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Abstract

We consider the problem of analytic continuation of the solution of
the multidimensional Lame system in infinite domains through known
values of the solution and the corresponding strain tensor on a part
of the boundary, i.e,the Cauchy problem.
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Introduction

We consider the problem of analytic continuation of the solution of the mul-
tidimensional Lame system in infinite domains through known values of the
solution and the corresponding strain tensor on a part of the boundary, i.e,the
Cauchy problem.

Let R™, (m > 2), be m— dimensional real Euclidean space, D a domain
in R™ with piecewise smooth boundary 0D , S a part of 0D with smooth
boundary.
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Suppose that z = (z1,...,2m), ¥ = (y1,...,Ym) are points in R™ and
U(z) satisfies in domain D the following uniform system of Lame equations:

LU(z) =0, (1)

were L = pA + (A + u) grad div, A is the Laplace operator, A, u are the
Lame constants, and pu # 0, X # —2pu.

Set
U(y) = f(y)7 <2>
79y, n)U(y) = gly), y€S

here f(y) = (f1(y), ... fm(y)) and g(y) = (91(y), .-, gm(y)) are given con-
tinuous vector functions on S, T'(d,,n) is the stress operator,i.e.,

T(9y,n) = M%‘a% + Am(y)a%j + Mnj(y)%7 i,j=1,...,m,
where §;; is the Kronecker delta, and n = (nq,...,n,,) is the unit normal
vector to the surface S.

Given f and g determine the function U(y) in D.

The Lame system is elliptic. The Cauchy problem for elliptic equations
is unstable with respect to small variations of the data, i.e., it is an ill-posed
problem. For ill-posed problems, one does not prove the existence theorem:;
the existence is assumed a priori. Moreover, the solution is assumed to
belong to some given subset of the function space, usually a compact one
(the Tikhonov well-posedness class) [5], [13]. The uniqueness of the solution
of problem (1), (2) follows from the general Holmgren theorem.

In this paper, we construct an approximate solution of problem (1), (2)
by using Carleman’s function.

Extending Lavrent‘ev’s idea, Yarmukhamedov constructed the Carleman
function for the Cauchy problem for the Laplace and Helmholtz equations
[14], [15].

It was proved earlier [1], [12] that for any Cauchy problem for solutions
of elliptic systems, the Carleman matrix exists if the Cauchy data are given
on the boundary set of positive measure. Since we deal here with explicit
formulas, the construction of the Carleman matrix in elementary and special
functions is of considerable interest.

Starting from of the Carleman function for the Cauchy problem for the
Laplace equation, was constructed Carleman matrix for the Cauchy problem
for the system of elasticity theory for m = 2,3 in works [3], [6], [7], [8], [9].
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Since f and g can be given approximately, the solution of problem found
only approximately.

Suppose that instead of f(y) and g(y) we know their approximations fs(y)
and gs(y) with accuracy d, 0 < § < 1 (in the uniform metric); these approx-
imations do not necessarily belong to the class of existence of the solution.
Let us construct a family of functions U(z, fs, g5) = Uys(x) that depend on
a parameter o, and let us prove that under some conditions and for a special
choice of the parameter o(9), the family U,s(x) converges in the usual sense
to the solution U(x) of problem (1), (2) as § — 0. Following Tikhonov [13] we
call U,s(x) a regularized solution of the problem. The regularized solution
defines a stable method for approximately solving problem (1), (2).

In the work [11] the problem is solved by the polynomial approximation
method and yields a solvability criterion of the problem, too.

1 Construction of the matrix of fundamen-
tal solution for the system of elasticity of a
special form

Definition 1.1. The matriz I'(y, x) = ||T'i;(y, )|lmxm, is called the matriz
of fundamental solutions of system (1), where

0

Fij<y7x) = axl

] (A +31)0i5q(y, ©) — (A + p)(y; — ) 75—q(y, 7)),

2u(A + 2

i, j=1,2,..m,

1 1
. —, m > 2,
q(y,x) = { @=m)wm  fy—e[m2
( %ln|y—x|, m =2,

and w,— 1s the area of unit sphere in R™.

The matrix I'(y, x) is symmetric and each of its columns and rows satisfy
equation (1) at an arbitrary point z € R™, except y = x. Thus, we have

LT(y,z) =0, y# x.

Developing Lavrent‘ev’s idea concerning the notion of Carleman func-
tion of the Cauchy problem for the Laplace equation [5], we introduce the
following notion.



Definition 1.2. By the Carleman matriz of problem (1),(2) we mean an
(m x m) matriz I(y, z, o) satisfying the following two conditions:

1) U(y,r,0) =T(y,r) + G(y, v, 0),

where o s a positive numerical parameter and, with respect to the variable
y, the matriz G(y,x,0) satisfies system (1)every where in the domain D.
2) The following relation holds:

[ (1.2.0))+ 70, w1y, . 0))ds, < <o),
aD\S
where (o) — 0, as 0 — 0o uniformly x on compact subsets of D ; here and
elsewhere |II| denotes the Euclidean norm of the matriz I1 = ||IL;|], i.e., |II| =
(> H?j)%, in particular U] = (3. U2)2 for the vector U = (Uy, ..., Uy,).
ij=1 i=1
Definition 1.3. A wvector function U(y) = (Ur(y),...,Un(y)) is said to be

regular in D, if it is continuous together with its partial derwatives of second
order in D and those of first order in D = D|JOD.

In the theory of partial differential equations, an important role is played
by representations of solutions of these equations as functions of potential
type. As an example of such representations, we present Somilian-Betti for-
mula [4] below.

Theorem 1.4. Any regular solution U(x) of equation (1) in the domain D
15 specified by the formula

Ulz) = /(F(yw){T(@y,n)U(y)} — UWHT(9y,n)l(y, )})dsy, =€ D.
oD
Since the Carleman matrix differs from the matrix of fundamental solu-
tions by a solution of the transposed system, it follows that Somilian-Betti
formula remains valid if the fundamental solution is replaced by the Carleman
matrix. Thus, we obtain the following assertion.

Theorem 1.5. Any regular solution U(x) of equation (1) in the domain D
is specified by the formula

Ulx) = /(H(yw,a){T(@y,n)U(y)} —U{T(0y, )1y, z,0)})dsy, x € D,

oD
(3)
where I(y, x,0) the Carleman matriz.
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Suppose that K(w), w = u + v (u, v are real), is an entire function
taking real values the real axis and satisfying the conditions

K(u) #0, sup [oPK® (w)| = M(p,u) < oo, p=0,....,m, ue R.
v>1

Let
s=a’= (1 —21)*+ . + W1 — Tm1)”
For a > 0, we define the function ¢(y, z) by the following relations:
if m = 2, then

2 K (22)(y. 7) OOI [K(i\/u2—|—a2—|—y2) udu
—2nK (x ,T) = m ,
2P 0 iVu? + a? + yo — 1o VU + o

ifm=2n+1, n>1, then
o1 /°° I K(ivu?+a? + yy,,) du
_= m s
95"~ Jo VU A O 4 Yy — Ty VU Q2
where C,, = (=1)"71 - 27"(m — 2)7w,,(2n — 1), if m = 2n, n > 2, then
o2 K(oi + ym)
C’m[( m ) = I y 5)
()0l = g I L) )

where C,, = (=1)""*(n — 1)!(m — 2)wy,.
With the help of function ¢(y, x) we construct a matrix

Con K (70)9(y, )

(4)

H(y,l‘) = HH’U(yax)Hme
A+ 3p A+ 0
= —51 s B e ———— R i P , ,
‘zu()\+2u) 199 2) 20( A + 24) (Y ffy)gyicb(y x) -
i,j=1,2,..m. ©)

Now suppose D is an infinite domain in R™, m > 2, lying in the shall:
0<ym <h, h= %, p > 0. Moreover, its boundary consists of a smooth
surface S lying in the half-space y,, > 0 and of the hyperplane 0D\S : y,, =
0.

Suppose that for the some by > 0 the boundary area satisfies the condi-

tions
/eXp{—bo exp poly'|}ds, < 00, 0<po<p, ¥ = (Y1, Y1) € R™ .

oD
(7)



For ¢ > 0 in 4-6, put

K(w) = exp(ow — bchip(w — g) — bychipy(w — g)%

h
5)),

h
K(v,) = exp(oxm, + bcos py(ry, — 5) — by cos po(x, —
where
. h,_4
W="Yn+iv, po, pr €(0,p), 0<z,, <h, b>0, by > bO(COSp0§) )

Take ¢(y,z,0) = ¢(y,x) and I(y,x,0) = II(y,z). In [14], the following
assertion was proved.

Lemma 1.6. The function ¢(y,x,0) can be expressed as

1 1
¢(y7x70-> o n?” +92(y7x70)7 m , T |y .T|,
2—m
00.7.0) = oy Fonlya0), m 23, r=ly—al,

where gm(y,x,0), m > 2 is a function defined for all values y,x and har-
monic in the variable y in all of R™.

Using in Lemma 1.6, we obtain.

Lemma 1.7. The matriz I(y, x,0) is the Carleman matriz for problem (1),
(2)-
Proof. By (4 - (6) and Lemma 1.6, we have

Iy, z,0) =T(y,z) + Gy, z,0),

where

G(y7 x, 0) = ||ij(ya xZ, U)||m><m

A p 0
i — L) 5—9m , Ly, 0
)(yg J)ayig (y,z,0)

k‘gm(%xag) 5 /N o
p) 20(A + 2p

mxXm

]



Prove that L,G(y,x,0) = 0. Indeed, since Aygy,(y,z,0) = 0, A, =

kzl 8‘9—;% and for the j— column G’(y, z, o),

1 9
2u(h+2u) oy

then for the k-th component of the vector L,G7(y, z,0) we obtain

divG? (y,x,0) = (y,x,0),

m

Z(Ly)kiGij(yax7O—)

=1

_ [H—?’“.(yg (yxa)_ﬁ(y._x.)ig (y,z,0)
Fov 2 2 I T 2w T gy I

0 :
+(/\+M)a—ykdiUGJ(y;$,U)

Ap 0 (v.2.0) + Ap 02 (v.2.0) =0
= - m 9 70 a /N L o Ao 9oYm ) 70 =
20+ 201) 7™ 20+ 201) o7

Hence each column of the matrix G(y, =, o) satisfies Lame system in the
variable y every where in R™.
We now check the second property of the Carleman matrix. We estimate

/ [y, 2, 0)| + [T(0,. n)T1(y, z, ) }ds,.
dD\S

To estimate the integral, we have to estimate

oy, x,0)
S aam 47
i ...0ym

From the construction of ¢(y, x, o) for

q1++QTm q:O7172

K(w) = exp(ow — bchip (w — g) — bychipy(w — g))7

we obtain
K
- (10 + Yum)
10 + Y — Ton

1
- 02 + (yp — @ )2(_9 coS 0 + (Ym — Tp) sinobl (8)

h h
X exp (aym — bcos p; (ym — E)chepl — by cos py (ym - §)cht9po) ,
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where 0 = Vu?2+ a2, bym=2n+1, n>1and 0 =« form=2n, n > 2.
Then for m = 2n + 1 and s = o?

Cno(y,x,0)

_expoy, 0" / exp(—bcos p1 (Ym — %)chp1Vu? + s)

- K(z,) 0s! U2+ 5+ (Ym — Tm)?
0
X ((Ym — Tp) sinoVU2 + 5 — Vu2 + a2 cos oV u? + s)

h d
x exp(—by cos po(Ym — §)chp0v u? + 8)\/u2—u*+s

Since the function chpvu? + s growths by u > 0, and

-1 —prh h p1h —m h s
— < < pt T — m— =) < =,

then function

—1 h
mexp( by cos p1(y ——)chplvu2+s by cos po(y —§)Chpo*/u2+s),

is decreasing for u > 0. By the mean value theorem for improper integrals
2], for some £ > 0, we have

exp oYy, 071
K(x,,) 0sn1

h h
08 pr(y — 2 )ehprn/5 — by cos oy - 5>chpl¢z> (9)

Om¢(ya xz, 0-) =

X exp

5

(W 4+ s+ (Ym — Tm)?)

3
/ m)Sinovu? + s — \/u2—|—a2<:osa\/u2—|—s) du
0

Hence

1-2n

|¢<y7$70)’ < Cn_llcl(p)o'n_ls 2

h
X exp <—b 08 p1(Ym — §)chp1\/§ — by 08 po(Ym )chpl\/_)

h h
X exp (J(ym — Tp) + beos pr(x,, — 5) + by cos po (X, — §)) 7
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oy, x,0)
oyit...0yk"

h h
X (—b cos p1(Ym — §)Chp1\/§ — by 08 po(Ym — §)chp1\/§)

1-2n—2k
< Cn;lcl (p)O’nilJrka

h h
X exp <0(ym — Tp) + beos p1(Ym — 5) + by 08 po(Ym — —)) ,

where g =q1 + -+ + @m, ¢ = 1,2. Then

1—-2n

|H(y’ Z, 0-)’ + |T(ay7n)H(y7x’ U)| < C(p) s o™t
h h
= 5)echpr/s = b cos po(ym — 5)chprV/s)

h h
X exp <0(ym — Tpy) + beos py (T, — 5) + by cos po (T, — 5)) ,

x exp(—bcos p1(Ym

From this inequality by condition (7), we obtain

/ [y, 2, 0)| + |T(By, m)T(y, 7, 0) |ds,
dD\S

< [ (M2,0)| + 170, 0, 2,0)ds, (10
dD\S
< C(p)o™ - exp(—ox —m), x, > 0.

For m = 2n estimate (10) easily follows from (8. The lemma 2 proved.

2 The formula of Somilian-Betti in infinite
domains and its applications

[. Let D be a domain in R™, m > 2, with piecewise smooth boundary
0D. We denote by A(D) the space for all solutions of system (1) in D
(if D infinite domain, then the regularity is required in finite points of

oD).
If D is a bounded domain and U(x) € A(D) , then the following formula



(3) holds:

ﬁMM@U@MWM—WMﬂ%WMm®W%
_{ U(x), z€ D,
10, x¢D.

Let U(z) € A(D) , where D is an infinite domain. Write
Dr=Dn{xe R": |z| <R}, D¥ =D\Dg, R>0.
If for each fixed € D we have

Jim [ [y, 2, 0) {0, m)U ()} ~ U{T@, ml(y. ,0)})ds, =0,
oD%

then
/[H(,%ﬂ% o{T(0y, n)U(y)} — Uy{T(9y, n)Il(y, x,0)}]ds,
oD

B { U(z), €D

10, x¢D.

Indeed, by fixed z € D (|z| < R) we have

(11)

/[H(ya 2, 0){T(0y, MU (y)} = Uy{T(9y, n)ll(y, x,0)}]ds,

0D
:3ﬂMMMW@mmm—wwﬂ%Mmem%
O0Dgr
+/mwmﬁ@wwww@m%MWmmwy
0DX

R

— Ua)
+/WWMW%WMWW@W%MMmMWy

oDgs

Letting R — oo, we obtain (11).
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I1. Suppose that an infinite domain D lies in a shall: 0 < y,, < h, h = %,
p > 0, moreover, the boundary area satisfies condition (7).

Let U(z) € A(D) satisfy a growth condition

[UW)| +1T(0y,n)U(y)| < C explexp pa|y]),

12
p2<p7y:(y/7ym)€D‘ ( )

In formula (4), (6) we take K (w) = exp(—bchipi(w — &) — bichipo(w —

by, where
w = 1ivVu?+ a?+ ym,

2
O0<pp<pr<p 0<x,y; <h,b>0,b >b0(cosp0%) ,a=ly =1
In order to obtain the formula (11) for the domain D, we prove that

-1

I%i_rgo H(y, z,0){T(0y,n)U(y)} — U(y){T(0,,n)l(y, x,0)}]ds, = 0.
aDgs
(13)
Indeed, by (6) and (12) for fixed z € D we get

/ T(y, 2, 0){T (D W)U ()} — U)H{T(0,.n)1(y, z,0)}]ds,

DE

< / ((y, z,0)| + [T(8y, m)(y, z,0)])

oDgs

1-2n 2

< (UWI+ @ U ds, < [ C o

oDgs

h h
X exp (—bcos P1(Ym — 5)(?’%/)1\/5 — b1 o8 po(Ym — §)Chpox/§)

2 2
2

X exp (U(ym - l’m) — bcos pl(xm — ﬁ) — bl COS po(xm — ﬁ))

x  exp(exp paly'|)ds, < C exp(—oay,)o

11



h h
X exp (ah —beos pr(xy, — 5) — by cos po (T, — 5))

1 h
/ et P (—bcos P(Ym = 5)chpily|
D3

h
—b1 €08 po(ym — Z)chpoly'| + exp pz!y’!)dsy-

From this inequality, (13) easily follows.

ITI. Suppose that D is aninfinite simply connected domain in R™, with
smooth boundary 9D, lying in half-spaces y,,, > 0, defined by the equa-
tion ¥, = f(v/'),y’ € R™~ ! and satisfying the conditions |grad f(y")| <
C < .

Let
K(w) = (w+ 2p) "exp(—e(w + 1)),

w=ivul+a?+ym,, €>0, yn>0, x,>0, p; €(0,1), k€ N.

Denote by B,(D) = {U(y) : Uly) € A(D), |U(y)l + [T(9y,n)U(y)|
explyl”, p > 0}. Let p < py < 1, then for U(x) € B,(D) cond1t1 n (1
holds and hence formula (11) is Vahd Indeed from (4), ( , (6) for K(w)

)
(W + ) exp(—e(w + 1)) we find Imﬂ(fﬂ, where 0 = Vu? + o2 for

m=2n+1,n>1and 0 =« for m =2n, n > 2.

| \C’_‘ll/\

K(i0 + yum)
10+ Yy — T
(10 + Ym + Tm) Fexp(—e(il +y — m + 1))
10 + Yy — T

= (0°+ (ym + :cm)Q)%k - exp ( <\/92 (Ym + 1) )pl Ccos Pl‘P)
x [0 cos(ky + ¢ (\/62 + (Ym + 1)2>p sin p1p)

(g — wn)sin(kt + & (VO (o + D) sinpipll, (14)

Im

= Im

where

1) = arctan

= arctan , .
i Ym + 1 Ym + T,
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Now for m = 2n + 1, = Vu? + o2, s = o?, we define

Cmo(y, )
1 ol fexp( <\/u2+3+ Ym + 1 2>p1 cosp1g0>
K(xm) 95"~ ) (5 + 12 + (ym + 1)7)2
x (VuZ + scos (kY + e(u? + s + (ym + 1)%)" sin p1p)

du
—(Ym — ) - sin (k1) + e(u? 4 5 + (ym + 1)%)7 sin —
(Ym — @) - sin (ki) + e(u® + s+ (Yo + 1)*)" sin prg)) ——

Since —m < argw < 7, then 5* < ¢ < 7 and 5 < =% < p1p < 7 therefore

cos prp > 0 > 0.
Hence, the integral on the right hand side converges uniformly. Moreover,

since function exp ( —&(u® + a®(Ym + 1)2)%) is -decreasing for u > 0, and the
integral converges by the Dirichlet criterion, then the mean value theorem is
appeicable [2] , i.e., 3¢ > 0, that

Cnd(y, )
an—l P1
= K(l e exp (—5 (€ + s+ (ym + 1)) ? cos p1g0>
£

/ - [cos (Wf +e(u? + 5+ (ym +1)%) 7 sin ms@)
(s +u?+ (ym +1)2 )

—2__—Tin (k@b +e(u® 45+ (Ym + 1) )/)21 sin Pl‘ﬂ)]du-
u+s

Then

do(y, x)
oyit...0ym"

n 1 (2 2\
< Ce K(mm)exp< 5(5 +S+(ym+1))

where C' = const, ¢ =0,1,2, ¢1+ ... + ¢m = q.
Then by fixed z € D

cos pm) (15)

/ T(y, 2, 0){T (D W)U ()} — U){T(0,n)11(y, z,0)}]ds,

DF
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< / [Ty, =, o) + [T(9y, n)I(y, x, 0)[] - [[U ()] + [T(0y, n)U (y)[] ds,

oD%

Cent? i pL_

= Ko /Z<52+8+<ym+1>2)2 ’
" obee a=1

Pl
X exp (—5 (€ + 5+ (ym + 1)) % cospro+ ]y\”) ds,

_ cem QXFE;;;(;:W D) / Z (€454 (m+1)2) 7

abg =1

X exp (\y!p —€ (52 + 5+ (Ym + 1)2)71 Ccos plgo> ds,

Ce" 2 exp(—e(xy, + 1)) = b1
el ) S (et ot 1)

oDy =1

2 2\ 5
X exp <|y|p —e(a®+ (ym +1)%) 2 cosp1g0> ds,.

IN

P

m=1 2

Since |y|? ~ | 3 (y; — 2j)* + (ym + 1)2) ,y — 00, thenfor 0 < p < p; <1
j=1
and for some values ¢ and g5 > 0. we have

P1

exp (Iyl” —e(@®+ (ym +1)%) 2 cos ms@) < Cexp(—eolyl’)  (16)

Hence, (13) is valid.
We now prove condition (13) and, hence formula (11) for m = 2n. By
formula 5 and (14) we obtain

—1 an—Q Im K(OKZ + ym)
0s"2" " a(ia + Ypm — Tim)

Py, x) = [CoK(zm)]

n—2 —k
2

— [CuK ()2

@Sn—2

9 PL
X exp <—5 (54 (ym +1)%) * cos plcp)

(54 (Ym + Tm)?)

x [cos (k:w +e(s+ (ym +1)%) 7 sin 0190>

_m = Tm) o (k;zp + (s + (ym + 1)°) 7 sin Pléf))]'

NG
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Since cos p1 > 0, p1 < 1 and k is a positive integer, then
9(y, x)
oyi* ..oy

q:071a27 q=q + ... + Gm-
Hence, by (16),

< C[K (z,)] " exp (—5 (s+ (ym + 1)2)%1 cos pw) :

/ [y, 2, 0){T(8y, M)U(y)} — U){T(0y, n)Il(y, x,0)}]ds,

< / [y, 2, 0)| + [T(@, n)I(y, z.0)[] - U ()] + 7@y m)U(w)[] ds,
oD%
< CO[K (zm)] / exp (\y[ﬂ —¢ (a2 + (Ym + 1)2)%1 coS plgp) ds,
oD%
< ClK () / exp (—eolyl?) ds,.
aD3e

From this inequality we obtain (13) and (11).

Suppose that D is a domain in half-space ¥,,, > 0, with boundary stretched
to infinity and given by the equation 3, = f(y ), where |grad f(y')| < ¢ <
oo,y € R 1and 0 < f < yy < 0.

Theorem 2.1. Let U(x) € B,(D) satisfy the boundary condition

U(y)] 79y, n)U (y)]
—_— . 1
T |y‘md5y < 0, 1+ [y ds, < o0 (17)
oD

If p < 1, then the formula (11) holds. Moreover

1 (- -731)2 + (y2 + 1752)2

,r) = —In , =2,
. 2) 2 (y1 — 21)? + (Y2 — 22)?
1 1 1
= >
¢y, 7) (m — 2)wp, {rm_g N 7"1”_2} m 23,

7,2 — |y/ . l,/|2 4 <ym o Im)27 T’% — |y/ o x/’2 4 <ym —l—l’m)2

and I(y, x) is determined by formula (6)
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Proof. From (15) and 6 for kK = 1 we obtain an asymptotic estimate
(y,2)| =0(|ly™), y — o0, y €D

1 T(0y, n)I(y, )] =0 (ly| ™), y — o0, y€ID (18)

Then from condition (17) it follows that the integral on the left-hand side
of (13) uniformly converges relative to parameter € > 0. Assume ¢ = 0 in
formula for K (w). Then for m = 2 we have

o(y, )
T Im| 1 ] udu
= 2= [Im
™ (iVu? + 02 + yo + 2) (iVU? + 02 + yo — 12) VU + o2
r 1 |
= 2 | - |t
T (it + yo + x2) (it + Yo — x2)
0

Ty - 1 . tdt
o / [(t2 + (12 +22)%) (B + (g2 — 12)%)

1 1
El” [(yl — 1)’ + (y2 + I2)2] - ﬁlm‘

1 ] (y1 — 21)* + (32 + 22)°
—in 5 5"
21 (y1 — 21)% + (y2 — 22)

Ifm=2n+1, n>1, then

2, d*! s VU2 + s+ Ym + Ty du
—_— m
Cp, ds™1 IVUZ+ 8+ Yy — T VU2 + 8

oy, z) =

r=ly—xl, r%zs+(ym+xm)2.

16



If m =2n, n> 2, then

2%, d¥ 2 T (i + Y + T
_ I
Y. 7) C,, dsn2 / m a(la + Ym — Tpn)

0
1 a2 71 171
= C_mdS”_Q/{_;+T_1:| C—m(—1)~(—2)...‘(—n—|—1)
0

The theorem is proved. O
Theorem 2.2. Let U(x) € B,(D), where D is half-space y,, > 0, and

vl , 70y, n)[|U(y)]
/1+‘ |m / 1+|y’m1 ds, < oo. (19)

ym:0 ym_

If p < 1, then for x,, > 0 the formula holds

Ulz) = / [y, 2){T(9y, n)U(y)} = U)T(9y, n)Il(y, x)}|dsy, © € D.

ym=0

Proof. We set
K(w) = (w+ 2p) " exp(—e(w + 1)),

w=ivut+a?+yn, €>0, y,>0, 0<p<1, keEN.

We construct the function ¢(y,x) and matrix II(y, z) by formula 4-6. Let
Dr={x € D:|z| <R}, 0Dgr={x € D :|z| =R}, DY = D\Dg. Then by
reD

/[H(y, 2){T(0y, n)U(y)} = Uy {T(9y, n)Il(y, )}]ds,

oD

_ / [y, 2){T(8,, n)U(y)} — U){T(8,,n)(y, z)}]ds,

dDg

17



+ / [y, 2){T(9y, n)U(y)} = U{T(9y, n)I(y, ) }ds,

oD
:Um+/mwmmww@%wmmwmmmmy
aD3?

But the last integral converges uniformly to zero when R — oo, by con-
dition (18) and (19). The theorem is proved. O

3 Regularization of the solution of the Cauchy
problem for the multidimensional Lame sys-
tem in infinite domains

Suppose that D C R™ lies in a shall 0 < y,, < h, h = %, p > 0, and
its boundary consists of hyperplane y,, = 0 and of some smooth surface
S, with given equation y,, = f(y'), v € R™ !, where 0 < f(y/) < h and
lgrad f(y')] < ¢ < oc.

Suppose that U(x) € A(D) and

\U(y)| + T (9y,n)U(y)| < M, y € ID. (20)
Then formula (11), is valid, where
K(Ww) = (w—am +2h)texpow, w=ivVu?+ a2+ yn,
K(z,,) = (2h) Y exp oy, 0< x, < h.

We denote

Us () = /[H(yyx,0){T(9y,n)U(y)}—U(y){T((‘?y,n)H(y,$>0)}]d8y> r€D.
S

Theorem 3.1. Let U(z) € A(D) satisfy the boundary condition (20). Then

\U(z) — U, (2)| < MC(p,2)0" " exp(—ozy), v € D, (21)

where Cp.2) = C(p) [ 22

Ym =0

18



In the sequel we denote by C(p) any constant depending on p. It may
different in diverse applications.

Proof. From formula (11), we have

U(z) - Uy ()
< / M(y, 2, 0){T(0, n)U(y)} — UWH{T@, m)1l(y, z, o)} ds,
< / M(y, 2,0)] + 7@, w)L(y, z,0)|] [[U()] + 7@y m)U )] ds,
< M / M(y, 2,0)| + |70, n)II(y, z,0)[] ds,.

We estimate

I= [ M.2.0)]+ 170, 0(.2.0)] ds,

Yym=0
From the formula (4), (5) and (6):
K@i +ym) exp TYm
0+ Ym — T (U2 72) (12 + AR (Y — Tpn) + 4h2 + u2)

[((ym - xm)(ym — Ty + 2h> - 92)
x sinof — 20(y,, — xm + h) cosab)].

Im

where 0 = vu? +ao?form=2n+1,n>1andf =aform=2n,n>2. [

Let form=2n+1, n > 1,

dn—l
— 2 )
Cnd(y,,0) eXP (Y — Tm) T2y
x/ !
W2+ S5+ (Ym — Tm))2(s + (Ym — T)? + 02 + 4h(Y — Tm) + 4h2)
0
X [((Ym — T + 2h) — s — u?)
du
x sin ovVu? + s — 2vVu2 + s(y,, — T + h) cosovVu? + s| - )
% % (y ) cos oV s

19



Here the mean value theorem is applicable, is since
and bounded, therefore 3¢ > 0 such that

Cm(b(ya l‘? U)

2h exp(oYm — 0Ty)

g

0

1 .
P pra—— decreasing

dn—1 1
ds" b s+ (Y — Tm)? + &2

(Ym = Tom) (Y — T + 2h) — s —u?sinovu? + s
Pt (-t 1202 Vi

m ~ 4m h
— Y Tm + cosoVu?+ s| du
u2 4+ 5+ (Ym — Tm)?

_ (=)™ (n — 1)12h(exp(0Ym — oxp)) . Jqn—1
(51 (g — )2 + E)F —

¢
X/((ym_xmxym_-rm_’_Qh)_S_uQ
u? 4+ 5+ (Ym — Tm + 2h)?

0

Xsina\/u2+s Ym — T + h
Vu+s u? + 8+ (Ym — Tm)

Co" Lexp(oym — 0Tmm)
rm—1

5 cosoVu? + s)du

Hence, we have

oy, x,0)
oyt ..oy

Co" ™ exp(oym — 0Tm)
rm+1

) q:q1++Qma q:071a2

and

Co™ ™ exp(0yy — o)

M(y, z,0)| + [ T(3y, MT(y, 2,0)] < Ploy

(22

Then I < MC(p,x)o™ exp(—ox,,).

For m = 2n the Theorem is proved similarly.

Let us formulate a result that allows us to approximately solve the prob-
lem, if U(y) and T'(9,,n)U(y) on S are replaced by their continuous approx-
imations f5(y) and gs(y), respectively, i.e.,

max [U(y) — f5(y)| +max[T(9y,n)U(y) — gs(y)| <9, 0<0 <1.
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We define the functions U,s(z) by

Uss(x) = / [y, =, 0)95(y) — fs(y){T(8y, n)Il(y, z,0)}] dsy, x € D.

The following theorem is valid.

Theorem 3.2. Let U(x) € A(D) satisfy the boundary condition (20). Then
we have the estimate

n+1
\U(2) — Ups(z)] < MY©5C(p, )67 [ln (%)] , €D,

where o = h='n, C(p,z) =C(p) [ dsy

rm+l .
oD

Proof. From formula (11), (21), (22) and by assumption we obtains
U(z) = Uss()]
<| [ Mpno) 70 mUG) - 5i0))

ym=0

+(Uly) = fs(y)AT(0y, n)1l(y, z,0)}] ds,

+’/[H(y,x,0){T(Gy,n)U(fy) —95(y)}
S

+ (U(y) - f&(y)){T(aw H)H(y, z, U)}] dSy
< MC(p,z)o" T exp(—oz,,)
+6 [ (.. + 70 )y 2.0 s,

s
< MC(p,z)o" T exp(—ox,,)

n+1 .
+5/02(p)0 eXp(Uym O'xm)
S

ds,

Tm+1

< Olp,2)0™ (M exp(~0) + Sexp(ho — 0,,))
= C(p,z)0" " exp(—0x,,) (M + 6 exp ho).
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Now, for the choice of the parameter M = § exp ho, we derive

o M n+1 o
U(x) — Uys(2)| < C(p, ) M~ p= (D (an) 55

The theorem is proved. O

Corollary 3.3. The limit relations
lim U,(x) = U(x), (lsiné Uss(z) = U(x)

hold uniformly on each compact subset of D.

By slightly modifying the techniques, it is possible to generalize obtained
results. Concerning the surface S let‘s assume that it is smooth and its area
satisfies the growth condition

/exp{—bgchp0|y'|}dsy < o0, 0<py<p. (23)
s

Let U(z) € A(D) satisfy a growth condition

h ,
U0+ @, U )] < Cexp (wcospum — ) exppils]) . v 0D,

(24)
Suppose that given fs(y), gs(y) in S, satisfies following inequality:
h
55001+ 9500 < xp (acos s = ) exppul]) e s, (29)

[U(y) — fs(y)| +T(0y,n)U(y) — gs(y)|

h
< dexp (acos P1(Ym — 5) ~expp1|y'|) , yES,

where 0 <0 <1,0< p; <p,a>0. Put

K(w) =exp (aw — behipy (w — g) — bichipg (w — g)) 7

where w = ivu? + a? 4+ ym, 0 <z, < h, b >0, by > by(cos pog)’l +e,e>0,
o=y —a'|,b=2aexpp 2|, o = h~lnd".
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Under these conditions, we define

Ups() = / M(y, 2,0)g5(1) — fo(u){T (@ )1(y,z,0)})ds,. = € D.

Theorem 3.4. Let U(x) € A(D) satisfy conditions (24),(25) and surface S
satisfy condition (23), then

U () = Ugs ()] (26)

< C(z)dn (lng) - exp <2acos p1(Tm — 5) -exppﬂx'[) ,x €D,

Cla) = Clp) [ 13z expl(~buchpu)

r

oD
b h / / "Dl d
X exp §COSP1§(epr1(|y|—le)—eXpmly o'|) | dsy.

Proof. By the assumptions of the theorem
U (z) = Uss()|

< / [y, 2, 0)| + |T(8y, )Ly, , )]
x[U(y) = fs(y)| +1T(9y, n)U(y) — gs(y)|lds,

n / [y, 2, 0)| + |T(Dy, )Ty, 2, 0)]]

Yym =0
x[[U)| + |T(9y, m)IL(y, z, o) ]ds, (27)
h /
< 5/exp (acosm(ym —5) exppuly I)

S
X HH<y7 z, U)' + ‘T(ayv n>H(yv z, U)Hdsy
h
+C / exp (acos p1§) -eXpm!y’!>

ym=0

X[y, z,0)| + |T(0y, n)I(y, x, o)|lds,.
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From (9) we obtain
(y, z,0)| + |T(8y, n)I(y, z,0)]

< X0 oo expo g — )

—b h h
X exp <7 €08 p1 (Ym — ) €xP prev = by cos po(ym — §>Ch/)006)

).

o>

X exp <b cos p1 (T, —

Then from (27)
U () = Ugs ()]

h
< Cam“d/exp (a €08 1 (Ym — 5) 'eprlf?/’)
S

1
X exp <b cos p1(x, — é)) +—exXp o (Ym — Tm)
/}am

b h
X exp (—5 cos p1(Ym — 5) exp prov — bochp0a> ds,

h
+Co™t? / exp [a COS P15 OXP pl\y’\}

ym=0

h
X exp (—axm + bcos pr (T — 5))

b h 1
X exp <—§ COS P17 €XP pla) - exp(—bochpoar) —ds,
/ram
< Co™§expohexp(—oa,,)

b h
x/wﬁ;mmw—?mwwvwn

b

(g —
B COS P1(Ym 5 €Xp p1¢x

h
X exp <—b 08 po(Ym — §)chp0a>
h

1
X exp [b cos p1 (T, — 5)] —ds, + Co"texp(—ox,,)
T-m
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b h b h
[ o [Goos Bt exp ] - )~ g cos Aol |

Ym =0
h 1
X exp |bcos p (T, — 5) — bochpoar| —ds,
/’ﬂm
n+1 h
< o""(dexpoh + 1) exp(—ox,,) exp | bcos py (T, — 5)
b p1h
[ exp 5 cos 5% (exp pully | - )~ expnly’ = o)
oD
1
X exp[—bochpoa]] —ds,.
Tm
If we now take o = h'In; and b = 2aexp p;|’|, then we obtain (26).
The theorem is proved. O

Corollary 3.5. The limit relation

}sli% Uss(z) = U(x)

holds uniformly on each compact subset of D.

In conclusion, the authors wishes to thank Professor M.M.Lavrent’ev
and Sh.Ya.Yarmukhamedov for posing the problem and for discussion in the
course of solution.
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