let w denote a cut-off function on the half-axis, i.e. w € C°(Ry) and w = 1
near r = 0.

DEFINITION 3.1. Let s € N, v € R, and n := dim X. We denote by K57 (X") the space of all
u(r,z) € =2 L2(Ry x X, drdz) such that
(r0,)* DX (wu) (r, x) € r~ 2 L2(Ry x X, drdx) for all k + || < s,
where DY for a = (a1, ..., 0y) denotes any composition v ... ve" of vector fields v; on X, and
(1—-w)yue HS (X)),

cone

the standard Sobolev space of smoothness s € R on the infinite cone X" (cf. [12] for details).

Note that for X = S™ (the unit sphere in R"*!) we have (1 — w)H¢

cone

(XN = (1 —w)H*(R™1).
The definition of K*7(X”) for general s € R follows by duality (with respect to the K°%-scalar
product) and interpolation. The spaces K57(X”) can be equipped with norms in terms of Hilbert
space scalar products. In particular, we have

KOO(XMN) =r 2 L3Ry x X, drdzx).
We shall endow each K%7(X”) with the group action defined by
(3.3) (kau)(r,z) = N7 u(Ar,z),  A>0.
For references below we also form the Fréchet spaces
(3.4) STXN) = fu e K=7(XM) 1 (1 - w)u € SRy, C=(X))},
endowed with the same group action.

REMARK 3.2. For purposes below we also consider the spaces K*7V9(X") := [r] ISV (X"), g € R,

endowed with the group action

(k§u)(r,z) = )\9+%u()\r, x), A > 0.
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Setting
(3.5) KS(XM) = K577 7(XM),
we have that K57 (X") = r7K$9(X") for every s,y € R.

PROPOSITION 3.3. Given an edge-degenerate differential operator A, the associated operator family

(3.2) represents an operator-valued symbol
a(y,n) € SH(Q x RLG K5V (XN, KEHI—H (X))
for every s,y € R. The family of operators

(3.6) on( Ay m) =17 Y aja(0,y)(~r0, ) (rn)®

Jtlel<p

is (twisted) homogeneous of order p, i.e., an(A)(y, An) = Mrron(A)(y,n)ky " for all A > 0.
REMARK 3.4. The operator family (3.2) also represents an operator-valued symbol
alyp ) € (@ x R KO (X, K0 (X))

for every s,7,g € R, where we now refer to the group action {k3}rer, in both spaces, cf. Remark

3.2. In particular, we have
a(y,n) € SM(Qx RL K™7(X7), Ko~77H (X))
for every s,y € R. For convenience, we shall formulate most of our results for the case g = 0 but

already mention here that they extend to the case of arbitrary weight g € R.

Let oy (A)(r, z,y, 0,&, 1) denote the usual homogeneous principal symbol of the operator (3.1) of
order . Together with (3.6) we then have the principal symbol of A,

(3.7) o(A) := (o4(A4),01(A)),

which controls the ellipticity in the edge calculus.

The operator A is called oy -elliptic if it is elliptic as usual and if, in addition, its rescaled symbol
Fy(A)(z,y, 0,6 n) = (rop(A)(r, 2y, 0, &7 )|,y

does not vanish for (g,&,n) # 0.

The ellipticity of A with respect to both components of (3.7) also requires the bijectivity of

(3.8) oa(A)(y,m) : K3V(X") — K771 (X7

for all (y,n) € @ x (R?\{0}). However, this cannot be expected to hold true without additional
information. It is known that the oy-ellipticity of A entails the Fredholm property of (3.8) for all
weights v € R\ D, for a discrete set D = D(y) C R. The (necessary and sufficient) condition for

the Fredholm property is that the subordinate principal conormal symbol
n
O'M(A)(y7 z) = Z (ljo(O, y)zj : HS(X) SN HS—M(X)
§=0

+1

is invertible for all z with Rez = *3= — 7.



8 D. KAPANADZE, B.-W. SCHULZE, AND J. SEILER

Similarly as for boundary value problems, the idea of ellipticity of edge problems (in the ‘usual’
sense, cf. [12], [3]) is to fill up the Fredholm family (3.8) by finite rank operators to a 2 x 2 block
matrix family of isomorphisms
K7 (XM ISR (XN
(3.9) oAy, : @& — ®
CI- CI+
A

T
with the homogeneous principal edge symbol (3.9). Edge symbols are then 2 x 2 block matrix

K
with o (A4)(y,n) as the upper left corner, where A = ( Q) is a corresponding edge problem

symbols

0

with B = K7(X") @ Ci- and E = K5 #71#(X") @ Ci+, where g(y,n) is a so-called Green
symbol and m(y,n) a smoothing Mellin symbol, such that A = Op(a). For details see the appendix,

aly,m) = (“(y’””m(y’”) 8) L gy € SMQxR%E, B)

Section 8.

4. Spaces with asymptotics

4.1. Cone Sobolev spaces. Beside the spaces K%7(X") that we defined in Definition 3.1,
we are also interested in subspaces consisting of functions that have asymptotics for » — 0. In this

connection let
(4.1) P ={(pj,m;,L;): j=0,...,N} for (pj,m;,L;) € CxNxC®X),

with N € NU {oo} and each L; is a finite dimensional subspace of C°°(X). We also assume that
pr # py for k # 1 and, in case N = oo, that Rep; — —oo for j — oo.

DEFINITION 4.1. Let vy € R and 0 < § € RU {oo}. A discrete asymptotic type associated with the
weight data (v,0) is a set P as in (4.1) that satisfies

mcP:={p;: j=0,....N} C {z: ”TH—7—0<Rez< %H—v}.
The set of all such P we shall denote by As(,0).

For P € As(v,0) with 6 < co we form the space

N mj
(4.2) Ep(XN) = {u(r, x) =w(r) Z Z cin(x)r P logh r : cjp € L for all j, k},
3=0 k=0
which is of finite dimension and contained in §7(X"). We equip £p(X”) with a norm by fixing an
isomorphism
EP(XN2Ly®..0Le®... 0Ly &...® Ly = C®),
—_—— —_———
(mo-+1)-times (mpn+1)-times
(4.3) N
U(P)=> (m;+1)dimL;.
j=0

For 0 < 0o and s € R let us set

(4.4) Ko™ (XY) = lim, K575 (X1,
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This Fréchet space is regarded as the subspace of functions which are flat of order 6 with respect

to the reference weight ~.

DEFINITION 4.2. Let 8,7 € R and P € As(y,0) with 6 < co. Then we define
KE(XN) = K7 (X)) + Ep(XN).
Note that the sum in the previous definition is a direct sum. In the case P € As(y, 00), we set
Py ={(p,m,L) € P: 1 — v — k <Rep} € As(v, k), keN,
and then define
(4.5) K3(X") =lim __ K" (X"), SHXN) =8N (XM NKEFT(XM).

«—keN
All these spaces with asymptotics we endow with the group action {xx}xer, from (3.3).

Note that in the previous constructions, we also allow P € As(v, 6) to be the empty set. In this case,
obviously, K37 (X") = K57 (X"). To unify notation, in this case we write Sy (X") := SH(X").

4.2. Edge Sobolev spaces. We shall now introduce Sobolev spaces on R? x X" that will

serve as the local models for corresponding Sobolev spaces on a manifold with edge.

DEFINITION 4.3. Let E be a Hilbert space with group action {kx}xer, . Then the so-called abstract
edge Sobolev space W?(R1, F), s € R, is defined as the completion of S(RY, E) with respect to the
norm

fulbweqar.y = ( [Tl acnlfzan)

where w(n) = (Fu)(n) is the Fourier transform of .
The space W*(R?, E) is then a Hilbert space with scalar product

(0w = [ (), w7100 g .
In the special case of k) = idg for all A > 0, the edge Sobolev space W*(RY, E) coincides with
H*(R?, E), the usual E-valued Sobolev space on R?.
Note that replacing in the previous definition [n] by (n) yields an equivalent norm on the space

W#(R?, E) and that

(4.6) L:=F 'k F: W (R, E) — H°(R%,E)

is an isomorphism for each real s.

REMARK 4.4. If {ka}xer, is a group action on E, there exist constants ¢, M > 0 such that
kallc(ey < ¢ MM for all X > 0. From this it immediately follows that

WHM(RY E) — H*(R?, E) — WM (R4 E).

Analogous constructions make sense for the case of a Fréchet space £ = liiljeN EJ with group
action, cf. the notation after Remark 2.2. In this case we have the spaces
WH(R?, E) = lim W* (R4, E7)
jen
JjE

and a corresponding isomorphism (4.6).
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EXAMPLE 4.5. Choosing E = K7 (X") or E = K3"(X") with the group action from (3.3), we
obtain so-called weighted edge Sobolev spaces (with asymptotics)

WS (RT x X7) = W (R LY(X7)),  WET(R? x X7) := W (R, KB (X")).

REMARK 4.6. We can also form W?*(R%, 579 (XN)) with the spaces K579(X") and the corre-

sponding group action from Remark 3.2. In particular, for the case g = s —y we obtain the spaces
WY (R? x X)) := W*(R?, K*7(X")).
It then can be proved (cf. [16], [6]) that, for any cut-off function w(r) € C=(R,),
WWST(R x XN) =77 w WSO (RY x X7M).

In our calculus we assume from now on, for convenience, that ¢ = 0. However, note that the

(analogous) results remain true for arbitrary g, especially, for the case g = s — 7.

For purposes below we recall a continuity result of operators between abstract edge Sobolev spaces.

PROPOSITION 4.7. Let E and E be spaces endowed with group actions {Kx}xer, and {Fx}xrer,
respectively. Moreover, let a(y,n) € S*(Q xR E, E) for Q =R? be independent of y for large lyl.
Then

Op(a) : S(R?, E) — S(RY, E),
and Op(a) extends for each s € R to a continuous operator

Op(a) : W¥ (R, E) — W*H(R%, E).

If F is the direct sum E = Ey + F; of two closed subspaces, where {KJ)\})\GR+ restricts to a group
action on Fy but Ej is not necessarily invariant under the group action, we obtain by (4.6)

(4.7) WH(RY, E) = W*(RY, Eo) + V*(RY, Ey), V(R Ey) := L™ H*(RY, E).

This is also a direct decomposition into closed subspaces. If Ey is orthogonal to Ey, (4.7) is also

an orthogonal decomposition. In fact, if by is the (orthogonal) projection in E onto Ej, then

(4.8) P = f{iy(“[n] b1 /i[:]]l)]-' = Op(p1), p1(n) = Ky b1 n[:]]l,

is the (orthogonal) projection onto V*(RY, E;) along W*(R?, Ey).
EXAMPLE 4.8. Let 0 < 0 < 00 and S € As(y — 0,0) a finite asymptotic type. Then By := Eg(X")
is not invariant under kx from (3.3). Taking either Ey = K*7(X") or Ey = K57(X") and

E = Ey + E1, the above construction yields spaces

WY (R? x XM)g = WS (R, K57(XM)) + VE(RY, Es(XM)),
4.9
(4.9) WET(R? x XM g = WH(RL KR (X)) + V* (R, Es(X)).

Since Eg(XN) C KT7=9(XN), these are both subspaces of W77 (R x X").

In the situation of Example 4.8 we shall derive in Proposition 5.11 more precise information about

the structure of the corresponding projection P; from (4.8) and its symbol p1 (7).

REMARK 4.9. In our formalism we also want to admit the choice 0 = 0. Then S is the empty set
and we simply have Wip)(R? x X7)g = ng)(Rq X XM).
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5. The class of edge symbols of non-trivial type

The aim of the present section is to introduce our new calculus with singular trace and Green
operators, locally on a stretched wedge Q x X”*. The global situation of a manifold with edges is
studied in Section 6.

Throughout the section we fix a weight v € R, real numbers p and o,7 > 0, and endow C with
the trivial group action, k) = 1 for all A > 0, while all spaces on X" carry the group action from
(3.3). Also, we fix asymptotic types

(65.1) S ={(pj,m;,L;)}i=o0,...N> mcS C {z : %H —v<Rez< "7“ —(y- a)},
(52) T={@}m}j, L)}j=o..ns  mcT C{z: 25 —(y—p) <Rez <" —(y—p—1)}.
We write

K2(XM)s = K37(X7) + Es(X7),

and set, for each nn € RY,

(5.3) prs(n) = Ky bs iyl pos(n) =1 —pis(n),
with bg being the projection in K7 (X")g on Eg(X ") along K57 (X"), cf. (4.8). Analogous notation
we use for spaces and projections associated with T and v — pu.

Maybe it would be more precise to include in the notation of py (1) and p1,s(n) the smoothness-
parameter s € R. However, we shall not do so, since we may consider bg as the restriction to
K57(X")g of the map u+v — v : K77(X") @ Eg(X") — Eg(X"). Hence pj s(n) for small s
restricts to the corresponding p; g(n) for larger s.

5.1. Trace and potential symbols. We begin with the intoduction and analysis of so-called

singular trace symbols.

DEFINITION 5.1. A singular trace symbol of order v (with respect to S and the weight datum )

is an element

ti(y,n) € [ Sa(Q x RLL7(X7)s, C)
with the property that t1(y,n) vanishes on K7 (X") for all (y,n).

Note that when ¢;(y, ) vanishes on K7 (X") for all (y,7n), then also the homogeneous components
t1,(v—1)(y,n) vanish on K7 (XM) for all I € N. In fact, we have

tl,(l/) (ya 77) - )\lggo Aiytl(yﬂ /\77)"0\

which yields the result for I = 0. In a similar manner we can argue for arbitrary [ € N.

Singular trace symbols can be characterised in a more explicit way. But before we derive this
description (cf. Proposition 5.6, below), let us first illustrate how the standard trace symbols of

positive type in Boutet de Monvel’s algebra can be interpreted in this context.

EXAMPLE 5.2. Consider the case X" = Ry (i.e., dim X = 0) such that Q x Ry > (y,r) may be
interpreted as the local model of a smooth manifold with boundary. It is known that for any v > %
with vy ¢ % + N we have the identity

HY(Ry) = K"(Ry) +Es(Ry),  S={(5,0): j=0,....[y 3]}
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here we write [t] = max{m € Z : m <t} if t is a real number. E¢(Ry) consists of all finite Taylor

polynomaials
3]

[
u(r) = w(r) Z cjrd, ¢; € C,
§=0

and has dimension [s — 1]+ 1. Let us now fix 0 < k < [y — 1] and define
dk
- W r:Ou'

Obviously, t; vanishes on KV (Ry). We consider t; as a symbol independent of (y,n). It then

t1: H'(Ry) — C, tiu

satisfies the homogeneity relation

tiu= A3t tu forall A >0,

which shows that t, € Sfﬁé(Q x R K7 (Ry) g, C). Even more,
1
(5.4) tie [ 557 (RE KV (Ry)s, C),

by extending (for s < ) t1 by vanishing on K7 (R.). Thus we are in the above situation, here for

o=r.

Let us assume for the moment that the asymptotic type S only consists of a single triple (p, m, L)

with p € C satisfying Rep < 2 — (v — ¢). Then Eg(X") = {w(r) P 3 wi(z)log! r g € L}.
7=0

We shall now make use of the Mellin transform. It is defined by

(o)) = [ v

r
for v € C§°(R4) and can be extended to various other spaces (for the basic properties of the Mellin

transform we refer to [3]). For example, if wy is an arbitrary cut-off function then
(5.5) Moy s K7(X")s — A({Rez > 2 =y} \{p}. H* (X)),

where A(U, F') denotes the holomorphic functions on U with values in F. In fact, if u € K7(X")g,
then v := M (wyu) has a pole in p of multiplicity m+1. More precisely, if u(r, ) = w(r) r Po(x) log" r,
then the principal part of v is (—1)*klp(x)(z — p)~**1). This allows us to compose (5.5) with the
map

1

(5.6) By v —/ (z — p)ku(z) dz, 0<k<m
271 |z—p|<e

where € > 0 is chosen sufficiently small. The map B, ;, computes the Laurent coefficient of v at
(z — p)’(’”l) which belongs to the space L. Now the following observation is obvious:

LEMMA 5.3. Let S be as in (5.1). Then any function t(y,n) € C*(Q xR, LKV (X")g,C)) with
t(y,n)

s (xny =0 has a unique representation as

N m;

ty,m) =D > dikly,m) 0 By, s 0 Muy

§=0 k=0
with dji(y,m) € C=(Q xR, L7), where L} denotes the dual space of L;. In fact, given t(y,n), then

(=DF
!

dix(y,m) @ = t(y,m) (w(T) 7P plog® r) ; p €Ly
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Of course, the previous lemma has a corresponding formulation if we replace the parameter-space
Q x R? by another one. A direct consequence of Lemma 5.3 is that singular trace symbols of order

—oo associated with the asymptotic type S are precisely of the form

N mj
(57) Y dutwn (o [ G p) M) dz)
=0 k=0 T J)z—pjl=e

with djz(y,n) € C®(Q) &5 S(R?, ). Moreover, if ¢1(y,n) is as in Definition 5.1 and 1 (4)(y, n) is
a homogeneous component, then
M mj

e (e = 5 S ) (5 /| e e (] @) dz)
(5.8) j]\:; ;:;o o
=l S R i (5 [ G M n)e) d2)
=0 k=0 pl=e

for functions d;',);) (y,m) € C=(Qx 8971, LF), where S9~" denotes the unit-sphere in RY. This follows

by using the homogeneity relation

to) (U5) = 111 11 () (Y5 1) B
together with the formula from Lemma 5.3 in the version for the unit-sphere. In fact, it is also
true that if we define 1 (4)(y,n) by (5.8) with arbitrary dﬁ‘) (y,m) € C(0 x Sq’l,L;), then we
obtain that t; (4)(y,7) is a smooth function on © x (R?\ {0}) with values in L(K*7(X")g,C)
that vanishes on K£*7(X") and is twisted homogeneous of order . The homogeneity is clear, the

smoothness follows from the next result.

LEMMA 5.4. Let S be as in (5.1) andt : Qx (RI\{0}) — L(K*7(X")s,C) such that t(y,n)

0. Then t(y,n) is a smooth function if and only if so is s(y,n) = t(y,n)m@ll.

]CSW(X/\) =

PROOF. Let bg : K57 (X")g — E(X”) be the canonical projection along K*7(X"). By the
vanishing condition and the ky-invariance of K7(X") it is immediately seen that
t(y,m) = t(y,m)ky, bs kg = sy ) (bs Kigy)s  s(y,m) = ty,n)(bs kp,))-
So it remains to show that bgky € L(Es(X")) depends smoothly on A > 0, since from this it follows

its smoothness as a function with values in £(K*7(X")g). However, if u(r, 2) = w(r)r Po(z)log’ r,
then

(5.9) (bsrru)(r,z) = w(r)(Ar) "Po(x) log! (A\r) = w(r)r chl x)log' r
1=0
with ¢ () = (g) log’ ! \. This at once implies the requested smoothness. O

There is an obvious analogous version of Lemma 5.4 by replacing Q x (R?\ {0}) by Q x R? and

Kin| DY Kp) OF K(p)-

LEMMA 5.5. Let S be as in (5.1) and t € (,cx LIK*7(X")g,C) such that t vanishes on K*7(X")
for each s. Then

1 - Nl
MY T Ml 2ies (xmys,e) S M T K lleges (xmys,0) < celm It ies (x0)s,0)

with both e > 0 and c. > 1 neither depending on s € R, n € R? nor on t with the required properties.
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PRrROOF. Arguing as in the proof of Lemma 5.4, we get

[t 2o xmys,e) < MRy lletes (xrys)l1bs By lleiesxny)

and ([t kol cocsr(xn)s,0) < Nt cocsr(xr)s,0) 1108 Ky ll ces(xny)- For the norm estimate of bg rx
we have to consider terms as in (5.9) and to note that

IAPlogh A| < cp.c max(AF, A7) ATReP forall A > 0,

where we choose € so small that Rep + ¢ < "7“ —v4o0. O

The above observations now lead to the announced description of singular trace symbols. For this,

let x(n) be a zero excision function on RY.

PROPOSITION 5.6. A function t1(y,n) € C°(Q x R, LK%V (X")g,C)) is a singular trace symbol
of order v in the sense of Definition 5.1, if and only if there exists a sequence of homogeneous

components ty o,_yy, | € N, of the form (5.8) (with a replaced by v — 1) such that for each given
L

M € N there exists an L € N such that the difference t1(y,n) — > x(m)t1, -1 (y,n) is of the form
=0

(5.7) with all d;(y,m) belonging to S™M(Q x R?).

Before defining our new class of trace symbols let us recall the structure of a trace symbol from
the standard edge algebra: It is a symbol

to(y,m) € [ S&(Q x R L (X7),C),
such that the (pointwise) formal adjoint symbol satisfies, for some £ > 0,
to(y:m)* € SG(2 x R C, 877 (X1)).

DEFINITION 5.7. A trace symbol of order v in the local edge calculus on X" x Q (with respect to
S and the weight-datum ) is an operator family t(y,n) such that

ty,m) € [ SHQx RLL(X")s,C),
and t(y,n) has a representation

t(y,m) = to(y,m) po,s(n) + t1(y,n)

with a v-th order singular trace symbol t1(y,n) and a to(y,n) being a trace symbol in the standard
edge symbol algebra as described above. If t1(y,n) =0, we call t(y,n) also a regular trace symbol.

THEOREM 5.8. Let t(y,n) be a trace symbol as in Definition 5.7 for Q = R, and let t(y,n) be

independent of y for large |y|. Then Op(t) induces continuous operators
(5.10) Op(t) : W*(RY, K>V (X")g) — H*(R?), s €R,
and we have

(5.11) Op(t))u=0  for allu € W¥(RI, K>7(X")).

Moreover, the singular trace operators are localised at the edges (in contrast to the regular trace
operators), i.e., if v € W5(Q, K7 (X")g) vanishes in a neighbourhood of v = 0 then Op(t;)v = 0.
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PRrOOF. Property (5.10) follows from Proposition 5.11 (see below) and Proposition 4.7, noting
that W*(R?,C) = H*(R?). The relation (5.11) holds true, since t1(y,n)u(n) = 0 for any u €
S(RY, K57(X")). For the latter statement note that the vanishing of v near r = 0 implies that, in
fact, v € W*(Q, K*7(X")). Then apply (5.11). O

We finish this section by defining potential symbols. For their definition it will be convenient to

use the notation

(5.12) ST XM = STHXN) @ Er(XT), e>0.

DEFINITION 5.9. A potential symbol of order v (with respect to T and the weight-datum ~v — ) is
a symbol

(5.13) k(y,m) € S4(Q x R C, 82 *(XM)7)

for some e = e(k) > 0.

If we write k(y,n) = po,r(mk(y,n) + p1,0(n)k(y,n) then the first summand is a potential symbol

from the usual edge-algebra associated with the weight-datum v — p.

Also potential symbols can be characterized in a more explicit way. In fact, symbols (5.13) are
precisely those of the form

n+1 ~

Coec—l= kly,mri,z)e € SITMX")r

with a symbol kernel
k(y, 7, x) € SG(2 x RY) @7 SXH(X[) ) )7

(r,z)
5.2. Parameter-dependent families of projections. We now investigate more deeply the
pseudodifferential structure of the family of projections p1 g(n), cf. (5.3).
Let us define, for 0 < j < N and 0 < k < mj, zero order symbols by

/ - (z = p)* M (wiu(r/n)(z) dz.

n+1 1
2

(= ]~ F

Using the unitary isomorphism Eg(X") = C*(9), see (4.3), this gives rise to a map

t(n) = ts(n) = (tjx(n)ozj<n, : K¥7(X")s — C13),
0<k<m;
We have t(An) = t(n)xy " for A > 1, |n| > 1, hence t(n) € S (R K*7(X")g,CH)) (in fact, each
component of ¢(n) is a singular trace symbol). Moreover, let us define a (system of) potential
symbols
k(n) = ks(n) : €% — £*7(X")s

by setting, for each ¢ = (cjx)o<j<n, € C19),
0<k<m,
+1 N
k(e =[n]"7 w(rl) D> e (rn) ™ log" (r[n])
J=0 k=0

(on the right-hand side we have identified ¢;; with an element in L;, using the identification (4.3)).
We then have k(A1) = xxk(n) for A > 1, |n| > 1 which entails k() € S (RZ; CH K57 (XM)s).
From the construction if follows that t(n)k(n) = idg.s) for all n € R?, and hence

(5.14) k(mt(n) : K*7(X")s — K*7(X")s



16 D. KAPANADZE, B.-W. SCHULZE, AND J. SEILER

is a family of continuous projections.

LEMMA 5.10. If k(n) and t(n) are constructed as above, then

(5.15) pos(n) =1—k(n)t(n)  foralln e R
PROOF. By conjugation with rp,; the claim is equivalent to showing that

bs = (s k(n)) () gy))

for each 1. However, this is true, since the first factor on the right-hand side is the map

N my
c= (¢jr) — w(r) Z Z i P loghr,
5=0 k=0
1
while the second factor equals (t;;) with ¢;zu = 5 (z — pj)* M (wyu)(z) dz. O
T J)z—pjl=<
By straightforward calculation, for any u € K57 (X"),
N mj M my
(5.16)  po,s(n) (u + w(r) Z Z ¢, 7P log" r) =u+ (w(r) —w(rn])) Z Z e P logh 7.
=0 k=0 J=0k=0

From this formula and by Lemma 5.10 we deduce the following:

PROPOSITION 5.11. Let s € R. Then po s(n) € SY(RY KLY (XM) g, K&V (XM)) and
Op(po,s) : W (R, K¥7(X")s) — W*(R?,K*7(X")s)

is the projection onto W*(RY, K57 (X)) along V*(R?,Es(X")). Moreover,

(5.17) Depo,s(n) € Sy (R K57 (XM)5,8%(X")  for all |a] > 1

(¢f. (3.4)), and Dgpo s(n) vanishes on K7 (X") for each 7.

In the terminology introduced in the next section, (5.17) means that Djpo s(n) is a singular Green

symbol of order —|«| whenever |a| > 1.

5.3. Regular and singular Green symbols. Besides trace and potential symbols there is
another category of so-called Green symbols needed for our new calculus. They are build up from

regular and singular Green symbols.

DEFINITION 5.12. A singular Green symbol of order v (with respect to S, T, and the weight-datum
(v, — 1, 0)) is a symbol

gi(y,m) € [ SHQx RGKMT(X M), SI7H(X )
(see (5.12) for the notation) that vanishes on K7 (X") for all (y,n), and where € = &(g1) > 0.

Along the lines of the material from Section 5.1, singular Green symbols have a more explicit
representation: If gi(y,7) is as in Definition 5.12, all homogeneous components gy ,—j, j € N,
pointwise vanish on K7 (X"). If S is as in (5.1) then

N m;

91,0 @) =" YD Ko ekys 1) © By k0 Mg nwi o k)|
j=0 k=0

SN (XN g — STTH(X ),
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where B), 1, is as in the formula (5.6) and with uniquely determined functions
(5.18) eji(y,n) € C(Q x §T71, L(L;, STT"(X")r)).
Identifying e;x(y,n) with an L?-valued function

l;k(y7n;r7 117) € COO(Q X Sq_l) ®7T Sg_H(X/\)T ®7T L;ky

we obtain
[91,(1/—]‘)(2/777)“](7”»95) =
(5.19) TR A 1 _
"=t jzgkzoljk(y,hzl;ﬂn,x)(m /Z_p |76(Z—pj)k[Mrz_,z(mwlwlu)} (2)dz).
J=0k= 7

In other words, each homogeneous component of a singular Green symbol has a unique repre-
sentation as a finite linear combination of summands that are the (pointwise) composition of

homogeneous components of a singular trace symbol and a potential symbol.

DEFINITION 5.13. A Green symbol of order v (with respect to S, T, and the weight-datum (v, —

i, 0)) in the local edge calculus on X x § is any operator function
g(y,m) € 0 Sa(Qx RELY(X") g, K77 H(X )

which has a representation
9(y,m) = 90(y:m) po,s(n) + g1(y. ),

where g1(y,n) s a singular Green symbol and, for some e = e(gg) > 0,
go(y,m) € 01 SG(Q x REL(XD), ST7H(X ),
go(y,m)" € N SG(Q X RE LNV (XR), 877(X7),

where * refers to the pointwise adjoint with respect to the K*°(X") scalar product. If g1(y,n) = 0,

we call g(y,n) a regular Green symbol.

Note that if go(y,n) is as in the previous definition, then

po.r(n) 9o(y,m) € RG (X RY (7,7 — )
is a Green symbol from the standard edge algebra, cf. Section 8.
EXAMPLE 5.14. The pointwise composition

9(y,m) = k(y,n) t(y,n)

of a vy-th order trace symbol and a vy -th order potential symbol in the sense of Definitions 5.7 and
5.9, respectively, is a Green symbol of order v = vy + 11 in the sense of the Definition 5.13.

We shall also condsider vector-valued variants of trace, potential, and Green symbols, i.e.
t(y,m) : £>7(X",CF) — C*,
k(y,n) : C7- — K577 1H(X A, Cr,
9(y,m) : K(X",CF)g — K577 H(XN, C)y
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k
where K*7(X",CF) = @ K*7(X"), and analogously for the other spaces. This is achieved by
j=1
considering matrices of corresponding size, whose entries are all trace, potential, or Green symbols
of same order and with respect to the same data.

DEFINITION 5.15. Let 1 < k,l € N and ji,j— € N (possibly also 0). Then

RG(Q X RY (y,y — ), (k, L5, 54))sr

denotes the space of all (2 x 2)-block matriz symbols

> — S2) )

(5.20) gy, m) = (911(1/, m g2y
CI- CI+

]Cs,'y(X/\’(Ck)S ]CS*IM’Y*P«(X/\’ (Cl)T
g21(y,m) 922(?/777) '

NN

where g11(y,n) is an (I X k)-matriz of v-th order Green symbols, go1(y,n) is an (j4+ X k)-matriz of
v-th order trace symbols, g12(y,n) is an (j+ X l)-matriz of v-th order potential symbols (all with
respect to S, T and the weight-datum (v, — u), and gaa(y,n) is an (j4+ X j—)-matriz of scalar
symbols from SY(Q x RY).

To have a convenient terminology at hand, we shall call symbols (5.20) again Green symbols. Note

that they are particular operator-valued symbols
(5.21) gly,m) € SH(Q x R, K5 (XN,CF g @ CI-, 87 (X", CHr @ CI).
5.4. The full symbol class and its calculus. For the following considerations recall that
KCs=HA=H (XN is a subspace of C5THYTH(XN)p.
DEFINITION 5.16. Let v € R with p — v € N. The space

RY(QUXRY (v, 7 — p), (K, -, ) s,r
consists of all symbols a(y,n) of the form
( ) ( ) 0 ’CS”Y(X/\,(C’C)S ]Csfpl,'yfu(X/\,(cl)T
ao (v, 7
(5.22)  a(y,n) = < o nopos K 0) +9(y.n) : ® — ®
CI- CJ+

with an arbitrary standard edge symbol ag(y,n) € RY (2 x RY; (v, v — w), (k, 1)) (cf. Section 8), and
some Green symbol g(y,n) € RE(Q x RY; (7,7 — p)s (k,l,j_,j-s-))sj.

Observe that then, for every s € R,

RV(Q X Rq;(’777 - :U')v (ka l;jfaj%*))S,T C
C SY(Q x R KSV(XN,CFYg @ CI-, K5~ #( XN, CHyp @ CI+).
Thus if = R? and a(y, n) as in (5.22) is independent of y for large |y|, then it induces continuous
operators
WH (R, 57 (X", CF)g) WSV(RY, IC3~V 7~ H( XN, CHp)
Op(a) : ® — < ,  seR
H*(R?,CI-) Hs=7(RY,CI+)
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DEFINITION 5.17. For a(y,n) € R*(Q x RY; (v,v — p), (k,; j—, j+))sr we set

onla)(y,n) = (aA(aO)(y’n)OUA(pO’S)(”) 8) +aalg)(y:m),

where oa(ag) is the standard principal edge symbol (cf. Section 8) and oa(po,s)(n) == 1*H\n\bsl€|_n|1-
Moreover, on(g)(y,n) denotes the homogeneous principal symbol of g(y,n) as a classical symbol of

order p, cf. (5.21). We call op(a)(y,n) the principal edge symbol of a(y,n).
From this definition if follows that

an(@)(y, M) = Mrxan(a)(y,n) k3"
as a family of operators K7 (X", CFK)g — KS~#7=#(X" C!)7 with the usual group action defined
by (kau)(r,z) = )\%u()\r, x) for A e Ry.
DEFINITION 5.18. Let a(y,n) € RH(QxRY; (v,y—p), (k, 55—, j+))s.1 be as in (5.22) (withv = p).
Then we define the conormal symbol of a as
UM(a)(y7 Z) = UM(GO)(:% Z)a
where opr(ag) denotes the standard conormal symbol, cf. Section 8.

PROPOSITION 5.19. If a(y,n) € RY(Q x R (v, — w), (k,1;j—,j+)) s, then

oy 0)aly,n) € RVINQ xR (y,7 — ), (k, L, j1))sr
for any multi-indices o, 3 € N9.
THEOREM 5.20. For j € N let aj(y,n) € RV "F(Q x R (v,y — p), (k,;5—,j+))sr such that the
e-weights involved in the Green symbol parts of each a; are independent of j. Then there exists a
symbol a(y,n) € RV (Q x RY; (v,v — ), (k, 55—, j+))s,r such that, for all N € N,

N-1

a(y,n) — > a;j(y,n) € R NQxRE (v,7 — ), (k, 15—, j1))s 7
j=0

PROPOSITION 5.21. The pointwise composition of a(y,n) € RY (2 x RY; (y,v—p), (k,l~;j,,5+))S)R
and a(y,n) € R”(Q x RY; (y — pi,y — o — 1), (I, ;o 4 ) mo yields a symbol

a(y,ma(y,n) € R"7(QxRE (v, v — p— ), (k, 15 j—, ) s,7-
THEOREM 5.22. Let the notation be as in the previous Proposition 5.21 with Q = RY and both
a(y,n) and a(y,n) be independent of y for large |y|. Then there exists a symbol

(@#a)(y,n) € R(Q X RY (y,y — p— ), (k, L - ) s,rs
the so-called Leibniz-product of a and a, such that Op(a)Op(a) = Op(a#a). If v=p and v = [
then
on(a#a)(y,n) =on(a)(y,mon(a)(y,n),  oml(a#a)(y,z) = (T"on(a))(y,2) om(a)(y, 2),
where T acts on functions by shifting the argument, (T° f)(z) = f(z + o).
The proofs of Propositions 5.19, 5.21 and Theorems 5.20, 5.22 are somewhat lengthy and laborious,
nevertheless elementary in the sense that they only rely on the correponding properties of standard

edge symbols and general operator-valued symbols (and (5.17) for Proposition 5.19). Therefore we

omit these proofs.
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6. Operators of non-trivial type on manifolds with edges

Let us begin this section by introducing a useful notation that we shall use frequently throughout
the sequel: If u, v are real-valued, continuous functions on a topological space, we shall write u < v

if v =1 on an open neighborhood containing the support of u.

6.1. Manifolds with edges and Sobolev spaces. The analysis of our classes of edge-
pseudodifferential operators takes place on (the interior of) a smooth manifold with boundary M,
that near the boundary has the structure of a fibre bundle over a smooth closed base space and
where the fibre is a cone over a smooth closed manifold (both base space and cross section of the
cone without boundary). For simplicity, we shall assume in this paper that this bundle is trivial.
In case of trivial cross section (i.e., a point) we obtain a usual manifold with smooth boundary.
More precisely, there exists a homeomorphism of a neighborhood V of 0M to Y x [0, 1) x X, where
X and Y are smooth closed manifolds, that restricts to a diffecomorphism between V' \ M and
Y x (0,1) x X. This gives rise to a splitting of coordinates that we shall keep fixed from now on.
By identifying points (y,0,z) and (y,0,2’) for any 2,2’ € X, we may obtain from M a topological
space M which is regarded as a manifold with edge ¥ and model-cone X”. In order to emphasise
this geometric structure, we shall often write M instead of M.

We shall now define weighted edge Sobolev spaces with and without asymptotics. To this end we
assume that the asymptotic type S is as in (5.1) but, additionally satisfies the so-called shadow
condition: If (p,m,L) € S and Rep—1 > "7“ — ~v then there exists (17,1%,E) e Swithp=p—1,
m < m and L C L. This property ensures, in particular, that the operator of multiplication by
any function ¢ € S(R;) maps K*7(X")g into itself.

Let us fix a covering of Y by coordinate systems x; : U; CY — ; CRY, j =1,...,N, and a
system of functions ¢;,1; € C§°(U;) such that ¢1,...,¢n form a partition of unity, and ¢; < ;
for each 1 < j < N. Moreover, w € C§°([0,1]) is a cut-off function, and we consider (1 — w) as
a function on M that vanishes near the boundary as well as a function on the double 2M (by

extension by 0).

DEFINITION 6.1. The space W*7V9(M) for g,s,v € R consists of all distributions u on M\ OM
such that (1 —w)u € H*(2M) and

(6.1) X« (pjwu) € WE(RY, 19 (X)) foralll1<j <N

(cf. Remark 4.6), where x;. denotes the push-forward of distributions from U; x (0,1) x X to
Q; x (0,1) x X under the map (y,r,x) — (x;(y),r, ).

In an analogous manner we define W*79(M)s and subspaces W79 (M) g for some ¢ > 0.

Up to equivalence of norms, the previous definitions are independent of the involved data (cut-
off function, partition of unity, etc.), see Theorems 4 and 19 in Section 3.2.5 of [11]. Clearly
Definition 6.1 has a straightforward extension to sections of vector-bundles E over M, yielding a
scale W9 (M, E). For simplicity of the presentation, however, we shall restrict ourselves to trivial

bundles, i.e.,

k
W9 (M, CF) gy = & W9 (M) s

j=1
and analogously subspaces with asymptotics Q € As(v, ).
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In the following, we again restrict ourselves to the case g = 0, having in mind that the (analogous)

results remain valid also for arbitrary g, in particular, for g = s — .

6.2. Global projections in edge Sobolev spaces with asymptotics. In the construction

of our new symbol algebra we made often use of the canonical splitting
WH(R?, 57 (XN, CF)g) = WHRL KH7(X", CF)) @ V¥ (RY, E5(X ", CF))

and the corresponding projection Op(po,s). Passing to the manifold with edges W, we canonically
can speak of W*7(M, CF)g and its subspace W*7 (M, C¥), but there is not such a canonical choice
of a complementing space. To overcome this problem, we shall prove in this subsection the following
Theorem 6.2.

THEOREM 6.2. There exists an operator Py s = Py g(k) having the following properties, simulta-
neously for all s € R:

a) Pys € LIWSY(M,CF)g) is a projection onto W*7 (M, C¥).
Moreover, Py s is a pseudodifferential operator in the following sense:

b) Ifp,¢ € C°(M) are located in a chart Ux[0,1)x X with coordinate map x : U — Q C R,
then

¢ Pos ¢ = ¢x«Op(po,s +7) ¢,
where po.s(n) is as in (5.3) (with [n] now referring to the local expression for a smoothed
norm function on the cotangent bundle of the edge Y),

r(y,n) € Syt (Q x RG L5V (XM, CF)g, S®(X7, CH)),

and r(y,n) =0 on K37 (X", CF).
¢) If wi,ws € C°°([0,1]) are cut-off functions with wy < wy then

(1 —wi) Pyswa, wa Py (1 —wi): WH(M,CF)g — W°(M,C"),

both vanishing on W*7(M,CF).
d) If wi,ws € C([0,1]) are cut-off functions and p1,p2 € C(Y) have disjoint support,
then
(W1<p1) P07S (UJQQOQ) : VVS"’Y(]\47 (Ck)s — VVOO’OO(]\47 (Ck),
vanishing on W*7 (M, CF).

In b), x. denotes the operator pull-back under the map (y,r,x) — (x(y),r, ).

By virtue of property a), we have that Py s ¢ = ¢ whenever ¢ € C°°(M) vanishes to infinite order
at the boundary (respectively to sufficiently high order, depending on the asymptotic type S5).

Property b) of the previous theorem says that locally, near the edge, Py s coincides with Op(po,s),
cf. Proposition 5.11, modulo a singular Green operator of order —1, that additionally generates
infinite flatness. In particular, the local edge symbols o (po,s)(y,n) globally lead to a vector-bundle

homomorphism

(6.2) on(Po.s) : (T*Y \ 0) x KV (X",C¥)g — (T*Y \ 0) x K&7(X",CF)s.
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Note that different choices of projections, say Py s and ]3075, having the properties stated in the

theorem give rise to the same principal edge symbol (6.2). Moreover,
Pos — Pos s W(M,CH)s — W*1(M,CH),

vanishing on W*" (M, C¥).

PRrROOF OF THEOREM 6.2. Without loss of generality we assume k = 1.
Recall that we have identified a collar neighbourhood of M in M with ¥ x [0,1] x X. Let us

fix a covering Y = iﬁl U; with coordinate charts x; : U; — Q; C R? and a subordinate partition
of unity {p; € C’g"(?]l) : 4 =1,...,N}. Moreover choose 1; € C§°(U;) with ¢; < 1;, and let
w,w € C§°([0,1]) be cut-off functions (viewed as functions on M, supported near the boundary)
with w < @. Then we set

N
(6:3)  Pos =) (wpi) xixOP(posi) (i) + (1=w),  poily.m) =1 = rpybs sy,

i=1
with [n] denoting the expression in local coordinates y € €; of a smoothed norm function on the
cotangent-bundle over Y, and bg being the projection in K*7(X")g onto K*7(X") along E5(X"),
cf. (5.3).
By construction, it is clear that Py g = 1 on W*Y(M) and that Py s(WV*7(M)g) = WV (M).
Since W*Y(M) is a closed subspace of W*7(M)g, we obtain a).
For b) we first have a look how an operator of the form Op(pg ;) behaves under coordinate changes
(in the edge variable). By the standard formula of expressing a pseudodifferential operator in new

coordinates,

(x«p)(z, )]

e=x(y) "

1 .
Z J(Dgp)(y7 tX/(y)f) D‘;elﬁ(y}z)ghzy

o
with x(y, 2) = x(2) — x(y) — x'(y)(z — ), applied to po; and using (5.17), we obtain that Op(pg ;)
on (€; NQ2) x X" under the coordinate change x; o x transforms to Op(po,s + 7) with pg g and
r as described in the statement. Thus, choosing a cut-off function wy with wy < w and using
Py, s(1 —wp) = (1 —wp), we find

wPysY=¢Pyswotb+ (1 —wo)v=¢x«O0p(po,s+r)wo?+¢(l—wo)p.

By the properties of pg g and r we find ¢ x. Op(po,s + 7) (wo — 1)¥ = —¢p (1 — wp) 1 and this
obviously yields ¢ Py g% = ¢ x« Op(po,s + 7).

¢), d) First of all, observe that all operators in question vanish on W*7(M), since on that space
Py,s coincides with the identity operator. For the same reason, we even have wg Py s (1 —wq) =0
on WY (M)s.

By definition of Py s in (6.3), the statement will follow if we verify corresponding properties for the
local operators Ry := (1 — wy) Op(po,i) w2 and Ry := @1 Op(po,;) P2, where @1, pa € C°(£);) have
disjoint support. To show this let, without loss of generality, 2; = R? and [-] be independent of y
for large |y|. By using the explicit representation (5.16), and writing (1 —wy) = t™V (7N (1 — wy))
for arbitrary N € N, it is straightforward to see that Ry = Op(ry) with a symbol r; € S~V (RY x
R% K57(X M) g, 8(X")). This yields Ry : W7 (R? x X")g — W°(R? x X"). The same is true
for Ra, using integration by parts and (5.17). O
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REMARK 6.3. Adapting methods and results of [2] that show that, for a smooth compact manifold
Q with boundary, H®()/Hg () is isomorphic to H* (9, Cls=21), where HE(Q) denotes the closure
of C§°(int ) in H*(2), one can show that

ker Po,s 2 W*7(M, C*)s /W*7 (M, C*) = H*(Y,C* @ C'1¥),
where 1(S) is the dimension of Eg(X"), cf. (4.3).

6.3. Global regular and singular Green operators. The full algebra of operators on a
manifold with edges will consist, roughly speaking, of pseudodifferential operators that locally near
the edge can be represented as an operator with symbol from the edge symbol algebra introduced
in Definition 5.16. There are also non-local operators in this algebra which we shall introduce first.

DEFINITION 6.4. A smoothing operator (associated with asymptotic types S, T, vector bundles C*,
C!, J_, Jy, and with weight-data (,y — 1)) is an operator C such that, for all s € R,

Ps O

W (M,Cr)g W= (M,Cl)p
011 0 .
0 1

Coy 0 S - @

(6.4) c =0 <
H5(Y,J.) H>(Y,J,)

where

a) Py g is a projection as in Theorem 6.2,
b) both Ci1 and Ca1 vanish on W7 (M,C*), and there exists an € = £(C11) > 0 such that
Cr1 : WY (M, CF) — Wr=#(M,CYr,
c) foranyr eR
WY (M, CF) WK (M, CYHp
Co : a3 — @
H"(Y,J-) H*>(Y,Jy)

for some € = £(Cy) > 0, while its adjoint C§ induces maps
Wr—vtetT (A C W=7 (M, CF)
Cs P — P
H(Y, J) H=(Y, J_)

The space of all such operators we shall denote by

V™M (v, y — ), (ks b5 T, Iy ) s -
If in (6.4) we can choose C11 = 0 and Co1 = 0, we call C a regular smoothing operator. If Cy is
Chi O
CH C

CY, =0, we call C a singular smoothing operator.

represented as a block matriz, Co = < ), and we can choose in (6.4) both CY; = 0 and

Let us remark that — after fixing the choice of Py g — the decomposition (6.4) uniquely determines
Co, C11, and Co;.

For the definition of global Green operators let ¥ = igl U; with coordinate charts y; : U; —
; C R over which Jy is trivial with trivializations x; + : Ji‘Ui — Q; x C7=. Let ¢q,...,0N
be a corresponding partition of unity on Y and ; € C§°(U;) such that ¢; < ;. Moreover, let
w,w € C§°([0,1)) be cut-off functions with w < @&.
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DEFINITION 6.5. A Green operator of order v € R (associated with asymptotic types S, T, vector
bundles Ck, C', J_, J., and with weight-data (v, — p)) is any operator G of the form

(6.5) G- Z (w%@ioo X; 0 ) Op(g:) ((Xz)*o i o _g) Oz/)‘) L

Pi © X;'k,Jr

(x* and x. denote the pull-back and push-forward, respectively, of sections under x), where C is
a smoothing operator in the sense of Definition 6.4 and each g; is a v-th order Green symbol as
in Definition 5.15, g; € RE(Q X R (v, v — w), (k,1; 5=, 5+))s,7- The space of all such operators is
denoted by

yE(Ma (77 Y M)a (kv l; ny J+))S7T
6.4. The algebra of edge operators on W.
DEFINITION 6.6. Let u,v € R with u — v € N. The space

yV(M; (77’7 - ﬂ)a (kvl; J*? J+))S,T

consists of all operators

APys 0

2] — 2]
0 0

W (M,CF)s W= (M, C)r
) g
H(Y,J_) Hs=1(Y, )

(6.6) A= (

where Py g is as in Theorem 6.2, G € Y&(M; (v,y — w), (k, L, J-, J1))s1, and A is an operator
from the standard edge algebra YV (M; (v,vy — u), (k,1)), c¢f. Section 8.

REMARK 6.7. Throughout the paper we admit also the case 0 = 7 = 0, i.e., that the asymptotic types
S and T disappear, cf. Remark4.9. In that case we recover the standard edge algebra Y (M; (vy, v —

), (kb5 I, J4)).

Similarly as in (6.5), each operator A € YV (M; (v,v—p), (k,1; J—, J4))s,1 can be expressed locally
near the edge in terms of edge symbols belonging to RY(€2; x R (v, — p), (k,;j—, j+))s1-

DEFINITION 6.8. Let A € Y*(M;(v,y — p), (k,; J_, J4))s1 be as in (6.6) with v = u. Let us
denote by my : T*Y \ 0 — Y the canonical projection. Then the principal edge symbol of A is the

vector-bundle homomorphism

on(A) = (JA(A) on(Fo.s) 0) + on(G) :

0 0
(6.7) /CS"Y(XA,Ck)S ’Csf"’V*”(XA,(Cl)T
Ty e — Ty &) , s €R,
J_ J

where ox(A) is the principal edge symbol of standard edge operators, cf. Section 8, and ox(Fo.s)
is as in (6.2). Moreover, the conormal symbol of A is, by definition,

om(A)(y, 2) = om(A)(y, 2) : H(X) — H7H(X),  seR,

where y € Y and z € C with Rez = ”T'H — 7, cf. Section 8.
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Occcasionally, we prefer to write the action of the principal edge symbol in each fibre, i.e.,
Ks,v(X/\’(Ck)S ’CS_M”Y_M(X/\,(Cl)T
(6.8) on(A)(y,n): ® — @ : (y,n) € T*Y \ 0.
J—,y J—hy

Besides principal edge and conormal symbol we have the standard interior pseudodifferential sym-
bol

0 (A) = 0y(A) € C(T*(M\Y)\ 0),
cf. (8.8), and the rescaled symbol

op(A) =0y (A) € C‘X’((T*Z’)M x R)\ O),
cf. (8.9). Based on the algebra property of the standard edge algebra and the composition result
Theorem 5.22, one can show the following:
THEOREM 6.9. Let A € Y'(M;(y,y — ), (k,;J_,J1))s.r and A € Y7(M;(y — p,y — p —
w), (LG Jw, Je)ro. Then

AA € YH(M; (v, = p— i), (k15 T, J4)) s,

Moreover, in case v =y and U = [i,

on(AA)(y,n) = on(A)y,mon(A)y,m),  om(AA) (Y, 2) = (THou (A)(y, 2)ou (A)(y, 2),
where T is the shift operator, (T f)(z) = f(z + o).

Similarly, using Theorem 5.20, we have:

THEOREM 6.10. For j € N let A; € Y*=I(M;(v,y — pu— p), (k,l;J_, J4))sr such that the e-
weights involved in the Green parts of each A; do not dependent on j. Then there exists an operator
Ae YH(M; (y,y —p—p), (kL J-, J1))s 1 such that, for all N € N,

N-1
"4_ ZAJ € yﬂ_N(M; (’77’7—,U,—ﬁ)7(]€,l;J,7J+))S}T.

j=0
7. Ellipticity and parametrix

In this section we introduce the notion of ellipticity in the edge calculus with singular trace and
Green operators and show that elliptic operators possess a parametrix within the calculus. As a
preliminary step, we consider in Section 7.1 the subalgebra of operators which coincide with the

identity modulo Green operators. The general case is then treated in the subsequent Section 7.2.

DEFINITION 7.1. An operator A € Y*(M, (v,y — w), (k,k; J_, J4))s1 is called elliptic if
(i) oy(A) and gy (A) are pointwise invertible on T*(M\Y)\0 and (T*OMxR)\0, respectively,
(ii) on(A)(y,n) defines isomorphisms (6.8) for all (y,n) € T*Y\0O and some s € R.

A A

Note that if A = ( ) is elliptic, then

A21 A22

(7.1) on(Arn)(y, ) : K57 (XP, CF)s — K57HH(XM, CF)p



26 D. KAPANADZE, B.-W. SCHULZE, AND J. SEILER

is a family of Fredholm operators of index j; — j_, where ji denotes the fibre dimensions of J,.
Under the ellipticity assumption (i), the Fredholm property of (7.1) in turn is equivalent to the
bijectivity of the subordinate conormal symbol

om(A)(y,2) : H(X) — H7H(X), seR,

forally € Y and z € FnTﬂi,y. In particular, it does not depend on the choice of S and T, and
the conormal symbol might have non-bijectivity points on the weight line F% —(y=0) (with o
corresponding to the type 5).

7.1. The inverse of identity plus Green symbol. For the following statement we use the
notation Z = diag(1,1).

PROPOSITION 7.2. Let G € Y2(M, (v,7), (k,k; J, J))s.s such that oA(Z+G)(y,n) =L+ (G)(y,n)
is an isomorphism for each y and n # 0. Then there exists a C € YA(M, (v,7), (k,k; J, J))s,s such
that

(Z+on)ym) " =T +0a(C)(y,m)  for all (y,n) € T*Y\0.

PRrROOF. For notational simplicity let k = 1. Without loss of generality, we may assume vy = 0.
Let us write

ICO’O(X/\)S /CO’O(X/\)S

1+G G
(7.2) T+on@wm={ 7" "2 wm: & — @
G21 G22 J J

and let us suppress (y, n) from the notation for a while. Since the following considerations are local
in (y,7m), we assume that J = C’ for some j € N.

Let bs be the projection in K%9(X")g onto £s(X") along K*O(X"), cf. (5.3) and (5.15). Then

b KOO(X M)
( bs ) : KO9(XMg — @ is an isomorphism with the inverse (lp {1). We then set
Es(XM)
1-bs O
B = bs 0| and form the isomorphism B(Z + o (G))B ! which equals
0 1
]C070(X/\) ’CO’O(X/\)
bo(1+ Gi1)lo bo(1+ Gii)li  boGr2 ® @
(7.3) b1Ga1lo b1Ga1lh b1Gra |+ Es(XN) — Es(XM) .
Gailo Ga1ly G2z S3) )

(o] C

Using an isomorphism Eg(X") = C*9) cf. (4.3), and writing G := byG11lo, we transform (7.3) to
the form

ICO’O X/\ /CO’O X/\
(7.4) I H : &) — @ .
21 22 CHS)+i Cu(S)+i
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Now let (yo,70) € S*Y (the unit cosphere bundle) be fixed. Since isomorphisms form an open
set and each matrix can be approximated arbitrarily well by an invertible one, there exists an
invertible (4(S) + 7) % (¢(S) + j)-matrix Hay such that

JCO0(xA ;00 x A
1+G His ) &)
2 22 CUS)+i CUS)+i

is pointwise invertible in an open neighborhood of (yg,70) in S*Y. From the decomposition

1+G Hpp\ (1 HipHyp'\ ((1+G)— HioHy' Hyy 0 1 0
Hy Hy) \O 1 0 Hyo ) \Hyp'Hyy 1

we deduce that the second term on the right-hand side is invertible, since all the other block-

matrices are. In particular,
14+ D: K"(X") — K%9(X"),  D:=G - HyyHy,' Ho,

is invertible. But now D is (the symbol of) a regular Green operator, i.e. a Green operator from
the standard edge calculus. Then it is known that (14 D)~! = 1+ M with a (symbol of a) regular
Green operator. This yields

—1 ~
<1+G H12> _ < 1+ M —(1+M)H12H221> . <1+M N12>

Hy  Hy —ﬁg_ngm(l + M) ﬁg_gl Na1 Ny

1+G Hp\ (1+M N\ (1 0
Hy  Hoyo Nai Noo B R

with an invertible matrix R, and it follows that

-1
(7.6) 1+G Hips _(1+M Nip 1 0 _(1+K L2
. Hyy  Hy Noy Ny -R7'B R! . Loy Ly )’

where the functions K and L;; are smooth near (yo,70), and have the properties that

Then

K(y,n),K(y,n)*: K%X") — SAX"),  Lia(y.n), Lar(y,n)* : CT — SO(X™)

for some ¢ > 0.

Since the local inverses are unique, we thus obtain an inverse of the form (7.6) globally on S*Y,

having the mapping properties just described. It then remains to set

1+Ci Cig _ 1 1+ K Ly B
Con Cao Loy Lo
and to define o4 (C)(y,n) by

1+ 011 012

7+ UA(C)(ya 77) = diag(’ﬂnh 1) ( 021 022

) (,n/In) diag (s, 1).

By using a zero excision function x(n), we then find a corresponding operator C having the con-
structed principal edge symbol. O
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7.2. The parametrix construction.

THEOREM 7.3. Let A € Y*(M, (v,v — ), (k, k,J_,J}))sr be elliptic. Then A has a parametriz
P c yiu(Mv (’7 - N?’Y)v (kv ka JJr; J*))T,S; i'e';

AP —T € Y™ (M, (v = poy = ) (ks ks Ty, Jy ),
PA-T € Y= (M, (v,7), (k. k, J-,J-))s.s,
where T = diag(1, 1) is the identity operator. In particular, A induces Fredholm operators
WM, TRy W (M, )y

A: o) — e , seR.
Hs(Y,J-) Hs—H(Y,Jy)

PRrROOF. Let us construct a left parametrix P; the construction of a right-parametrix is similar.
Then P is a two-sided parametrix, and we obtain the Fredholm property of A, since the remainders
are compact operators in the respective Sobolev spaces. For the construction of P we assume for
simplicity that & = 1 (the general case is completely analogous).

Writing A as a block-matrix A = (A;;); ;=12 with A;; = APy g, cf. the formulas (6.6) and (7.1),
condition (ii) of Definition 7.1 yields a family of Fredholm operators
on(A)(y,n) : K*V(XD) — K7P7H(X7), (y,m) € TY\ O,

of index Iy —I_ for Iy = jy +¢(T) and I_ = j_ + ¢(S). Using the technique of constructing a
parametrix in the standard edge calculus (cf. Theorem 8.5, below), we find an elliptic operator
BeY (M (y—pu~y),1,1;Ly, L)) for Ly = J, @ CT) and L_ = J_ @ C"5), which has the
following properties: The upper left corner B of B, viewed as an element of L™#(M \ Y), is a
parametrix of the elliptic operator A € L¥(M \'Y), and (T"op(B))oam(A) = 1. Moreover, the
operator B is Fredholm as a map
WS=HA=H()]) We (M)
B: &) — @ .
Hs= 1Y, Jy) @ H=#(Y,C* M) H3(Y,J_) @ H*(Y,C"9))
A simple algebraic argument, using the isomorphisms
WY (M) @ H(Y, (CL(S)) >~ W (M)sg, WETHI=H(M) @ HS (Y, (CL(T)) = WSTHITI (M),

cf. Remark 6.3, allows us to reorganise the operator B to an operator

Ws=ma=B(M)p WS (M)
Po : @ — SV
HMY, D) H(Y,J)

with Py € Y~H(M, (v — p,7),(1,1; J_, J;+))r,s and such that
G =PoA—T€VG(M,(7,7), (1,11, J-))s.s.

Both Py and A are elliptic; thus also Z 4 G is elliptic. By Proposition 7.2 we find an operator
C € Ye(M,(v,7),(1,1;J-,J-))s,s such that

(Z+C)IT+G)=I+K fora KeYVz'(M, (v,7),(1,1;7-,J-))s,s-
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Setting P; = (Z + C)Py we thus obtain P;. A = Z + K. Applying Theorem 6.10, we can form the

asymptotic sum

L= Y (1K € V5 (M, (3,7), (L -, T s
j=1
Then P := (Z + L)P; is the desired left parametrix. In the latter steps we employed Theorem 6.9
several times. O

7.3. Concluding remarks. Comparing the spaces Y*(M, (v,v — p), (k,1,J-,J4))s,r and

YVH(M, (y,y— ), (k, 1, J_, J+)), the additional ingredients of the new calculus are Green operators

(in block-matrix sense) associated with discrete asymptotic data in the weight strips {z : ”TH —v <

Rez < 2 — v+ o} and {z: 2 — (y — p) < Rez < % — (y — p) + 7}, respectively. Such

operators are able to ‘reproduce’ non-smoothing Mellin operators in the upper left corner when

n+l1
2

in both variants of the edge calculus). This is due to the fact that differences of Mellin operators

they are given on the weight line Re z = —~+o instead of Re z = "T'H —~ (the latter is the case
for different weight lines (and with specific meromorphic symbols) generate Green operators of the
singular category, cf. [3].

It would be interesting to study subalgebras of our calculus with meromorphic Mellin symbols in
which the Mellin operators refer to Rez = "T'H — v+ o instead of Rez = "T'H — ~v. This would
require a careful choice of admitted Mellin symbols and a detailed analysis of the asymptotic data.

The paper [8] of Liu and Witt can be interpreted in this spirit.

One may expect many other interesting examples of such subcalculi of edge problems, for instance,
algebras generated by boundary value problems without the transmission property at the boundary,
with (principal) interior symbols of the form |£|* for some p ¢ 2Z (the case p € 2Z corresponds to
the case with transmission property). An edge algebra interpretation of boundary value problems
(without transmission property) is given in [13].

Such investigations could deepen the insight into the structure of parametrices of mixed elliptic

problems, but the details might be quite voluminuous.

8. Appendix: The standard calculus for manifolds with edges

In this appendix we shall give a brief summary of the so-called edge algebra. For a reference of the

here presented material we refer the reader to [3],[5], and [15].

In the following 2 C R? denotes an open set, and X is a closed smooth manifold of dimension
n € No. We shall denote by L*;(X) the Fréchet space of classical pseudodifferential operators on
X, and by L (X;A) the space of parameter-dependent operators, where A = R! for some [ € N.
More precisely, the local symbols of parameter-dependent operators satisfy estimates of the form

070803 a(w, &, N)| < C (14 [¢[+ [A)1=h1,
and they have asymptotic expansions in components that are positively homogeneous in (£, A). In

short, (£, \) is treated as a covariable.

8.1. Mellin symbols and Mellin pseudodifferential operators. For v € R and € > 0
let us set

Stve)={2€C: |3 —7—Rez| <&},
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. . . . . . _ 1
i.e. S(y,) is the open, vertical strip of width ¢ around the line Rez = 5 — .

DEFINITION 8.1. Let v € R, u € RU {—o0} and € > 0. The space M(*fY 9
holomorphic functions h : S¢y_n oy — LY (X3 A) such that

PRI

(X;A) consists of all

hs(A, 0) = h(A, 2L — v+ 6 +i0) € LE(X;A x Ry)

uniformly in § € (—¢,¢€). Since this is a Fréchet space in a canonical way, it is meaningful to speak
of C®(Q x Ry, M” (X;A)). We set

(v:¢)
Mﬁ(X;A) = EL>JO M("%E)(X;A), C>°(Q x ﬁJr,Mﬁ(X;A)) = EL>JO C™(Q x @Jr,M(”%E)(X;A)),
and
ME(XA) = 0 MY (X50),  C%(@x B, MB(X5)) = O C(Q xRy, M, ) (X3 0).

The definitions are analogous for the spaces depending only on © x R, and those independent of
the parameter A € A.

A symbol h(y,r, A, z) belonging to C*°(Q2 x Ry, M¥(X;A)) induces a family of Mellin pseudodif-
ferential operators on the infinite cone X" = R, x X by

[opﬂg/f_%(h)(y7 Mul(r) := L r~*h(y,r, A\, 2)(Mu)(z) dz, u € CR(XM).

2mi Re z= "’;1 —y

Here, we have identified C§°(X") with C§° (R, C>(X)), and M denotes the Mellin transform.

8.2. Green and smoothing Mellin symbols. For the following definition recall the defi-
nition of cone Sobolev spaces K*7(X”) from Section 2 and its group action .

DEFINITION 8.2. Let 7,7 € R and pp € RU {—o00}. The space RE(Q x RY;(v,7')) consists of all
operator-valued symbols (cf. Section 2) g(y,n) € S™(Q x RI; KOV (XN), KO (X1)) such that there

exists an € > 0 with
gly.m) € O SH(Q x RT3 (XM, 8T+ (X)),
gly,m” € 0} SH(Q x R L5 (X1, 877 (XM).

*

In the previous definition, * refers to the pointwise adjoint with respect to the scalar product of
KOO(X"N) = Ly(X", r~"drdx), which allows an identification of =% ~7(X") and the dual space
of K&7(XM).

DEFINITION 8.3. Let v € R and p € RU{—oo}. The space Ry, o(Q x RY; (v, — p)) consists of
all operator-valued symbols of the form

(8.1) m(y,m) + g(y,n) = wo(rln)) v+ opyy 2 (h)(y) wi(rln) + g(y,m),

where g(y,n) € RG(Q x R v,y — p)) is a Green symbol, h € C>=(Q, M >*(X)), and wo,w; €
C*>=([0,1]) are arbitrary cut-off functions. For v € R with 1 < p—v € N we set

Ry (Q X RY (7,7 — p) = RG(Q < RY (7,7 — ).
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It can be shown that then, for each s € R,
e (Q X RY (9,7 — ) C SG(Qx RE LY (X7), L77H(X 7).
If (m+ g)(y,n) is as in (8.1), its homogeneous principal symbol is defined as

(82)  oalm+g)(y.n) =wolrln) v~ opy T (W) wrrll) + onlg)wm), 1 #0,

where o4 (g)(y,n) denotes the homogeneous principal symbol of g(y, 7). This symbol we shall refer
to as the principal edge symbol of (m + ¢)(y,n). The (principal) conormal symbol of (m + g)(y,n)
is, by definition,

(8.3) om(m+g)(y,z) = h(y,z) € C=(Q, M >(X)).
8.3. Edge amplitude functions.

DEFINITION 8.4. Let v € R and p,v € R with u— v € N. Then R¥(Q x R?; (v,v — u)) denotes the
space of so-called edge symbols

a(y,n) =o {r‘” opa "2 () (. ) +m(y,m) + g(y, 77)} o0+ (1 —0)op(p)(y,n) (1 —a1),

where the notation has the following meaning:

a) 0,00,01 € C§°([0,1]) are cut-off functions with o1 < o < 0y,
b) h(y,r,n,2) = h(y,r,mn, 2) with h € C=(Q x Ry, M§(X;RY)),

)
c) (m+g)(y,n) € Ry (xR (7,7 — ),
d) p(y,r,n,0) € C®(Q xRy, LY (X;RE x R,)), independent of r for large 7.

Edge symbols are particular operator-valued symbols, namely
RY(Q xR (7,7 — p)) € S (Qx R (XM), L777H(XN)).
In case v = p we define the principal edge symbol of a(y,n) by

(84) UA(a)(y777) =r Op’X/;n/2(hA)(y7n) +U/\(m+g)(yan)7 h/\(y,T,Z,T]) :%(y,O,TU,Z),

cf. (8.2), and the conormal symbol of a(y,n) by

(8.5) om(a)(y,z) = h(y,0,2,0) + on(m +g)(y, 2),
cf. (8.3).

There is an obvious generalization to (I x k)-matrices of such edge symbols, yielding the space
RY(Q xR (v, 7 — ), (k,1)).

8.4. The algebra of edge pseudodifferential operators on M. In the following we let
M be a manifold with edge Y and model cone X" as it is described in Section 6. For v € R and
w,v € Rwith p —v e N,

(86) YV(Ma (777_/1)7(]{;)0)

denotes the space of v-th order edge operators (with respect to (k, 1) and the weight-data (v, v—pu)).
Modulo global smoothing operators they are obtained by pasting together (using a partition of
unity on M) usual pseudodifferential operators of order v on the interior of M with operators that
are localized near the edge and that are defined locally by means of pseudodifferential operators
with operator-valued symbols from RY(Q x R%; (v,v — u), (k,1)). We shall omit the details here.
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The space of global smoothing operators, Y ~>°(M, (v, — ), (k, 1)), consists of all operators G :
WO (M, CF) — WO7=1(M, C!) such that there exists an ¢ > 0 with

(8.7) G : WY (M,CF) — W=kt (M, Ch, G* : WSV (M, CY — W7 (M, CF),

for each s € R, where * refers to the adjoint with respect to the scalar product of W%°(M) that
admits an identification of the dual space of W7 (M) with W=~ (M).

Each A € YV(M, (vy,v — ), (k,1)) induces continuous operators

WY (M,CF) — W= #(M,CY),  seR.

8.5. Principal symbols. As a matter of fact,
YV(Ma (77 Y= /u‘)v (ka l)) C [’Zl(int Ma (Ckv (Cl)

for int M := M\ 'Y, i.e., any edge operator is a usual pseudodifferential operator on the interior of
M. In particular, with each A € Y*(M, (v,v—p), (k, 1)) we can associate the standard homogeneous

principal symbol
(8.8) oy (A) € C=(T*int M \ 0, L(CF,Ch).

In local coordinates, corresponding to the splitting of coordinates (y,r,x) near the edge, the ho-

mogeneous principal symbol has a special ‘degenerate’ form namely
oy (A)(y,r,x,m,0,8) =" Py (y, 7y 2, 71,70, ),
with a symbol p,,(y, r, 2,7, 0, ) homogeneous in (7, 0, ). Removing this degeneracy leads to
Gy (A)(y, .0, 0,€) = Py (¥, 0, 7,1, 0,€) = Tim roy (A)(y,r,e,r " 1 0,€).
Globally, this yields the so-called rescaled symbol
(8.9) Gy (A) € C=((T*(Y x X) x R)\ 0,£(C*,Ch).

Moreover, induced by the local amplitude functions of Definition 8.4, we have the principal edge

symbol

(8.10) oa(A) € C®(T*Y \ 0, LUK (XN, TR, Ks—ma—m (X1, 1Y),

8.6. Ellipticity. An operator A € Y*(M, (y,v—p), (k, k; J_, J1)) (cf. the notation of Remark
6.7) is said to be elliptic, if oy (A), 04 (A), and o (A) satisfy the conditions of Definition 7.1.

THEOREM 8.5. An elliptic operator A € Y*(M, (v,v — u), (k,k; J_, 1)) possesses a parametrix
Pe Y HM, (y— ) (kk;Jg,J2)), i.ee. AP — T and PA — T are of order —oo in the spaces
belonging to the data ((7 — p,y — p), (k, k; J4, J+)) and ((v,7), (k, k; J—, J_)), respectively.

For a proof of this theorem see [3], for example.
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