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Abstract

In this paper we establish the regularity, exponential stability of global (weak) so-
lutions and existence of uniform compact attractors of semiprocesses, which are
generated by the global solutions, of a two-parameter family of operators for the
nonlinear 1-d non-autonomous viscoelasticity. We employ the properties of the an-
alytic semigroup to show the compactness for the semiprocess generated by the
global solutions.
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1 Introduction

In this paper we prove the regularity, exponential stability of global solutions
and existence of uniform compact attractors of semiprocesses, generated by
the global solutions, of a two-parameter family of operators for the following
nonlinear 1-d non-autonomous system of viscoelasticity (see, e.g., [5-10, 19-22,
24, 35-37])
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Uit = 0(Ys )Yz + Yutw + f(2,1), (2,1) € (0,1) X (7, +00), (1)
y(oat) = y(lat) =0, t=>r, (
y(va) :yg(x)ayt(va) :yi(x)v LS (071)7T€R+ = [07+OO)7 (3>

where y = y"(z,t)(7 € R") is an unknown function, o is a real function de-
fined on R, f = f(x,t) is an external forcing term.

Since the 1960s, the global well-posedness, asymptotic behaviour of solutions
and the investigation of the associated infinite-dimensional dynamical system
became the most essential aspects in the field of nonlinear evolution equations.
For instance, the global well-posedness and large-time behaviour of solutions to
the problem (1)-(3) have attracted many mathematicians (see., e.g., [5-10,19-
22,24,35-37] and the references cited therein), and the development has seen
great progress since then. Let us recall some of these achievements. When o (s)
is smooth enough, o(s) > 0, for all s € R, f = 0 (autonomous case), Green-
berg et al [8, 10] established existence, uniqueness and stability of smooth
solutions and Greenberg et al [9], and Nishihara [22] proved the exponential
decay of smooth solutions. Yamada [36] weakened the regularity of initial data
to obtain the global existence and exponential stability of smooth solutions
to the non-autonomous problem (1)-(3) (i.e., f # 0). MacCamy [21] also ob-
tained existence, uniqueness and stability of smooth solutions to the more
general equation u; = %(a(ux)um + A(ug)ug). When o = o(s) changes sign
in s € R, which corresponds to the model of phase transition, Andrew and Ball
[1,2], and Pego [24] established global existence, uniqueness and/or asymptotic
behaviour of (weak) solutions for the equation (1) with some boundary con-
ditions. Kuttler and Hicks [19] proved the global existence and uniqueness of
weak solutions for the more general equation uy = (0(uy))s + (@(ug)ue)e + f
with some different boundary conditions from (2). Liu et al [20] proved the
global existence of solutions to the initial boundary value problem or the peri-
odic boundary problem or initial value problem of (1). Tsutsumi [35] obtained
the global existence of solutions to the initial boundary value problem of (1).
Yang and Song [37] established blowup results for the initial boundary value
problem of (1) with four types of boundary conditons and special versions of
o(s).

As far as the associated infinite-dimensional dynamics is concerned, we refer to
the works [3, 4, 7, 13, 17, 18, 25, 26, 28-34, 38, 39] and the references therein for
related models. Generally speaking, for a given nonlinear evolution equation,
once a global solution for all time ¢ > 0 has been established, a natural and
interesting question is to ask the asymptotic behaviour of the global solution
as t tends to infinity. The study of the asymptotic behaviour of global solu-
tions to nonlinear evolution equations as time goes to infinity can be divided
into two categories. The first one is to investigate the asymptotic behaviour
of a solution for any given initial datum. The second one is to investigate the
asymptotic behaviour of all global solutions when the initial data vary in a
bounded set. The second category corresponds to the infinite-dimensional dy-
namics for nonlinear evolution equations. In this paper, we shall study these



two categories of asymptotic behaviour of global solutions to the problem (1)-
(3).

Let us now compare our results with those of other authors. Hoff and Ziane
[17, 18] proved the existence of a compact (global) attractor for the one-
dimensional isentropic compressible viscous flow in a finite interval. Concern-
ing a one-dimensional and a multi-dimensional spherically symmetric heat-
conductive viscous non-isentropic ideal gas, Zheng and Qin [38, 39] proved
the existence of maximal (universal)weak attractors. Qin and Rivera [28, 29]
established the existence of universal weak attractors for a one-dimensional
heat-conductive real gas and for a compressible flow between two horizontal
parallel plates in R3. Furthermore, Qin et al [25, 26, 30] recently established the
existence of a maximal weak attractor in H*, which corresponds to the orbit
governed by the classical solution, for a one-dimensional heat-conductive real
gas and a multi-dimensional spherically symmetric heat-conductive viscous
non-isentropic ideal gas and for the one-dimensional thermoviscoelasticity.
Note that the attractors established in [25, 26, 28-30, 38, 39] are all in the
weak sense, that is, the orbits associated with the global solution are com-
pact in the weak topology in H' (i = 1,2,4), where the abstract framework
in [11] was used and the sequence of closed subsequences was established to
overcome the lack of compactness (in the strong topology) of the orbit gen-
erated by the global solution. In this paper, we employ the properties of an
analytic semigroup and delicate new estimates to establish the existence of
uniform compact attractors in the strong sense (i.e., in the strong topology
of H' (i = 1,2,4)) for the semiprocesses of a two-parameter family of opera-
tors. This is the first new result of this paper. Note that the problem (1)-(3)
is a non-autonomous problem with the non-autonomous term f, so the sit-
uation here is quite different from those encountered in [25, 26, 28-30, 38,
39] where, caused by the lack of the non-autonomous term f in (1), it is not
necessary to consider the influence of this non-autonomous term to the exis-
tence of global solutions and weak attractors, while in this paper, because of
the non-autonomous term f in (1), we have to investigate in detail the influ-
ence of f to the existence of global solutions and uniform (with respect to f)
compact attractors in H* (i = 1,2,4). This is the second new result of this
paper. Moreover, it is well known that continuous dependence of solutions on
initial data is very important, especially when we study infinite-dimensional
dynamics (which is equivalent to the fact that the associated semigroup or
semiprocess of a two-parameter family of operators is continuous with respect
to initial data or the semigroup or semiprocess of a two-parameter family of
operators as an operator is continuous for any but fixed time ¢ and parameter
7), that is, the semiprocess is (H! x X, H' )-continuous (i = 1,2,4) (see the
definitions of H and X below). For example, we refer to the works by Hoff and
Serre [14], Hoff [16] and Hoff and Zarnowski [15] and the references therein.
In this paper, we establish such a (H% x X, H' )-continuity of the semiprocess.
This is the third new result of the present paper. The differences between
this and the above mentioned papers [25, 26, 28-30, 38, 39] essentially lies in



the following points: semiprocess via semigroup; non-autonomous system via
autonomous system; uniform (strong) compact attractor via weak compact
attractor and (H' x X, H' )—continuity of semiprocess via (H', H' )— conti-
nuity of semigroup (i.e., continuous dependence of solutions in Hi on initial
data, i = 1,2,4).

The main objectives of this paper can be summarized as follows:

(1) establish existence and exponential stability of global solutions in H’ (i =
1,2,4) and the existence of the semiprocess of a two-parameter family of oper-
ators generated by the global solutions in H (i = 1, 2,4) for any fixed external
forcing term f(z,1t);

(2) prove existence of uniform (with respect to f € ¥) compact attractors for
semiprocesses, generated by the global solutions in H (i = 1,2,4), of a two-
parameter family of operators for any external forcing term f(z,¢) varying in
> which is a symbol set or a space specified for the different cases later on.
Here we observe that the global (regular) solution in H’ (i = 1,2) is not a
classical solution. In order to investigate the infinite-dimensional dynamics
determined by the global classical solutions, in this paper we first establish
the existence of global solutions, the semiprocess of two-parameter family of
operators and uniform compact attractor in H}; then by the standard Sobolev
embedding theorem, it turns out that the global solution in Hi is in fact a
classical solution, and the uniform compact attractor in Hi corresponds in-
deed to the semiprocess governed by the classical solutions.

Now we define

1
HY = {(u,v) € H'[0,1] x H'[0,1] : v|;0 = v]p=1 = 0,/ud;z: =0},i=1,2,4
0

which become three metric spaces when equipped with the metrics induced
from the usual norms. Here H', H?, H* are the usual Sobolev spaces.
We first transform problem (1)-(3) into the following system

Ut = Vg, (ZL‘,t) € (071) X (7_7 —I—OO), ( )
(% :U(u)ux+vxx+f(x,t),(x,t) € (071) X (T’ —i—OO), ( )
v(0,t) =v(1,t) =0,t > 7, (6)
u(t,x) =yl = uf,v(r,x) =y (z) = vj(z),z € (0,1),7 € RT (7)

where

u=u"(z,t) =y (z,t), v=0"(2,t) =y (x,1).
Here we can regard the external forcing term f as a symbol for this non-
autonomous system (4)-(7) with a parameter 7 € R*.
The notation in this paper will be as follows:
H'=W?%" H)=Wi(i =1,2,4,6) denote the usual (Sobolev) spaces on (0, 1).
In addition || - || g denotes the norm in the space B; we also set || - || = || - || zz-
We denote by WkP(I, B),k € Nyg,1 < p < oo the space of functions whose



derivatives up to the order k are L? integrable from I C R into a Banach space
B. Subscripts t and z denote the (partial) derivatives in ¢ and z, respectively.
Here we only state results for the problem (4)-(7), while the analogous con-
clusions for the problem (1)-(3) can be easily drawn and will not be presented
in this paper.

Our main results are as follows:

Theorem 1 Let

o(s) € C*(R),o(s) > 0,s € R, (8)

and set

Ey = L*(R", L*(0,1)) N LY(R*, L*(0,1)).
Then for any fized f € Ey and for any (uf,v) € HY,7 € RT, problem (4)-
(7) admits a unique global (regular) weak solution (u”(t),v”(t)) € H}, which
generates a unique Semiprocess {U](cl)(t, ’7')} on H}r of a two-parameter family
of operators such that for anyt > 7 >0,

U (t,7) (g, vf) = (u7 (1), 07 (¢)) € HE, 9)

(™ (), 07 ()17 + /(IIUTH?p Tz + lvf %) (s)ds < Ci(r); - (10)

here and in the sequel Cy(7) = C1(||(ug, o) |z, | flle,) > 0 is a generic con-
stant. If we further assume that

If@) < Cre ™, t>7>0 (11)

for some positive constants v; and C’l, then there exists a constant (1 =
B1(Ci(1)) > 0 such that for any fized B € (0,01], and any t > 7 > 0 we
have

t
| (w7 (t),v" ()| 70 +/6ﬁs(llu7|lip + [T 172 + 0] [1?)(s)ds
< Cy(1)elm. (12)

The semiprocess {Uj(cl)(t, 7')} (fe By, t>1>0) s (H}r x Fy, H}r) -continuous
in the sense that for all fivred t and 7,t > 7,7 € RT, the mapping ((u, v), f) —
U](cl)(t,T)(U,U) is continuous from H} x Ey to Hi. Moreover, every fixed
semiprocess {U}l)(t,T)} (i.e., f € Ey fized) possesses a (non-uniform) com-

pact attractor .Agc)} in HE.



The following result concerns the uniform compact attractor in Hi. Observe
the following important fact: The properly defined (uniform) attractor A of
problem (4)-(7) with the symbol f, must be simultaneously the attractor of
each problem (4)-(7) with the symbol f(t) € H(fy), which is called the hull
of fy and defined as

S = H.(fo) = [folt +h)h e RT] |
where [ . }E denotes the closure in some Banach space F.
Theorem 2 Assume that (8) holds, and let

£1= Hi(fi) = [Alt+h)h eRY]
where f1 € Ey is an arbitrary but fized function. Then for any f € Y1 and
for any (uf,v]) € HY,7 € R, problem (4)-(7) admits a unique global (reg-
ular) weak solution (u™(t),v"(t)) € H, which generates a unique semipro-
cess {Uﬁ%l(tﬂ')} on HY of a two-parameter family of operators such that
(9)-(10) hold, where {U](cl)(t,7'>} should be replaced by {Uﬁ%l(tﬁ)}; if (11)
holds, then estimate (12) still holds where C1(T) should be replaced by C (1) =
Cr([(ud, o) || as || fill g, )- Moreover, the semiprocess {Uﬁ%l(tﬁ)}(f
€ Xq,t > 71 >0) possesses a uniform (with respect to f € ¥1) compact attrac-
tor As, satisfying

(1)
LJ ¢4{f}g;J4Ey

fed

Remark 3 When 7 = 0, the solution (u°(t),v°(t)) = (u(t),v(t)) is the global
solution in HY to problem (4)-(7). Moreover, if f = constant, which corre-
sponds to the autonomous system, then the semiprocess {U}l)(t, 0)} reduces to
a Co—semigroup on H.

The following theorem concerns the case where the symbol space takes the
form ¥, = H,(fi) where f; € E; C Ey = L}, (R*,L*(0,1)) is a transla-
tion compact function in E; in the weak topology, which means that H.( fl)
is compact in Ej. To this end, we consider the Banach space LP(RT,E)
(1 < p < +00) of functions g(s),s € RT with values in a Banach space E
that are locally integrable to the power p in the Bochner sense. In particu-
lar, for any time interval [t1,t] C RT,[* [lg(s)|ds < 4oco. We denote by
Lie(RT, E) (1 < p < 400) the space Ly, (R*, E) (1 < p < 400) endowed
with the local weak convergence topology of; here E is a reflexive separable Ba-
nach space. Generally, we still denote by Wi (R*, E) (m > 0 an integer,1 <
p < +00) the space Wo.(Rt, E) endowed with the local weak convergence
topology, here the space WoP(R™, E') consists of all elements g(s) whose all

time derivatives 9’¢g(s) (0 < i < m) up to order m belong to L} (R*, F). Thus



Wl (R, E) = Lfocw(w,E),ngzﬁﬂ(RtE) = H. ,(R*, E). Similarly, we
introduce a Banach space W,"?(R*, E) of functions g(s) € LI .(R*, E) char-

acterised by the conditions d'g(s) € L (R, F)(0 <i < m), and

t+1

Zsup/” s)|Imds < +oo
;=0 tERT
and equipped the norm
t+1
lglhwyescee,s = { 3 sup / 0%9(s) s}
i=0 tERT

In particular, we have,
Wy (RY, E) = Ly(RY, E),  W,"*(R", E) = H"(R*, E).

Theorem 4 Assume that (8) holds, and let

A

S =Hi(fr) = [t +h)|h € RJF}EI
where fl € Ey is an arbitrary but fized function. Then for any f € 31 and
for any (uf,v]) € HY, 7 € R, problem (4)-(7) admits a unique global (reg-
ular) weak solution (u™(t),v"(t)) € H, which generates a unique semipro-

cess {U]E‘% (t, T)} on H} of a two-parameter family of operators such that

(9)-(10) hold where {U}l)(t,T)} should be replaced by {U}ll% (t, T)}; if (11)

holds, then estimate (12) still holds where Cy(t) should be replaced by CF (1) =

Cr(lug, o) L, 1 fills,). Moreover, the semiprocess {U](q; (t, T)}(f

eV t>T> 0) possesses a uniform (with respect to f € )y 1) compact attrac-
tor As,  satisfying
(1)
U A €

fes

and the following assertions hold:

(1) fy is translation compact in Ey and any function f € Sy = Hy(fy) is also
translation compact in By, Ho(f) C Hi(f)):
(2) the set Hy(f1) is bounded in L2(R*, L2(0,1)) such that

np(h) < nj (h) < 00,Vf €5

where 0y (h) = sup,egs [ | f(s)]ds;
(3) the translation semigroup Ti(t )El = SVt > 0, where Ty(t) :

5
ST f(s) = f(s+ 1),V € Sy and the semiprocess {U}T%l(tﬁ)} sat-

1 —



isfies

o

flﬁl(t+ h, 74+ h) = ngt)f(s)(tﬂ'),w >7>0,h>0,f€ f]l;

(4) the translation semigroup {Ti(t)} is continuous on 3y in the topology of o
Moreover, there exists a semigroup {S1(t)} acting on H} x Xy by the formula

Sit(U, f) = (UL

1o, EOUTH(6) ), VU = (u,v) € Hy

which possesses a compact attractor Ay being strictly invariant with respect
to Si(t) : S1(t) Ay = Ay for allt > 0 and satisfying A
(i) mAL = Al = Ag, is the uniform (with respect to f € Yy) attractor of the
family of semiprocess {U](C‘%l(tm)}(f eESLt>T> 0);
(i) mA = A] = w(f]l) is the attractor of the semigroup {T(t)} acting on
21 = H+(f1) . Tl(t)Zl = 21 fO’I" all t Z O,’ R
(ili) Ay, = Ays,), which is the uniform (with respect to f € w(Xh)) attractor

of the family of semiprocesses {U}llél(t, T)}(f € w(il),t >7>0);

(iv) Ti(t) is an isometric operator on 3y in the topology of Fy, i.e.,

Th(t)gr — T1() g2l By = g1 — 92l Evs Y01, 92 € >

where 7 and 7y are two projectors from Hi X 21 onto Hi and f]l re-
spectively, that is, for all U = (u,v) € H} and for all f € Su,m(U, f) =
U77T2(Uaf> :f

Remark 5 It is easy to know that when f € ¥y C Fy, U}l)(t, T) = U](c‘%l(t,T).
The next result concerns the existence of solutions and uniform compact semi-
process of two-parameter family of operators in H?.

Theorem 6 Let

o(s) € C*(R),o(s) > 0,s € R, (13)

and set
By = L*(RT, H'Y(0,1)) n HY(R*, L?(0,1)) N L*(R*, L*(0, 1)).

Then for any fized f € Ey and for any (uf,vy) € H3,7 € RT, problem (4)-
(7) admits a unique global (regular) weak solution (u”(t),v”(t)) € H2, which
generates a unique Semiprocess {U](?) (¢, T)} on H_% of a two-parameter family
of operators such that for anyt > 7 >0,

UP (t,7) (g, vf) = (u7 (1), 07 () € H?, (14)



(™ (@), 0 ()17 + /(IWH?{Q + 07l + o7 ) (s)ds < Co(r) - (15)

here and hereafter Co(7) = Ca([|(ug, v)l 2, | /[ 2.) > 0 is a generic constant.
If we further assume that

LF @Ol + f)] < Coe™, t 2720 (16)

for some positive constants vy and C,, then there exists a constant 0 < By =
Bo(Co(T)) < By such that for any fized B € (0, [(s], there holds that for any
t>12>0,

t
| (u (1), 07 (1)) |72 +/€55(||UT|!12LI2 + 075 + o7 70 ) (s)ds
< Cy(1)e". (17)

The semiprocess {U}z)(tﬂ')} (f e Eyt>72>0)1s (Her X Fy, Hi) -continuous
in the sense that for all fivred t and 7,t > 7,7 € RT, the mapping ((u, v), f) —
U}Q)(t,T)(u,v) is continuous from H3 x Ey to HY. Moreover, every fixed
semiprocess {Uj(ﬁ)(t,T)} (i.e., f € Ey fized) possesses a (non-uniform) com-

pact attractor Agc)} in HY.

Theorem 7 Assume that (13) holds, and let

S = Hy(fo) = [falt + W) € RY]

2

where fo € FEs is an arbitrary but fived function. Then for any f € Yo and
for any (u,vg) € H2,7 € R, problem (4)-(7) admits a unique global (regu-
lar) weak solution (u™(t),v"(t)) € H3, which generates a unique semiprocess
{Uﬁ%Q (t, T)} on H? of a two-parameter family of operators such that (14) and

5) hold where t,7) should be replaced by t,7); if (1 olds, then
15) hold where U} hould be replaced by Upy., f (16) holds, th
(17) still holds, where Co(T) should be replaced by C3(1) = C5(||(ud, v])|| 2,
faollg,). Moreover, the semiprocess U t,7)r(f € Xa,t > 7 >0) possesses
2 X2

a uniform (with respect to f € ¥3) compact attractor As, satisfying

(2)

feXa

Theorem 8 Assume that (13) holds, and let

Yo = Hy(fo) = [fz(t + h)|h € R+]E ;

2



EQ = L1200,w<R+7 Hl([)? 1)) N Hlloc,w<R+7 L2<O7 1)>7

where fg € FEy is an arbitrary but fized function. Then for any f € Sy and
for any (uf,v]) € H2,7 € R*, problem (4)-(7) admits a unique global (reg-
ular) weak solution (u™(t),v"(t)) € H3, which generates a unique semipro-

cess {UJE‘; (t, T)} on H? of a two-parameter family of operators such that

(14)-(15) hold where {U(2)<t,7')} should be replaced by {Uﬂ; (t, 7')}; if (16)

holds, then estimate (17) still holds where Co(7) should be replaced by Ci (1) =

Cr (g, o) L2, 1 f2lls,). Moreover, the semiprocess {U}lé (¢, 7')}

(f € 8yt > 7 > 0) possesses a uniform (with respect to (w.r.t) f € 3y)
compact attractor .,422 satisfying

@)
U Ay € As,

EZQ

and the following assertions hold:

(1) f5 is translation compact in E, and any function f € S = H,(f») is also
translation compact in By, Ho(f) C Hi(f2):

(2) the set H,(f,) is bounded in L3(R*, H'(0,1)) N HL(R*, L2(0,1)) such that

fp(h) <7, (h) < +00,Vf € Hy(f2)

where iy (h) = supyegs i I f(5)|3nds + Simgsupyers J; 102F (s)|1ds;
(3) the translation semigroup Ty(t)Sy = 9,Vt > 0, where Ty(t) - Xy —

3o, To(t) f(s) = f(s+t),Yf € 3y and the semiprocess {U}lé (, )}(f €3yt >
T > 0) satisfies

(2) (2) >
Uf|2 (t+h,74+h)= UT(t)f(s)|E (t,7),Vt>7>0,h>0,[f € Xy;

(4) the translation semigroup {T5(t)} is continuous on Sy in the topology of
Es.
Moreover, there exists a semigroup {Ss(t)} acting on H3 x 3, by the formula

Sy (U, f) = (UL, (1,00, To(t) f), YU = (u,v) € H?

which possesses a compact attractor Ay being strictly invariant with respect to
So(t) : Sa(t) Ay = Ay for all t > 0 and satisfies
(i) 1Ay = Ay = Ay, is the uniform attractor of the family of semiprocesses
(U (1,7}

f1%2
(f € Sot >7>0);
(ii) oAy = Ay = w(Zg) is the attractor of the semigroup {T»(t)} acting on
So = H,(fo) : To(t)Sy = 3 for all t > 0;
(iti) Ag, = A, s,)s whzch is the uniform (w.r.t. f € w(3y)) attractor of the

10



family of semiprocesses {U}z)(t,r)}(f € w(By),t >71>0);
(iv) Ty(t) is an isometric operator on Yo = H., (f3) in the topology of Es, i.e.,

IT2(t)g1 — To(t)goll 2, = ll9r — 92l 2 Vo1, 92 € Hi(f2).
It is obvious that the global solutions obtained in Theorems 1-8 are not clas-
sical solutions to problem (4)-(7). The following theorems concern the results

in H{ which yield the results of classical solutions by the standard embedding
theorem.

Theorem 9 Let

o(s) € C}*(R),0(s) > 0,5 € R, (18)
and set

Es=H'R", H(0,1))n H*(R*, L*(0,1)) N L*(R*, H3(0,1))
N LYR*, L*(0,1)) N L=®(R*, H*(0,1)) n WhH(R*, H(0,1))
NW2>*(R*, L*(0,1)).

Then for any fized f € E5 and for any (uj,vy) € Hy, 7 € R, problem (4)-(7)
admits a unique global solution (u(t),v"(t)) € HY, which generates a unique

semiprocess {UJ@ (t, 7')} on H% of two-parameter family of operators such that
foranyt>T12>0,

U (t,7)(uf, vg) = (w7 (t),07(t)) € HE, (19)

t
1Cu™(8), 07 ()74 +/(IIUTII?{4 + 1T + v 1
+ ol (s)ds < Ca(7), (20)

here and hereafter Cy(1) = Cy(||(ul, v])||ma, | fll&s) > 0 is a generic constant.
If we further assume that

LF Ol + 1S + L fu(O]] < Coe™, t 2720 (21)

for some positive constants 3 and C’g, then there exists a constant 0 < 33 =

B3(Cy(1)) < B such that for any fizxed 5 € (0, B3], we have

t
P (), v (O 3re + [ e (T e + o7 3

11



+ 07 s + oIl ) (s)ds < Ca(r)e, (22)

for any t > 7 > 0. The semiprocess {U}?’)(t,r)}(f € Es,;t > 1 >0) is
(Hi x Fs, Hj*r)—contmuous in the sense that for any fized t and 7.t > 7,7 €
R*, the mapping ((u,v),f) — }3)(t,7)(u,v) is continuous from HY X Ej to
Hi. Moreover, for any fixed f € E3 , the semiprocess {U}?’) (t,r)} POSSeSses a

(non-uniform) compact attractor Af{‘})}.

Theorem 10 Assume that (18) holds, and let

E3 = L2(R+7 H3(07 1)) n LI(R+7 L2(07 1)) n HI(R+7 H2<07 1))
NH*(RT, H'(0,1)) N H}(RY, L*(0,1)),

Sy=Ha(fs) = st + ) e R
where f3 € Es is an arbitrary but fized function. Then for any f € X3 and for
any (uf,v) € Hi, 7 € RY, there exists a unique global solution (u™(t),v"(t)) €
H? to problem (4)-(7), which generates a unique semiprocess {Uﬁ%?) (t, 7')} on
HY of a two-parameter family of operators such that (19)-(20) hold where
{U](c?))(t,T)} should be replaced by {Uﬁ%s (t,T)},‘ if (21) holds, then (22) still
holds where Cy(7) should be replaced by Cyi(1) = Ci(|[(ug, v)llzs, 1 f3ll5,)-
Moreover, the semiprocess {Uﬁ%g (t,T)}(f € Y3,t > 7 > 0) possesses a uni-
form ( with respect to f € 33) compact attractor As, satisfying

®)
U A € As,.

fels

Theorem 11 Assume that (18) holds, and let

E3 = L%oc,w(R—i_? Hg(ov 1)) N Hl%)c,w(R—’—’ HQ(O’ 1))
N Hige o (R, H'(0,1)) N Hige o, (R, L2(0, 1))
Sy =H(f3) = [f3(t +h)h € Rﬂ ;

Es

Y

where f3 € Es C Ej is an arbitrary but fized function. Then for any f € 33
and for any (uf,v]) € HE, 7 € R, problem (4)-(7) admits a unique global so-
lution (u”(t),v"(t)) € HY, which generates a unique semiprocess {Uﬁg?) (t, 7')}
on HY of two-parameter family of operators such that (19)-(20) hold where
{U](c3)(t,7)} should be replaced by {Uf(?%S(t,T)}; if (21) holds, then estimate
(22) still holds where Cy(T) should be replaced by C; (1) = C;(|[(ud, vd)| a2,

Hf3||E3) Moreover, the semiprocess {U}‘&S (t, T)}(f € X3, t > 7 > 0) possesses

12



a uniform (with respect to f € f]g) compact attractor A, satisfying
(3) 5
u 'A{f} < ‘AE3
f€Xs
and the following assertions hold:

(1) f5 is translation compact in E5 and any function f € Yy = H+(f3) is also
translation compact in Es, H,(f) € H(f3);
(2) the set H (f3) is bounded in

Ly(RY, H?(0,1)) N H (R, H*(0,1)) N HZ(RT, H'(0,1)) N H (R, L*(0, 1))

such that
(k) < np,(h) < +o00,Vf € H.(f3)
where
t+h t+h
iy (h) = sup / £ (s >||Hsds+zsup / 105 (5) l3edls
teRt i=0 tERT
t+h 3 t+h
£3 sup / 1057 (s)fnds + 3 sup [ (9L (s)Pds;
i=0 tERT i=0 tERT )

(3) the translation semigroup T3(t)Xs = S3,Vt > 0, where Ty(t) : X3 —
Y3, T5(t) f(s) = f(s +1t),Vf € X3 and the semiprocess {U](c'; (, )}(f €
S, t > 7 > 0) satisfies

3) 3) .
Uf|2 (t+h, 7+ h) = UT3( )f(s)|23(t77)7w >7>0,h>0,f€Xs;
(4) the translation semigroup {T(t)} is continuous on s in the topology of Ej.
Moreover, there exists a semigroup {Ss(t)} acting on HY x X3 by the
formula

Ss()(U, f) = (UL (8, 00U, Ts(1)f), YU = (u,0) € HY

which possesses a compact attractor As being strictly invariant with respect
to Ss(t) : S3(t)As = As for all t > 0 and satisfying
(i) mAs = A = Ag, is the uniform attractor of the family of semiprocess

(UG, (6.} (f € St > 7> 0);

(i) mA3 = Ay = w(ig) is the attractor of the semigroup {Ts(t)} acting on
23 H+(f3) ( )23 23 fOT’ all t > O,' B

(iti) Ag, = Ays,), which is the uniform (with respect to f € w(X3)) attractor

of the family of semiprocess {U}g)(t,T)}(f € w(X3),t >7>0);

13



(iv) Ts(t) is an isometric operator on S5 = H.(f3) in the norm of Es, i.e.,
IT5(t)g1 — Ta()gall g, = llg1 — 92ll 5 Y91, 92 € s

where T and 7o, respectively, are two projectors from Hi X 23, that is,
for any U = (u,v) € H}, f € 33, we have m (U, f) = U, (U, f) = f.

Remark 12 We shall study the case when o(s) changes sign (i.e., the model
corresponds to phase transitions) in a forthcoming paper.

The rest of this paper is organized as follows. In Section 2, we shall derive
the estimates in H; and shall complete the proofs of Theorems 1-4. Section 3
will be concerned with the estimates in H?, and the proofs of Theorems 6-8
will be finished. In Section 4, we shall derive the estimates in H i and shall
complete the proofs of Theorems 9-11.

2 Estimates in H}r

Lemma 13 Let —A be the infinitesimal generator of an analytic semigroup

S(t) defined on a Banach space E. If 0 € p(A) (the resolvent set of A), then
for every t > 0 the operator A™S(t) is bounded and

JA"S() ey < Clm)te™, ¥m >0,
where C'(m) and § are positive constants independent of t > 0.

Proof. See., e.g., Theorem 6.13 in [23]. O
We consider a closed linear operator A = 88—;2 : L2(0,1) — L*(0,1) with the
domain D(A) = H?*(0,1) N Hj(0,1) which satisfies

Au(r) = Uz (7) € L*(0,1),Yu € D(A). (23)
It is well-known (see, e.g., [23, 36]) that A generates an analytic semigroup of

bounded linear operators {T'(¢)} on X, = L?*(0, 1) such that

IT(t)ull < lull, Yue X,

with ||u|| = ||ul|x,, and A has a bounded inverse A~ given by
T 1
(A70)(@) = [ (@ = u(©)ds +a [ (€~ Dul@)ds, Vue Xo.  (24)
0 0

14



By (23)-(24), we can regard the function y in (1) as a map from R* = [0, +00)
to Xy, formally rewrite (1)-(3) in the following abstract Cauchy problem:

yu(t) — Ayi(t) — By(t) = f(t), t>7 >0
y(t) = yg, u(t) = y], 7 € RY

where y = y"(t), B is a nonlinear operator defined by

(By
with a domain D(B) = D(A).
Set V() = (v](t),v5(t))T = (y7, Ay™)T. Then (1)-(3) can be converted into

Vi(t) = AV() + C(V(1) + F(t), t=T7 =0,
Vir)=Vy = (?Jl»Ayo) (25)
where
A(Aa@)7 o)
A 0
C(V)::(B(A’Hg)——aanv;O)T,FKQ::(fa)JDT. (27)

It is easily see (see, e.g., [23, 36]) that A can generate an analytic semigroup
of bounded linear operators {T(t)} = {e*} on Xy x Xj.
We now consider the following problem

2y — Az — 0(0)Az =0, (28)
2(1) = 25, 2(r) = 2] (29)

where (2], Az]) € Xo x Xy and z = 27(¢). Then problem (28)-(29) can be
changed into

=AW, t>7>0;, W(r)=W] = (2], A2))" € Xo x Xy (30)

where

W(t) = (wi,wy)" = (5, A7) =Tt —7)W5, t=7>0.  (31)
Thus it follows from (30)-(31) that V() satisfies

ww:T@—ﬂw+/T@—gmw@»+F@u&tzfzu (32)

15



The following lemma concerns the properties on the semigroup {7'(¢)}.

Lemma 14 For any t > 7+ 1,7 > 0, there exist some positive constants
K, = Ki(7) and o (an absolute constant) such that

Tt = TYWg [ oxcrs < Kre™ ([ W [|xoxxo-
for any Wi € Xy x Xo,7 € RT.
PROOF. Without of loss of generality, we prove this lemma only for 7 = 0.

g\/e write Wo = W9 = (21, Az)T, WO(t) = W(t) = (w1 (t), wa(t))T = (2, A2)T.
ut

0= 20,0 = 2 (33)
Then (28)-(29) takes the form
Gy — By = 0, (34)
Op — Vg — 0(0), = 0, (35)
U)|z=01 = 0, (36)
ﬂ|t:0 =1y = Zo,x($)7 @|t:0 = 21(96)
where Wy = (21, Az)T € Xy x Xp. First from (34) and (36), we know
1 1
[Jade = [ zoudz =0, Jall < i, 9] < 5] (37)
0 0

Multiplying (35) by e in L%*(0,1) yields

LU + o O) () P)e™} + (1 — a2 (0) e
<o (0)/2]a()[*e". (38)

Multiplying (35) by a,e* in L*(0,1) and using (34) we arrive at

d

{181 ~ @8} + (0(0) — @)lla. B
<

[(a/2)[o() 1 + [l () []*]e™ (39)

where (0,1,) = [y Dl dr. Multiplying (39) by a parameter A € (0,1) and
adding the resulting inequality to (38), we readily derive

16



d Gi(t) + (1 — /2 — Xa/2 — )0, (2)||Pe*

@
FIN@(0) - ) — as(0)/2) (06 < 0 (40)
where
en®) = P ol + Lol + Sl @1 - 2o, a,)}ec

Now fixing A € (0,1) and picking a > 0 so small that

2(1=2X) 2Xo(0)

. .
<o <mind = T o

} =

and noting that

IO + S0l A, ) > ORI + a0l?) (@)

with Cy(\) = @, we finally deduce from (40)-(41) that for any o € (0, ap)
and for any ¢t > 1,

e (a1 + I1o@)1I*) Jr/(II@:L«H2 + [l ||*) (s)e**ds
< Ca(lla(V)[IF + [10(1)]*) (42)

here and hereafter C, = C(a)) > 0 is a generic constant depending only on «
and A.
Analogously, we have from (35) for a € (0, ap),

i(!lﬁx(t)llze‘“) + 1o (t) %™ < (a/2)[[00 (B)[*e* + (°(0)/2) [ (£)[|*e**

which, along with (42), yields that for any « € (0, aq),t > 1,

t
!Nou (B + [ linls)]2eds
1

t
< Calli-(V)|* + Ca /(II@IH2 + |lia||*) (s)e**ds
1
< Ca(llaM7n + 10W)17). (43)

Thus it follows from (42) and (43) that for any « € (0, ap) and for any ¢ > 1,

17



t
e (a7 + o) 17m) +/(||@qu2 +[allf) (s)e™*ds
1
< Ca(llaM7n + 1o()1Z). (44)
Differentiating (35) with respect to ¢, multiplying the resulting equation by

e“'d; in L*(0, 1), and using (43) and (44), we immediately obtain that for any
a € (0,ap) and for any t > 1,

e ([0 ) + N0 (0)]%) +/H@m(8)\|26“8(8)d8

t
< Callo(V)II* + Ca /(||17t||2 + |90 [*) (s)e™ds
1
< Ca(llaM7 + 125 + [1oD)]1%)- (45)
Obviously, we have from (34)-(35),

Multiplying (46) by e, in L*(0,1), we get

L OIF) + (000) ~ il < () Ol (47

Combined with (43)-(45) it follows that for any a € (0, ap) and for any ¢ > 1

e (a5 + 101 + o:0)])
t
+/(H@H?{s +lallze + ([0l ) (s)e™ds
1
< Ca(lla(M72 + 101ZF) + [[e(D)]I*)- (48)

Clearly, differentiating (35) with respect to x and t¢ respectively, and using
(34), we have

102220 (D)]] < CU0w (O] + 002 (D] + [z (E)]])- (49)

Differentiating (35) with respect to ¢, multiplying the resulting equation by
e vy in L?(0,1), we derive
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LS + o O3} + (1~ /Do (t) e
< (@/2)llua (DI e + (a(0)er/2)[0ns (1) ™

which, using (49) and (50), gives us for any « € (0, o), a3 = min(ayp, 1/2) and
for any t > 1,

t
e ([0uO)* + 106 (O + |0aaa (D)%) + / 10112 (s) | e**ds
1

< Calllou I + D)l + 001 + odDF)- (50)

Differentiating (46) with respect to x, multiplying the resulting equation by
€4y, in L2(0, 1), using (43), (44) and (50), for any « € (0, ;) and any ¢ > 1
we obtain

t
iz (D2 + [ itaza () [2e*ds
1

t
< Calitear (VI + Ca [ € ji0aa(s)|ds
1

< Ca(lla(Mzs + 10 IE + oDl + [a(V)I*)- (51)

Using (48) and (49), gives us for any a € (0, a;),a; = min(ap, 1/2) and for
any t > 1,

t
()2 + [ [rmaa(s) e ds
1

< CalllouI + e[l + 1015 + I8 (Dl70)- - (52)

Similarly us (51), we differentiate (46) with respect to z twice to obtain

N | —

1
d .. . N R N
E[”uxxxx(t)"Qe t] + (U(O) - Oé)Huzxa:x |2 ! / t:):mcux:c:):x ot
0

t
(&/2)||amm:(t)||2eat + <2a)_1”@tmx( )H2 ot
(/2) | iagaa (t) 2™ + Ca™ (|04 (O I” 4 | Ozaa (£) 7)™

Thus the relations(43)-(44), (50) and (52) together with(35) yield

<
<

1020 < CIPnz () + [1Paaa (Ol + [tzas (E)]]), (53)
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and we obtain for any « € (0,a4) and t > 1,

t
gz ()26 [ Wiz () 2"
1

t

< Ca||ﬁxwrm<l)||2 + C(a)_l /eas(H@ttm(S”F + H@mw(s)H2>d5
1

< Co(lla()[Fe + 07 + (o011 Fn + N[0 (1))

Thus from (43)-(44), (50)-(53) it follows that for any a € (0,a4),t > 1,

e LNz + 10 s + 10:0) 72 + 100 (8)]17}

+ [ e (il + 0l + 10:lEs + 10wl ) (s)e™ds

H\H.

IN

Collla(M) 1z + 1017 + [0V + [ (D) (54)

Similarly as (50),

AU + 0 0) e (1))
+ (1= a/2) GOl < (0(0)a/2)|uslO)]Pe’ (55)

which with (54) and (38) implies for any « € (0, «;) and for any t > 1,

¢
{oee (O + 100 (O + 19100 ()7} + /eo‘s(H@th2 + [|01e][*) (s)dls
1
< Co{llaM) Iz + oWz + 12z + oDl + [V} (56)
From (35), we get

@txw:vx = 'ﬁttt - U<O>@zmx - U<O)@tt + 03(0)@%’1:7 (57>
which implies that for any o € (0, ;) and for any ¢ > 1,
t
JAOIRETE
1
< Co{llaM) Iz + oMz + 12 E + 0wl + [ae (D7} (58)
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Similarly to (47),

1d

§%<Hﬁmmm<t)”26at) + (0(0) - a)||amzm(t)||2eat < <2O‘>_1H@tmzz(t)”2€at

whence, by (55)-(57),

t
Jraae ()€ 4 [ tzazea(s) e ds
1
< Caf IV s + 9D + 201 s + 0L + (1)1 59)

In an analogous manner, from (35), (55)-(58) it follows that for any ¢ > 1 and
for any a € (0, a4),

10501 < Calllou Ol + 10 ()l + 1070 + [2u(E)])
< Callla(W)17s + 1017 + [[0e(1) [
+lou (W + 10w (D)7l (60)

We get from (35)
ai{)t = @ttt:r; - 20—(0)@&5:{: + 20—2(())@969030 + JQ(O)amcxx

which, along with (55)-(59), gives for any ¢ > 1,

t
/IIO?@(S)H?e“Sds < Co{lla(M) s + 1oz + [1o:(1)1 7
1
+ [ (V)17 + 190 (1]} (61)

Applying the operator 93 to (35) and using (34), we obtain

Ld

5 7 U027} + (0(0) — )| za()[*e™ < (2a) M| Zau(0)] e

which, together with (61), yields for any « € (0,4) and any t > 1,

t
O8a(e) et + [ fofa(s) |2
1
< Cafla(0) s + 19D + (s + 5Dl + low( DI (62)

Thus it follows from (34)-(35),(43)-(44), (50)-(62) that
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{a)zrs + o) 7o + 10e() 72 + 100 (O) 12+ [[Deee (£) 7 e
< Go(1), (63)

t
/[Ilﬁllfqﬁ HolEr + 10elEs + [ 0ellEs + [uellFn](s)e™*ds < Go(1)  (64)
1

for any o € (0,4),t > 1 where
Go(1) = [[a()[1Fe + 05 + [10: (V)1 Fr + oD+ 100 (1)

Since {T(t)} is an analytic semigroup on Xy x X, with its infinitesimal gen-
erator A, it is easy to prove by the regularity of elliptic equations that

0 € p(A) (65)
where p(.A) is the resolvent set of \A. Thus from Lemma 13 and the relation
(65) it follows that for any ¢ > 0,m > 0,

IA™T ()| cxo) < Clm)t e, (66)
where 6 > 0 and C'(m) are positive constants depending only on the operator
A and m, but independent of t. Noting that

Ur () = wo(t), 0= wi(t),

from (33), (37) and (66) we easily obtain

(1) || ge < Cllwa (1) ||
< C{llwa (V)] + | Awz (1) + [|A%wa (1) ||| A%wo(1)]]}
<C{W ) + AW Q)| + AW (D) + (| AW ()]}
< CLIT (W) exoy + IAT (D)l £(x0) + AT (1) [ 2(x0)

+ AT (1) |2 xo HIW I < ClIWaL, (67)
[t = [lwr (Dl < CUT W) 20x0)
AT W] 2xo)) [Woll < Cl[Wall, (68)

[0:(D|| = [[wie (V)| < W (D[] < [JAT (D) || 2xo) [[Woll < Cl[Woll,  (69)
D22 (1)]| = [Jwreee (D] < [[Waee ()] < | AW (1) ]

< AT W)l 2ixo) [Woll < Cl[Wall, (70)
1222 (D] = lwrsee (D] < C([Jwore (V)] + [[ Awree (1)]]) (71)

< C(Weue W + AW (D))

< C{IIA* T (W)l ex) + AT (W) [l e HIWoll < ClIWall, — (72)

190 (D] = lwiee (DI < [Wa (D] < AT @) 2o [Woll < CIWaI, (73)
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[0 (W = [[w1 (D] < C(llwre (D] + [Jwre (D]
< C{IAT ()] 2exp) + I T (W)l oxo HIWoll < CIWoll, — (74)

where C' > 0 is a generic constant depending only on the operators A and
T(t), but independent of ¢ > 0. Thus we finally deduce from (64), (67)-(73)
that

Go(1) < Cf[Woll

which, together with (63), gives us

1T () Wollzoxrrs = | W ()] o x 125
<@, 0) | o e < Go(1) < Ky||[Wolle™".

for any o € (0, ) and for any ¢ > 1. This proves Lemma 14. O

Lemma 15 If a family of semiprocesses {Ug(t,T)}(g eX,;t>712>0) (sym-
bol set) is uniformly asymptotically (with respect to g € X) compact, then it
possesses the uniform compact attractor As.

PROOF. See, e.g., p.131, Theorem 1.1 in [4]. O

Lemma 16 If a family of semiprocesses {Ug(t,T)}(g € X t>71 > 0)(symbol
set) is uniformly asymptotically (with respect to g € X) compact, then for any
subset X' C X there exists a uniform (with respect to g € ') attractor Asy

of the family {Ug(t,T)}(g € Y') such that Ay C As. The inclusion can be
proper.

PROOF. See, e.g., p.131, Corollary 1.1 in [4]. O

Lemma 17 Let E be a reflexive separable Banach space and suppose that
p > 1. A function g(s) € LI (RT, E) is translation compact in LY .. if and

loc loc,w
only if g(s) is translation bounded in L} (RY, E),

t+1
o115y = sup [ llg(s) s < oo
teR

PROOF. See, e.g., p.105, Proposition 4.1 in [4]. O

Lemma 18 Let g(s) be translation compact in L1, . (RY, E). Then

loc,w

(1) any function g, € Hy(g) is also translation compact in Ly, ,(R™, E); more-
over, H—‘r(gl) g H"F(g)?
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(2) the set Hy(g) is bounded in L}(RT, E), and ng (h) < n,(h) for any g1 €

H—i—(g);
(3) the translation group {T(t)} is continuous on H.,(g) in the topology of

Lige(RT, E);

loc,w

(4) T(t)Hy(g) = Ha(g) for all t € R,

PROOF. See, e.g., p.106, Proposition 4.2 in [4]. O

Lemma 19 Let a family of semiprocess {Ug(t7 T)}(g eX,t>71>0) (symbol
set) acting on the space E be uniformly asymptotically (with respect to g € )
compact and (E x 3, E)-continuous. Moreover, let ¥ be a bounded complete

metric space, and let a continuous asymptotically compact semigroup {T(t)}
satisfying the translation identity

Ug(t +h, 74 h) = Upyy,(t,7), t >7>0,h >0,g € ¥

act on X, {T(t)} 12— X,t > 0. Then the semigroup {S(t)} acting on B x X
by the formula

S(t)(u, g) = (Uy(t,0)u, T(t)g), ¥t > 0, (u,g) € E x 4

possesses the compact attractor A, which is strictly invariant with respect to

{S(t)} : S(t)A = A for any t > 0; moreover,

(1) mA = Ay = Ay is the uniform (with respect to g € X) attractor of the
family of semiprocess; R
(2) mA = Ay = w(X) is the attractor of the semigroup {T(t)} acting on X :

T(Hw(D) = w(X), for any t > 0;
(3) As, = Aurx), where Aysy is the uniform attractor of the family of semipro-
cesses {Ug(t,T)}(g cwX),t>71>0).

PROOF. See, e.g., p.134, Theorem 2.1 in [4]. O

Proof of Theorem 1 Multiplying (5) by v in L?(0, 1), we obtain

u(t) S

d d |
DI + oa(8)2 + d!/ (§)dedsdr < || (1)

T

~

which yields for any ¢ > 7



u(t

t 1 ou(t) s
M@W+/WM@W%+?///dO%%M

3

<|lv7(z H2+2///0 dfdsd:)s+/||f )|[2ds. (75)
T 0
Analogously, multiplying (5) by u,, using (4), it follows that
d 1 2 1 2 2
S5l = )} + [o(wpudde = ol - (/) (76)
0

which, together with (75), implies

t 1

1 1 1, .
Sl @I+ [ [ owyddads < L Jua @) + 0@+ 5l

T 0

—@&%@+/WM@%B+/W®MMQWB

< 7l ) W+/WH%+/W Wlew(s)ds + Hy— (77)

for

1“08

H, = ﬂ%W+MNwﬂ+MNﬂn///d@%@wscmw

T

Thus,
t

F2(t) < H(t) + / F(s)G(s)ds, t>71>0

with F(t) = 3llus(t)[, G(t) = 2l f )l H(t) = [7 1 (s)|*ds + H,, which gives
us

~[lua(t)] = 7/ s)ds + sup H'2(s) < Cy(r).  (78)

2 T<s<t
From (4) we have

uydr = [ udx =0 (79)

o —_ _
S —_ _
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which yields, together with Poincaré’s inequality,

[u(t)||z < Cllus ()] < Ci(7), (80)
Cri(r) <o(u) < Cu(7). (81)

From (77) and (81), we obtain

[lwas)Pds < C(r), £ 720, (2)

Now multiplying (5) by v; in L?*(0,1), we have

il\vx(t)l\Z + w1 < 2llo (W)l lua ()]

In view of (78) and (80)-(82), we get for t > 7 > 0,
t t
o0 + [ loe(@)]*ds < Co() [ ualo)]*ds + C1(7) < G(7)
which, according to (6), (35) and (78)-(82), gives us for t > 7 > 0,

lva (B)II* + /(||UI|§I1 +llze + llvl*)(s)ds < Ca(r). (83)

Therefore (10) follows from (78), (80)-(82) and (83) and hence the solution
(u(t),v(t)) exists globally in time in HY for any given initial datum (uj, vf) €
Hi,7eR*

Multiplying (5) by e¢’*v in L?(0,1), and using (4), we derive

[o@l?e” + [ flo.(s)|?e”ds
SCl(T)eﬂT—|—Cl(T)ﬁeﬁt(HU(t)H2+ Hu(t)HQ)+/Hf(3)’|2eﬁsd5
<G+ OB (DI + ) + [ 17 Pe™ds

which implies that there is a constant 5! = 3'(Cy(7)) > 0 such that for any
B € (0,8,
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t
[l + [ [[oa(s) 2™ ds
' t
<O + B fu ) + [ 1£(s)]%e™ds
where we have used the following estimate by (79)-(81):

u

—

t) Ju(t)|

/s o(§)dédsdx| < Ci(T) /1 / sdsdz < C\(7)[u(t)|?

0

/

3

< Ci(7)lua(t)]*.

Analogously, multiplying (76) by e, we obtain

(SOl = o)} 405147 [ o) Peas
<) + o) [ (lual + ur]?)(s)ds

[ P luals)Pds + [ 1) (s) e ds

which, combined with (84), gives us for any 3 € (0, 5],

t
1 . E
(Gl = @)} e+ @) [ luals) e ds

<) + B [ e (lul + sl )

t

+Ci(r) [ 5 uals) ds

+ Ca(m)Be” (Jlu(®)I* + lus ()]*) +/Hf(5)\|2d8-
Noting that

1
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and summing up (84) and (86), we see that there exists a positive constant
B = B1(C1(7)) < min[B*,v1/2,1/(2C1(7)?)] such that for 3 € (0, 4],

t
@ + lua(8) [P + /(HUxH2 + [Jva]?) (s)e™ds
. t
< Cy (1)’ + Cy(7) / 1 £(s)||?eds < Cy(7)e". (87)
Multiplying (5) by e’'v; in L?(0,1) and using (87), we get for any 3 € (0, 3],

t
lva(t)]1%e” + /655||vt(8)||2d8 < Ci(r)e™. (88)

Thus the combination of (87) and (88) gives (12). In the sequel, we will show
the uniqueness of the global solution (u(t), v(t)) in H%. To this end, we assume
that (u](t),v](t)) = (ui(t),v;(t)) (i = 1,2) are two global solutions corre-
sponding to the initial data (ug;, vj;) and external forces f'(t) € Ei(i = 1,2),
respectively. We write

U/:U1—U2,U:U1—U2,f:f1_f2‘

Then (u,v) satisfies

Up = Uy, t>r, (89)
v = 0(un)ty + Uae + (0(u1) = 0(u2) Jize + t>r, (90)
v(0,t) = v(1,t) =0, t>, (91)
u(0,7) = ug, — ugy = ug, v(0,2) = vy, — Vgo = V- (92)

Multiplying (89) and (90) by u and v; in L?(0,1) respectively, and using the
embedding theorem and the mean value theorem, we derive

DNl < 5 eI + ), (93)
Do)l + 20> <G o) (e + @I+ 1S, (94)
o + eI < Gl + ) (s ()2 + 17O

+Cllo(uz) — o (ur) | Loo u2s ()
< ;Hvt(t)ll2 + Co(T) () + 1O
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or

Lo + @ < G + 1£E ). (95)

Here and in the following in the proof Cj(7) denotes the generic positive
constant depending only on [|(u;, v§,;)|lm and || f*||lg, (i = 1,2). Multiplying
(90) by u, and using (89), we derive

{0l = ()} + [ otunndas
< O + e )P + 1701, (96
Noting that
e+ I3 < RO < 20l +lo@lE) ©0

where
Fi(t) = lu@®)]® + ;Hum(t)ll2 — (v, ug) + Jo(®)|]* + [Joa ()%,

and adding up (93)-(96), we obtain

CZFl(t) < Ci(){lu®n + 1Ol + 1717}
<GNEG+IFOI), t=7>0 (98)

which, by the Gronwall’s inequality, gives us

Fi(t) < {Fi(r) + Ci(7) / 1£()|Pds )@ > 7 >0, (99)

Thus it follows from (97) and (99) that

lu() 3 + @l < e lugy — ugolFn + 05,1 — 52l
+Ci () fII, }- (100)
First, the estimate (100) readily implies the uniqueness of the global solu-
tion (u(t),v(t)) € Hi to problem (4)-(7) for any arbitrary but fixed external

force f € FEi, and hence by the uniqueness there exists a unique semipro-
cess {U ;1)(25,7')}, which is generated by the global weak (regular) solution
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(u(t),v(t)) = (u(¢),v"(t)) € Hi with the initial datum (uf,v]) € Hi such
that (9) holds. Second, the estimate (100) also implies that the semiprocess
{Uj(cl)(t, 7')} is (HL x Ey, H})-continuous. In what follows, we shall show that
the semiprocess {U}l)(t,T)}( for fixed f € Fy,t > 7 > 0) possesses a (non-
uniform) compact attractor .Agf)}. To this end, for any given bounded set
By C H!, we assume that (uf,v]) € By, i.e., ||(ud,v])|m < Bi, By is a pos-

itive constant. Consequently, we derive from (12) that there exists a positive
constant 51 = (1(C1(7), By) such that for any fixed § € (0, 1], we obtain

¢
(W (1), v ()7 +/6’65(||(UT||2 + {71 + o [1%)(s)ds
< Cy(r, By)e’". (101)
for any t > 7 > 0. Now fix 8 € (0, 51(Cy(7), B1)],7 € R*, and let
Ry = 1,1, = max{f~ !, log[Cy(r, By )e’™], 7}.
Then it follows from (101) that, when t > ¢; > 7, for any fixed f € Ej,
(" (1),07 (1) = U (ug, 05) € B(O, Ry) = {(w,v0) € Hy : [[(u,0) | < 1}.

Hence

U Ut 7)B: € B(0, Ry)

feT
which implies that B(0, R;) is a (non-uniform) absorbing set in H; for the
semiprocess {U}l)(t, T)}(t > 71 >0, f € E fixed). In the sequel, we shall prove
that this semiprocess is compact.
Lemma 14, the mean value theorem and (27),(101), together with u7 = Ay™ =
oI () (u(t) = u™(t)), easily yield for fixed 8 € (0, 5],

IB(A™'v3) = o(v3)]| = | (o(w) — a(0)v3]| < Ca(7, By)llwl|z=|v3]|
<Ci(r, Bi)[[wl=luz]l < Ca(r, Br)e ™[V (1)]

< Oy (1, BY)e ||V (8) || o s (102)
where i )
wit) = [ g, 0de + [ (€~ Deg(e
0 0

By the mean value theorem there is a point xy € [0, 1] such that

w(t) :/Ug(g,t)dg, z€[0,1]

Zo
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satisfying, by (101),
lwllze < 03]l = lluzll < Ci(r, By)e™™.

Thus from Lemma 14, (27), (32) and (102) it follows that

IV ()| 6 15

T = PV s+ [ IT(E = 5) (COV(3)) + ) o

t

< KNG+ e [ RO () + P
t
< K+ G B) [ eV () s
t
+C/6_a(t_s)/2e_7°sds

for any t > 7+ 1,7 > 0, which implies that for any fixed o € (0,1),70 <
min(a/2, 7],

PV ()| moxrs < KL [[V5T|| + Cael20"

t

+ Cy (7, Bl) /e_ﬁseo‘s/2||V(s)||HexH5ds. (103)

T

Therefore by the Gronwall inequality, we obtain from (103) for ¢t > 7+1,7 > 0,
A t g
e“t/QHV(t)HHﬁst < {KlH‘/OTH + Cae(a/Z—'yo)t}eCH(T,Bl)fT e Psds

< Co(r, Br, O{ I Vi || + Coe @270, (104)

Noting that v] = y] = v",v] = Ay"™ = ul(u = u"(t),v = v"(t)), we readily
deduce from (104) that for t > 7+ 1,7 > 0,

(™ (8), 07 (@) srox s < Ca(, By, B)e 2 (| (ug, v5) s + €@/>779") (105)

which implies that there exists some time #, = #(Cy (7, By, 8),) > t; such
that as t > t],

[(w (), v" ()| o xcms < 1. (106)
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Since the embedding H® x H® — H! is compact, it follows from (106) that
B(0, Ry) is a (non-uniform) compact absorbing set in H: and furthermore
{U }1)(15, 7')} is a (non-uniform) compact family of semiprocess, and accordingly
in view of Lemma 15, we derive that for any fixed f € FE;, the non-uniform
compact family of semiprocesses {U J(cl)(t,T)i(t > 17 > 0) possesses a (non-

uniform) attractor Ag;)} in H}. The proof is complete. O

Proof of Theorem 2 Since f; € E;, a direct computation yields that for
any h > 0,

L1+ M)z = 1))z < +oo.
Thus for any f € 3y, there exists a sequence {h,} C R* such that

filt+h,) — f(t) in Ey as n — oo. (107)

Since E; is a Banach space and {fi(t + h,)} C E4, we have f € E;. That is,

%1 € By LA+ ha)llz = A0z < +oo (108)

which, according to (107), implies

sup || flle < [[fillm < +o0 (109)
fex

where

1/2
Wills, = ([ MA@OB0ndt) ™ + [ 1AG Iz
R+ Rt

Note that the estimate (109) implies that the generic constants C)(7) and
(1 obtained in Theorem 1 eventually depend only on Cj(7)(i.e., Ci(1) <
Ci(r) = Cy(|(ug, vi)ll a1, | f1]lE,, but are independent of f € ¥i). Thus it
follows from Theorem 1 (noting that ¥; C Ej) that for any (uf,v]) € HY,
there exists a unique global (regular) weak solution (u”(t),v"(t)) € Hi to
problem (4)-(7), which generates a unique semiprocess {U ﬁ%l(tﬂ')} on H}
of a two parameter family of operators such that (9)-(10) and (12) hold if
(11) holds where C}(7) should be replaced by C;(7) and hence (; should
be replaced by B! = B1(C;(7)). Moreover, in view of ¥; C FEy, (100) still
holds with ||f||g, being replaced by || f||s,, this implies that the semiprocess
{U}gl(t, T)} is (H} x Xy, H})-continuous. In what follows, we show that the
semiprocess {U}‘%l(t,T)}(f € ¥y,t > 7 > 0) possesses a uniform compact
attractor Ay,. Similarly, for any given bounded set B, C H', we assume
that (ud,v]) € By, ie., ||[(ug, v])|m < B, for a positive constant Bf. Then
Ci(r) < Cx(r, BY) where Ci(r, BY) is a positive constant depending only on
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Bt and || f1]| , (noting (109)). Consequently, by (9)-(12), from that we see that
there exists a positive constant 3f = 37 (CT) such that for any fixed 5 € (0, 5;]

t
M| (uT(#), v ()7 +/€6S(H(uTH2 + {7l + o [1%)(s)ds
< Ci(r, BY)e™. (110)
for any ¢t > 7 > 0. Now fix 8 € (0,;],7 € Rt and let
Ry =1,t] = max {ﬁ_l,log[Cf(T, Ef)em],r}.

Then it follows from (110) that as t > ¢t} > 7, for any f € ¥,

(™ (1), 0" () = Ugi2, (£, 7) (g, v3)
€ B(0,Ry) = {(u,v) € H : ||(u,v)]| g < 1}.

Hence

Uvu fIZ (t,7)By C B(0, Ry)
fexs

which implies that B(0, R;) is a uniform absorbing set in H; for the semipro-
cess {Uﬁ%l (t,T)}(t > 71 > 0,f € ¥;). Similarly, in this case, (105) is still
valid with Cy(T, By, () being replaced by C(, éi‘, (). This implies that there
exists some time ¢7* = max|[t], t}] such that for ¢ > ¢}*,

(™ (2), 0" () | o e < 1

which implies that B(0, Ry) is a uniform compact absorbing set in H; and

hence {U fiss (4 )} is a uniformly compact family of semiprocess and further
it is a uniformly asymptotically compact family of semiprocess. Thus it follows
from Lemma 15 that {U f& (t, )} possesses a uniform (with respect to f €

Y1) compact attractor Ay, and evidently Ujes, Ag;)} C Ay,. The proof is
complete. [

Proof of Theorem 4 First, since

fi € By = L*(R*, L*(0,1)) N LY(RT, L*(0,1)) C L?

loc,w

(R*, L*(0,1)) = E,

the corresponding conclusions except for (1)-(4) and (i)-(iv) of Theorem 2
follow for ¥; and E; in place of ¥; and E; respectively. Second, we readily
get R A

||f1HL§(R+,L2(o,1)) <[ fille, < +o0,
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which, by Lemma 17, implies that fl is translation compact in F) and hence
the conclusions (1)-(4) and (i)-(iii) in Theorem 4 follow from Lemmas 18-19.
A direct computation of a transform of variables gives us (iv) in Theorem 4.
The proof is now complete. [

3 Estimates in H?
In this section we shall complete the proofs of Theorems 6-7.

Proof of Theorem 6 First, by the embedding theorem, we have
f(t) C B, € HY(R™, L*(0,1)) € L>®(R*, L*(0,1))
whence

1F Oz @r,201)) < ClLF ()|, (111)

with C' > 0 being an absolute constant independent of .

Differentiating (5) with respect to ¢, multiplying the resulting equation by v,
in L?(0,1) and using Theorem 1, we have for ¢ > 7,

1d

14 2 2
thHUt(t)H + ||Ua:t(t)||

< CoT)(lva(®) | o= llua O] + l[vae ODI[0: @ + [[ L@ Tve ()]
< ;Ilvm(lt)ll2 + Ci(T) (oL + 1O + lvaa(®)]?) (112)

which implies

IIUt(t)H2+/va(S)II2dS < [loe(7)]”

+Ci(7) /(H%H2 + [lvaall® + [1£2]1) (s)ds < Ca(7) (113)

Here we have used

[o:()Il < CLT)([uplla + llvg =) + [1F (DI < Ca(7).

By virtue of (5), ( 113) and Theorem 1, we easily obtain
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[0z2 ()| < Clor @ + [lua @] + [ F O] < Ca(r), (114)
[Vaae (D) || < Co(T)([[0r2 (O] + [[w(®) | + [[o(@)]] 1) (115)

which, together with ( 113) and Theorem 1, yields

Il (®)17= + /(I|v||12qs + vl ) (s)ds < Ca(7).

Differentiating (5) with respect to z, and using (4), we deduce from Theorem
1 and the interpolation inequality that

1d 2 -1 2 <~ 1 2
el ()2 + O () s () < (ACH (7)) (1)

+ CuT) (v B + [1f (O + et (8)]] 0w 1t (8) 1222 (£)])
< (4C1 (7)) ltae DI + Co(7) (0 B + 1 £ (1)
+C1UT) (a1t O 4 et () 1)l ()12 (2]
< 2C1(7) Mz N1 + CLT) (e O + [ fo)I7 + lua()]?) (116)

which, combined with Theorem 1, gives us

e (DI + [ e ()|Pds < o). (117)

In view of (113)-(115) and (117), we have

a3z + lo@l7e + /(IIUHEZ) +lolEs + llvwl*)(s)ds < Co(r) (118)

which implies that there exists the global solution (u(t), v(t)) = (u"(t),v7(t)) €
H? for any given initial datum (u, v]) € H? and for fixed f € Es.

Now multiplying (112) and (116) by ¢!, we derive that there exists a constant
Bo < min[f3y, v2/2] such that for any 3 € (0, 3]

t
([l + luaa (D) + /6’65(||vm||2 + e |*)(s)ds < Co(r)e™ (119)
for any ¢ > 7 > 0 which, together with (114), (16) and Theorem 1, yields for
any (€ (0, 5o, > 7 >0,

¢
e’6t||v;,;$(t)||2 + /eﬂSva(s)Hst < C'Q(T)eﬁT. (120)
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Thus (17) follows from (12) and (119)-(120). In the sequel, we will show the
uniqueness of the global solution (u(t),v(t)) in H?. In fact, noting that Ey C
Ey, the global solution in H? is also a solution in H}, so the uniqueness of
solution in A} implies that of the solution in H?. By the global existence of

solution in H_QH we know that there exists a semiprocess of a two-parameter

family of operators {U }2) (t, T)} which is generated by the global solution in

H? such that (14) holds. We shall show that the semiprocess is (H? x Ey, H?)-
continuous. To this end, we assume that (u] (t),v](t)) = (ui(t), v;(t))(i = 1,2)
are two global solutions in H? corresponding to the initial data (ug s v5,) € H 2
and external forces f'(t) € Fy(i = 1,2), respectively. Writing

u:UI—Ug,Uzvl—UQ,f:fl_f2,

then (u(t),v(t)) satisfies (89)-(92). Since H2 C H}, E, C Ej, we know that
estimate (98) still holds. Similarly, we can deduce from (89)-(90)

CZH%@)IV + (O < Co(r)([u@®lzn + lv® N7 + 1£ON)  (121)

and

s P+ G e 0
<G (Ol + o O+ 1£OI). (122)

Multiplying (121) by 2C5(7)(C2(7) > 1) and adding the resulting equation to
(122), we get

i{QCQ(T)Ilvt(t)IIQ + [tae ()7} + 2C2(7) v (D1 + O (7)1 (8)]1*
< Co(r)(lu®lz + lv@® 5= + LAO1 + 1 £017).

(123)
Put
Fy(t) = Fi(t) + 2Co(T) o) ” + e (8] (124)
We easily derive from (90),
[022 ()] < Co(T) ([[w() L + [[or @) + L7 @)1 (125)
[or ()] < Co(T)(Ju(@)l[ =+ [[vae (O] + £ )] (126)

which, together with (97) and (124), gives us,
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lu@®) 7 + ()l < Ca(r)(Fa(t) + [LF D), (127)
Fy(t) < Co()(lu(®) Iz + o @)l + IFOI)- (128)

Therefore, it follows from (123)-(128) that

Fy(t) < Com) {Fa(t) + @) ls + [0(0) 3 + £ O3 + 15O
<C@(E) + IO + 1£D]) (129)

which, by the Gronwall inequality, results in

[e.e]

Fat) < {Fa(r) + Calr) [ i + 15ID)($)ds}e D0, 12 7 > 0.

T

Thus, by (111) and noting that

LA+ 1O < 20 F @)l e 220,y < CNF )| 25

we conclude

lu(®) 72 + o172 < Co(r)(Ea(t) + [ F()]1%)
< Co(n)e™ ™ g 132 + 03|72 + 1 (O + £ ()

+ [UAI + 1£12)(s)ds
< Co(m)e D Jliglre + g I + £ (1117, } (130)

which implies the uniqueness of the solution (u(t),v(t)) = (u”(t),v"(t)) € H2.
Thus it follows from (118) and (130) that there exists a semiprocess of a two-
parameter family of operators {U}Q)(t, T)}(f € Ey,t > 1 > 0) such that (14)
holds. On the other hand, (130) also implies that {U}m (, T)}(f e byt>1>
0) is (H2 x Es, H?)—continuous.

For any given bounded set B, C H7(C H ), we assume that (uf, vf) € B, i.e.,
|(uf, v7)|| g2 < Ba, Bo(> By) is a positive constant. Now fix 3 € (0, 3], 7 €
R*, and let

Ry =1,ty = max {tl,log[Cg(T, ég)eﬁT]}.

Thus it follows from (17) that as t >ty > 7, for any fixed f € Es,
(" (1), 07 () = U (g, 0F) € B0, Ry) = {(u,0) € H2 : ||(u,0)][ 42 < 1}
which implies that B(0, Rs) is a (non-uniform) absorbing set in H? for the

semiprocess {UJ(?) (t, T)}(t >71>0,f € E,fixed). In the sequel, we shall prove
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that this semiprocess is compact. On the other hand, picking t;, = max[t], t5],
we conclude from (106) that for ¢ > ¢,

1™ (2), v () | o e < 1

which implies that B(0, Rs) is a (non-uniform) compact absorbing set in H?
noting that the embedding H® x H% < H? is compact. Hence the semiprocess
{U @), )}(t > 7 >0,f € E, fixed) is a (non-uniform) compact family of
operators and is further an asymptotically compact family of semiprocesses.
Thus it follows from Lemma 15 that the semiprocess {U](cQ)(t,T)}(t > 7 >

0, f € Es fixed) possesses a (non-uniform) compact attractor Agc)}. The proof
is now complete. [J

Proof of Theorem 7 Since f; € E5, similarly to the arguments which gave
us (108)-(109), we can derive

¥y C E?v;ug 1 f Oz < | f2(t)] 2, < +o0. (131)
[S3P)

On the other hand, we have by the embedding theorem,

E, C HY(RY, L*(0,1)) € L¥(R*, L*(0,1)),

Hence it follows from Theorem 6 that for any (u(t),v(t)) = (uf,vy) € H3,
there exists a unique global (regular) weak solution (uT(t) v(t)) € HY to
problem (4)-(7) which generates a unique semiprocess { % )} on H?

of a two parameter family of operators such that (14)-(15 ) nd (17) hold if
(16) holds where U}Q) (t,7) and Cy(7) should be replaced by U](c ,(t,7) and
C5(1) = C5(|(ug, v)) || 2, | f2|| 2,) (but independent of f € 35), respectively.
In what follows, we show that the semiprocess {U}&Q( , )}(f €3, t >72>0)
possesses a uniform compact attractor Asy,. Note that estimate (131) implies
that the generic constant Cy(7) and hence 5 obtained in Theorem 4 eventually
depend only C3(7) (i.e., Co(r) < C3(7)). For any given bounded set By C
H?(C HY), we assume that (uf,vf) € By, ie., ||[(ug,v))|lm> < Bj, Bi(> B})
is a positive constant. Then Cj(r) < Ci(r, B3), where Cj (7, B}) is a positive
constant depending only on Bj and || f5||,. Consequently, it follows that there
exist positive constants C (7, By) and 85 = 33(C3) such that for any fixed 3 €
(0, B3], estimate (17) still holds where Cy(7) should be replaced by C3(r, By,

ie.,

t
S ICHORMG)] = +/6ﬁs(llu7|!%2 + {075 + V7 17)(s)ds

< Ci(r, B)e’" (132)
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for any t > 7 > 0. Now fix 8 € (0, 53], 7 € Rt, and let
Ry = 1,5 = max {t},10g[C; (7, By)e""] }.

Thus it follows from (132) that as t > t5 > 7, for any f € ¥,

(™ (1), 0" () = U2, (t, 7) (ug, v3)
€ B(0, Ry) = {(u,v) € H2 : ||(u,v)] g2 < 1}.

Hence we have
U f|22 t T BQ C B(O RQ)
feX:

and thus B(0,R,) is a uniform absorbing set in H? for the semiprocess
{Uﬁ% (t, T)}(t > 71 >0, f € X,). In the sequel, we shall prove this semiprocess

is compact. On the other hand, picking ¢5* = max[t|, 5], we conclude from
(106) that as t > t3*,

1™ (2), 0" ()| o xcme < 1 (133)

which implies that B(0, R,) is a uniform compact absorbing set in H?, not-
ing that the embedding H® x H® < H? is compact. Hence the semiprocess
{U @ (&, )}(t > 7 > 0,f € ¥9) is a uniformly compact family of oper-
ators and is further asymptotlcall(y compact family of semiprocess. Thus it
follows from Lemma 15 that { 15 ( }(t > 7 > 0,f € ¥) possesses
a uniform (with respect to f € X,) compact attractor Ay,, and evidently
Uses, .Agc)} C Ay,. The proof is complete. [

Proof of Theorem 8 The proof is basically same as that of Theorem 4.
Noting that f, € Ey C EQ, the conclusions of Theorem 8 follows from Theo-
rem 7, where ¥, and Es should be replaced by 25 and Es, respectively. On
the other hand, we easily deduce from Lemma 18 that any f(s) € 3, and
fs(s) are translation compact in L2 (RT H'(0,1)) and L (R*, L?(0,1)),

loc, w( loc,w
respectively, and that

t+h t+h
sup [ [ f(s)[[Fnds < sup / 1 f2(s) I3 ds, (134)
teR+ tER+
t+h t+h
Z sup / |(’9z ||2d8<2 sup / |8§f2(8)||2d5. (135)
=0 teRT i=0 tERT

Thus (134)-(135) and Lemma 17 give rise to
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“ 2 Hig(RﬂHl(o,l))mHg (R+,L2(0,1))
t+1

1
= sup [ |If2()lFn + 3 sup
teRT

;=0 teRT

t+1

[ 10 0205)12ds < 1 allE, < +o0
t

which, by Lemma 17, yields that fg is translation compact in E,. Moreover,
conclusions (1)-(4) and (i)-(iii) follow from Lemma 17, (134)-(135) and Lem-
mas 18-19, respectively. The proof of (iv) is similar to that in Theorem 4. The
proof is now complete. [

4 Estimates in H}

In this section we derive the estimates in Hf‘; and complete the proofs of
Theorems 9-11.

Proof of Theorem 9 Applying 97 on (5), multiplying the resulting equation
by vy in L?(0,1), we readily get

1d

5@”“%@)”2 + v (8) )2

< i!lvm(t)\l2 + Co(n){ o)Lz + oI+ L fi O} llvrea ()]
+Co(7) v ()

< s (7 + Colr){ ol + el + 1)} (136)

whence, by Theorem 6,

lve()]1* + / lvia(8)[*ds < Co(m)[Jo(7)|* + Ca(7) < Cu(r)  (137)

for t > 7 > 0. Here, from (5), we have used the following estimates

I < Ca(r) (o= + @)l + 1L OI), (138)
[Vaaaa (D" < Co(T) (o @)7r2 + @)l + loa @I + I£O1%).  (139)

Applying 9,0, on (5), multiplying the resulting equation by vy, we derive from
Young’s inequality that for ¢ > 0

40



1d

5%“%1@)“2 + Hvtmc(t)HQ = /Utxmvtx‘ii(l)

1

_ / (0" (1)0,112 + 20" ()t Vas + ' (W)U tan + (1) Vnne + fra]Vrada

0

< CI(T){||Ut$:B(t)||1/2||Utzm(t>”1/2 + vt (8) ||}
X Lo (O vraa (012 + [0 ()1}
+C (M) {1l 575 + llvea (N1 + [ ()7}

< SO + s O
+ GNP+ o0) By + a0l + L))

which gives for any € > 0,

(140)

t t
[oealIF + [ 1vwaa(s)ds < Co(r) + & [ vumeals)lPds, ¢ =7 = 0.(141)

Here we have employed the following estimates from (5)

v ()] < Cy

<Oy

v (T) | < C
|Vea () || < Co

(1vaaa (O + Tz (O] + e (O] + [Lf(E)])
(o@)ms + [lu(@)[ = + (| L)1),

= Ca([|(ug, vg) lzzs, I1f (7)) ),

([u@)lzz + o + 1 f2@)1)-

-
-
-
-

o~ o~~~
— — N

Applying 9,0, on (5), we derive

[0zaa (B < Co(T) (0@ + [[0ua (O] + 1w} 2 + (| fr(E)]])

which, inserted into (4.6) and by taking ¢ small enough, implies

t
Joaw (@2 + [ llvas(s)2ds < Ca(r), ¢ =720,

Thus it follows from (137)-(146) and Theorems 1 and 6 that

t
[o(®) s+ [ ol + ol ) (s)ds < Calr), t2 720,

Similarly to (116), it follows that
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1d _
iﬁ‘mxma)w + 1(7')Huxm(t>”2

< Co(T)(lu®)ll 72 + lva (O + (1 fou (0)]1?) (148)

which, according to Theorem 1, gives us

t
11200 (1)) + / e (5)|2ds < Ca(7), t>7 > 0. (149)
Similarly, we have

1d 2 -1 2
iauumw:r(t)u + 7 (7) || twzae (1) ||
< Cu(r) ()| Fs =+ [[vawa O + 1| frea(E)]I) (150)

which, combined with (144), (146), (4.13) and Theorem 1, yields

t
ttzzne (£)]12 + / tawea(8)[|2ds < Ca(r), t>7 > 0. (151)

Thus estimate (20) follows from Theorems 1 and 6, (147), (149) and (151), and
(20) also implies that there exists a global solution (u(t),v(t)) = (u"(t),v"(t))
€ Hi for any given datum (uf,v]) € Hi. Noting that F3 C Ey C Ej, the
global solution (u(t),v(t)) in HY is also a global solution in H and H?, so the
uniqueness in H{ follows from that in H} (or in H?). Therefore the global

solution (u(t),v(t)) in H} generates a semiprocess {U](c?’)(t,T)}(f € E;t >
7 > 0) of a two-parameter family of operators such that (19)-(20) hold.

Now multiplying (136), (140), (148) and (150) by e” respectively, we arrive
at

L Mo+ T + 3 (e )P + a2}

4 LSO + T + O ) Nt O + it (1))}
< B oI + T O + 5 (ftaae O + a1}

T Colm ) (o) 13 + @l + oI + 1l + L fiaO)])
T Co()ee® ([0(t) % + [vwa (@) + [l + 1 fea(0)]2)

which, combined with Theorem 1, implies that there exists a constant (3 =
B3(Cy(1)) < Ba such that for any fixed 8 € (0, 53],¢ € (0,1) small enough, for
t>12>0,
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eﬁt{||vtlt(t)||2 + ||vtm(t)||2 + ||um:c(t)||2 + ||umm(t)||2}

¢
+/6ﬁ8<|lvttm“2 + |Vtaw | + [tz I* + tamea|?) (5)ds
< Cy(r)e. (152)
Thus estimate (22) follows from (12), (17) and (152).

In what follows, we shall show that {U}g) (t, 7')} is (H} x Ej3, H{)-continuous.

To this end, we assume that (u;(t),v;(t)) = Uj(c?’) (t,0)(ug,, vj,;) are two global
solutions corresponding to the initial datum (uf;,vj,;) € H ¢ and the external
force f* € Es(i = 1,2), respectively. We set u = uy—ug, v = v1—vy, f = f1—f2
Noting that E3 C Ey C Ej, we still have equations (89)-(92) and estimates
(97), (98) and (125)-(129).

We now differentiate (90) with respect to = and use Theorems 1 and 6 to
derive

[0 ()| < Ca(T)([[w() ]| 2 + [Vawa O] + [[ f(D)]]); (153)
[0z22 (E) ]| < Ca(T) (u(®) |2 + 0w (O] + || f()]])
< Cu(m)(lu@ a2 + (o + [l ()]
o @O + 1 @) ), (154)
[0za (D] < Ca(T) (o) + (@)l + [[o(E)]| a2
v @1 + [1£:O1)
< Co(m)(lou O + Nlu®)a + 1o ()]l
v @O + [[FOI + 1A, (155)
[ou (D] < Ca(T)([[va O] + [ 1 + [[0(E)]] 1
ol + L@ (156)

Next we differentiate (90) with respect to x twice, use the mean value theorem
to obtain

[0a (D] < Ca(T) ()| 3 + Vaae (O + || faw (D], (157)
[02200 (D)]] < Ca(T) (@)l s + [0 3 + [[Vr20 (O] + | fea(O)]])
< Cu(r)([[u@® s + [0 + [l (2]
Hloa@O + 17Ol 2 + 1L

On the other hand, by differentiating (90) with respect to ¢, and using the
embedding theorem and Theorems 1-6 we get

[Vtzae (O] < Ca(T) (vra (O] + lu(@)|| 2 + 0@l s + v (O] + | frz @)
< Ca(T)([[owa O + @) 2 + [0 (O] + [ve(8)]]
Flve @O+ L @Ol + [ fra (D)) (158)
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Thus inserting (126) and (157) into (156) gives us

lou (DI < Ca(r)(lul®)las + 0@l + 1 Ol a2 + [1LFO])-

Differentiating (90) with respect to x twice, and using (89), yields

Utgzs T U(ul)umcx = Vtgz T R(t)a

R(t) =— {a”(ul)uitux + 0" (U1 Utz Uy + 207 (U ) U1 Uy
+[(o(w) = 0(u2))tuselae + fra |

satisfies, by Theorems 1 and 6,

IR < Calm) (lu@®)llez + | fo (OI])-

By virtue of (157) and (160), we deduce

d _
%”umx(t)Hz + 1(7')Humz(t>”2

<Ci(M)IRMI + v (0)]1*)
< Ca(m) (@7 + IOl s + 1FO)llF2).

(159)

(160)

(161)

(162)

In view of (161), and using Theorems 1 and 6, and the mean value theorem

and embedding theorem, we obtain

IR0 < Ca(r)([[u) ]| 3 + || foza()]])-

Analogously, we get from (158), (160) and (163) that

dt

+ o + ||| + Hfm(t)H2}.

a2+ C7 )tz DI < Co () IR + e ()]

<Ci(n){lvus (O + lu®) 7 + 0O + [ f I}
<G lous (O + lu®) s + o5 + o))
)

(163)

(164)

Now differentiating (90) with respect to t twice, multiplying the resulting
equation by vy in L?*(0,1), integrating by parts, and employing Theorems 1

44



and 6, estimate (155), the mean value theorem and the embedding theorem,
finally give rise to

Hvtt(t I+ O (7) v ()17

)
< Ca()(lu@® iz + IO lZ + v O + v O + [ fe()1I7)
< Cu(m)(lu@®z + To@lEn + [l + llvw ()]

Hlve O + 1O + 1LFO1 + [ eI (165)

Differentiating (90) with respect to t and z respectively, perfoming an inte-
gration by parts, we arrive at

1d

5 210 + e (DI = Ho + Hy (166)

where

_ =1
HO = Utz Utz |:v:07

H, = / (o(wr )y + (0(uy) — o(uz))tze + f),, Viade. (167)

Using Sobolev’s interpolation inequality, we infer from Theorems 1 and 6,
(158) that for any € € (0, 1),

Ho < Calm){ [Vt ()1 10tz (I + Ve (8) | Hlvea ()11 |0 2
< e|vtaaa (O + lviaa(O)I*) + Ca(e)[Jve (1)
< Cy(n)e{lloua (O + a2 + @) 5 + T + o (O]
SO + 117} + ellvw O] + Ca(r, 2) o @)1, (168)
Hy < Ca(r)(lu®) |l + 0@ + o @1 + 1| fra (O11)- (169)

Thus the combination of (168)-(169) yields

Sl + (1= &) o O
< Cu(&)[Vraae ()1 + Culr, ) (@) 72 + () [[70
(O + v O + 1 F 7 + (| fe(O])- (170)
Set

Fy(t) = [loa(®)]I* + ;va(t)ll2 +e([[tana (D * + l[tazaa (B)I)-
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Then multiplying (162) and (164) by ¢ respectively, adding up the resulting
equations, (165) and (169), and picking € > 0 small enough, we get

L F0)+ O7 () (ot (2 + o102 + [t ()2 + ta (D]1)

dt
< Cy(T)G(t) (171)

where

G(t) = )l + 0@z + oI + e O + loa ()]
+F O + 1O + [ fu®)]*

On the other hand, we derive from (126), (153) and (159),

()3 + o)1 < G(2)
< Cul){I[u®) 1 + 0@ 15 + 1FE s + L@ + [ I} (172)

Set
M(t) = Fy(t) + Fs(t).
Obviously, fixing € > 0, we have from (126), (153) and (159)

M (t) > CM () {3 + @) + (o)
 {[ore (817 + (o (8)]1%} (173)

which, by (126), (154) and (172), gives us

()3 + o)1 < Cal(r){ME) + 1 £E) 130 }- (174)

We conclude from (125), (154), (157), (171) and (173),

G(t) < Ca(m){lu®) s + lo® 13 + lloa@)II? + fve ()1
Hlva 17 + 1F O + 1O + [ £ ]
<Cu(r){ M) + 1 F O + A0 + [ ]} (175)
Thus adding up (129), (170) and using (176) yields

d

M) =< Com{ME) + [ F O + 1O 150 + 1@} (176)
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By virtue of Gronwall’s inequality and (176), we have that for any ¢t > 7 > 0,

M(t) < SO IM) + [+ 1l + 1ful?)(5)ds

which, together with (171) and (174)-(175), gives us for ¢t > 7 > 0,

[u(®) 135 + o) < G)
<Ca(m{ME) + 1 F O 5= + 1L 15 + LD}
< Cu(n)eB M () + | F (O + LA O + [ fu(D?

[+ 1Al + N oal?) ()}
< Cy(r)e D g s + 105 s + 1) + £ P
HFO B + 1O + [ fu)]?
s+ 1 Flls + 1 ial?) ()} (77)

This implies that the semiprocess {U }3) (t, 7')} is (H} x E3, H})-continuous.
For any given bounded set B; C H}(C H} C H}), we assume that (uj,vf) €

B, ie., ||(uf,v])||m+ < Bs, Bs(> Bs) is a positive constant. Now let us fix
B € (0,0s], 7 € RY, and let

R3 = 1,t3 = max {tg,log[04(7, Bg)eﬁT]}.
Then it follows from (22) that for ¢ > t3 > 7, for any fixed f € Fj,
(u (), 0" (1)) = U (uf, v5) € B0, Rs) = {(u,v) € HY : |[(u,v)|[ms < 1}

which implies that B(0, R3) is a (non-uniform) absorbing set in H?{ for the
semiprocess {U}B) (t, T)}(t >72>0,f € E; fixed). In the sequel, we shall prove

that this semiprocess is compact. In fact, picking t; = max|[t}, t3], we conclude
from (106) that as ¢t > 5,

[ (@), 07 ()] o e < 1

which implies that B(0, R3) is a (non-uniform) compact absorbing set in H?
noting that the embedding H® x H® < H? is compact. Hence the semiprocess
{U }3)(25,7)}(15 > 71 >0,f € Ej fixed) is a (non-uniform) compact family of
operators and is further asymptotically a compact family of semiprocesses.
Thus it follows from Lemma 15 that the semiprocess {U }3)(t,7)}(t > 7>
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0, f € Ej fixed) possesses a (non-uniform) compact attractor Af})}. The proof
is now complete. [J

Proof of Theorem 10 Obviously, by the embedding theorem,

E5 C Ej. (178)

Similarly to (131), we conclude

Y3 C Eg,;ug 1Ol g, < [ f3llz, < +oo. (179)
€23

Hence it follows from (178) and Theorem 9 that for any (uj,vj) € HY, there
exists a unique global solution (u”(t),v"(t)) in HZ, which generates a semipro-

cess {Uﬁ%g(t, T)}(f € Y3,t > 17 > 0) of two-parameter family of operators
such that (19), (20) and (125) hold if (124) holds where {U}g)(t, 7')} and Cy(T)
should be replaced by {Uﬁ%s(t,T)} and Cy(7) = Cy (|| (ug, vg) a2, | £l 5,)» re-
spectively. In view of 3 C F3 C Es, we deduce from (177) that the semipro-
cess {U}T’%B (t,T)}(f € 33,t > 7 >0)is (H{ x X3, H})-continuous. Similarly
to the proof of Theorem 7, noting that estimate (179) implies that the generic
constant Cy(7) and hence (3 obtained in Theorem 9 eventually depend on
Ci(1)(i.e.,Cy(1) < Ci(7)). For any given bounded set Bs C H:(C H2 C HY),
we assume that (uf, v]) € Bs,i.e., [(ug, v§)[l s < ng,ﬁ;(z B: > B?) is a pos-
itive constant. Then Cj(7) < Cj(7, B;) where Cj (7, B3) is a positive constant
depending only on Bj and || f3]| z,. Thus it follows that there exist positive con-
stants C (7, BY) and 85 = 35(C:(r, BY)) such that for any fixed B € (0, 8],
estimate (22) still holds where Cy(7) should be replaced by Cj (7, B}), i.e.,

€ﬂt||£u7(t)7UT(t))||iz4
+/€ﬂs(|luT||12H4 [0 (l7s + o7 s + 10717 + (107 ]1*) (s)ds
gTCZ(T, B3)el. (180)
for any t > 7 > 0. Now fix § € (O,B;],T € R*, and let
Rs = 1,5 = max {t;,log[C’Z(T, Bg)]}
Thus it follows from (180) that for ¢t > t§ > 7, for any f € X3,

(™ (1), 0" (t)) = USSR, (t,7)(ug, vg) € B(0, R).
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That is,

U f|25 t T Bg C B(O Rg)
fexs

which implies that B(0, R3) is a uniform absorbing set in H{ for the semipro-
cess {Uﬁ% (t, T)}(f € ¥3,t > 7 > 0). On the other hand, similar to (133),
picking #5* = max[t5*, t}], we conclude from (106) that as ¢ > t5*

I (1), 0 () ocrzs < 1 (181)

which implies that B(0, R3) is a uniform compact absorbing set in H¢{ by the
compact embedding H® x H® — H{. Hence the semiprocess {UJ(J?%?) (t, T)}(t >
T > 0,f € ¥3) is a uniformly compact family of operators and is further

asymptotically compact family of semiprocess. Thus it fololws from Lemma
15 that {U}& (t, T)}(t > 71 >0, f € X3) possesses a uniform (with respect to

f € ¥3) compact attractor As,, and evidently Ujcy, Ag’)} C Asy,. The proof
is complete. [

Proof of Theorem 11 The proof is basically same as those of Theorems
4 and 8. First, noting that f3 € Es; C Ej, the conclusions except for (1)-
(4) and (i)- (111) of Theorem 11 follow from Theorem 10, where X3 and Ej
should be replaced by Y5 and E respectively. Second, we infer from Lemma
18 that any f(s) € 23, f(s), fes(s) and fe(s) are translation compact in

L (R HY(0, 1)), Lie (BT HA(0,1), Lo, (R, H(0,1)) and L, (R*,
L(0,1)) respectively, and there holds that
t+h t+h
sup [ (1) s < sup [ |fo(s) [Fads, (182)
teR+ s teRt f
t+h 1 t+h
> sup / 1044(6) s < 3 sup / 102 () e, (183)
i=0 tERT —0 teRt
2 t-‘rh
zsup / 057 () s <3 sup [ [194Fa(s) s (184)
i=0 tERT i—=0 tERT p
t+h 3 t+h
Zsup / 037 (s)IPds <3 sup [ 0L fa(s)]ds. (185)
i=0 tERT i=0 tERT 4

Thus by virtue of Lemma 17 and (182)-(185), we see that for any f € %3,

“f”%g(RJr,HS(o,l))mel(R+,H2(0,1))0Hg(R+,H1(0,1))0H§(R+,L2(0,1))
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t+h 1 t+h

= sup [ )3 + > sup [ 10 (s) [eds

teR+ s i=0 tERT
t+h t+h
+pr/W’Hmﬁ+Zwy/MﬂﬂWs
i=0 teR i=0 tERT t

< | fsll3, < +o0

which together with Lemma 17 implies that f~3 is translation compact in
Es. Furthermore, conclusions (1)-(4) and (i)-(iii) also follow from Lemma 17,
(182)-(185) and Lemmas 18-19 respectively. The proof of (iv) is similar to that
of Theorem 4 or Theorem 8. The proof is now complete. [
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