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Abstract

In this paper, the monotone method is extended to the initial-boundary value problems of
nonlocal PDE system of first order, both quasi-monotone and non-monotone. A comparison
principle is established, and a monotone scheme is given.
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1 Introduction

In this paper, we concerned with the following initial-boundary value problem of nonlocal PDE

system of first order:




∂tui + ∂x(gi(x)ui) = Fi(t, x, u1, · · · , um, P1(u1(t, ·)), · · · , Pm(um(t, ·))), a < x < b, 0 < t < T,

gi(a)ui(t, a) =
∫ b

a
βi(ξ)ui(t, ξ)dξ, 0 < t < T,

ui(0, x) = φi(x), a < x < b.

i = 1, · · · ,m
(1)

where Pi(ui(t, ·)) =
∫ b

a
ui(t, x)dx.

The problem arises in many applications to biology and chemistry(see [2, 3, 4, 5, 1]). For

example, size structured populations dynamics i.e., population evolution with m species where

individuals are distinguished by size, can be formulated into (1)(for convenience, let m = 2) with

F1 = −c1(t, x, u1, u2, P1(u1(t, ·)), P2(u2(t, ·)))u1,

F2 = −c2(t, x, u1, u2, P1(u1(t, ·)), P2(u2(t, ·)))u2,

where ui, i = 1, 2 are the populations in size x and at time t , P1(u1(t, ·)) and P2(u2(t, ·)) are total

population at time t, gi, βi and ci are growth rates, reproduction rates and mortality rates of the
∗Liu Weian was partly supported by the grant 10471108 from National Natural Science Foundation of China.
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ith species, respectively. The mortality rates c1, i = 1, 2 depend on the relationship between the

species, e.g., for predator-prey system, they may read

c1 = −µ1 − γ1P2(u2(t, ·))
1 + α1P

q1
1 (u1(t, ·)) ,

c2 = −µ2 − γ2P2(u1(t, ·))
1 + α2P

q2
1 (u1(t, ·)) ,

where u1 and u2 denote the populations of predator and prey species, respectively, and µi, 1 = 1, 2

are natural death rates, or for cooperation population system,

c1 = −µ1 − γ1P1(u1(t, ·))P2(u2(t, ·))
1 + α1P2(u1(t, ·)) ,

c2 = −µ2 − γ2P1(u1(t, ·))P2(u2(t, ·))
1 + α2P1(u1(t, ·)) ,

or for competition population system,

c1 = −µ1 − γ1P1(u1(t, ·))P2(u2(t, ·))
1 + α1P1(u1(t, ·)) ,

c2 = −µ2 − γ2P1(u1(t, ·))P2(u2(t, ·))
1 + α2P2(u1(t, ·)) .

The monotone method is a useful measure in studying differential equations. Over the past

decades, many authors have successfully applied the monotone method to nonlinear differential

equations, see[?, 6, ?, ?, ?, ?, ?]. However, the monotone method is used to be only applicable to

ODE, elliptic and parabolic PDE and systems, which depends on the maximum principle strongly.

Several years ago, A.S. Ackleh and K. Deng developed a new monotone method to nonlocal PDE

of first order, see [2, 3, 4]. They introduced a weak partial order in a competitive function space,

and then proved the comparison principle. That is to say, the weak order implies the strong order.

In this paper, our main goal is to extend the monotone method to the above problem by coupled

solution technique.

The paper is organized as follows. In Section 2, the existence and uniqueness of the solution

of (1) is shown. In Section 3, we introduce the concept of lower and upper solutions to quasi-

monotone system and prove the comparison principle. In Section 4, we define two monotone

sequences which convergent to the solution to (1). Section 5 and 6 devote to the non-monotone

system, by introducing a new definition of lower and upper solutions and corresponding monotone

sequences, the comparison principle and convergence result are proved.

2 Existence and uniqueness

Let U = (u1, · · · , um), U0 = (φ1, · · · , φm), P (U(t, ·)) = (P1(u1(t, ·)), · · · , Pm(um(t, ·)))(or P (U) for

short), H =
(
L2(a, b)

)m
and H1 =

(
H1(a, b)

)m
. We first impose that the following hypotheses.
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H1) gi ∈ C1[a, b], gi(x) > 0, in [a, b] and gi(b) = 0, i = 1, 2, · · · ,m.

H2) βi ∈ C[a, b] and βi(x) ≥ 0, i = 1, 2, · · · ,m.

H3) φi(x) ∈ H1(a, b), i = 1, 2, · · · ,m, lim
x→b−

gi(x)φi(x) = 0, and satisfy the compatibility condi-

tion

gi(a)φi(a) =
∫ b

a
βi(x)φi(x)dx.

H4) Let F(t, U) = (F1(t, ·, U(t, ·), P (U(t, ·))), · · · , Fm(t, ·, U(t, ·), P (U(t, ·)))), then

F(t, U) : [0, T ]×
(
L2(a, b)

)m →
(
(L2(a, b)

)m

is a continuously differentiable mapping.

Consider 



dU

dt
= AU + F(t, U)

U(0) = U0,

where the linear operator A(t, U) : [0, T ]×H ⊃ domA → H is defined by

A =
(
− ∂

∂x
(g1u1), · · · ,− ∂

∂x
(gmum)

)

with

domA =
{
U ∈ H

∣∣∣ U ∈ H1, lim
x→b−

giui = 0, (giui)(a) =
∫ b

a
βi(x)ui(t, x)dx, i = 1, 2, · · · ,m.

}

Making use of Lemmas 2.1-2.6 of [8], it is easy to prove that A is the infinitesimal generator of a

C0−semigroup S(t).

Theorem 1. Suppose that (H1)-(H4) hold. Then problem(1) has a unique solution for 0 ≤ t ≤ T .

The proof follows from Theorem 1.5 in §6.1 of [7].

3 Quasi-monotone systems

The problem (1) is called to be quasi-monotone, if every Fi is monotone w.r.t. every uj , j 6= i and

Pj , j = 1, · · · ,m. To define the upper solution and lower solution for the quasi-monotone systems,

we first introduce the following notations.

Let

U(t, x) = (u1(t, x), · · · , um(t, x)), V (t, x) = (v1(t, x), · · · , vm(t, x)) : DT → Rm,

P (U) = (P1(u1(t, ·)), · · · , Pm(um(t, ·))),

Q(V ) = (Q1(v1(t, ·)), · · · , Qm(vm(t, ·)));
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Ai, Bi ⊂ {1, 2, · · · ,m} be the first and second increasing index sets of function Fi, respectively, i.e.,

Fi is increasing w.r.t uj if j ∈ Ai, and decreasing w.r.t. uj if j /∈ Ai, and is increasing w.r.t Pj if

j ∈ Bi, and decreasing w.r.t. Pj if j /∈ Bi;

W (U, V,Ai) = (W1(U, V,Ai), · · · ,Wm(U, V,Ai)),

Z(P, Q, Bi) = (Z1(P, Q, Bi), · · · , Zm(P, Q, Bi)),

where

Wj(U, V,Ai) =





uj(t, x), j ∈ Ai,

vj(t, x), j /∈ Ai,

Zj(P, Q, Bi) =





Pj(uj(t, ·)), j ∈ Bi,

Qj(vj(t, ·)), j /∈ Bi.

(2)

For convenience, we might assume that i ∈ Ai, i = 1, 2, · · ·. Otherwise, we could transform it

into such a case via taking ui = vie
−Mit, i = 1, 2, · · · ,m, where Mi, i = 1, 2, · · · ,m are constants

such that Mi + ∂uiFi ≥ 0. The existence of constants Mi, i = 1, 2, · · · ,m is guarantied by the

condition (H4).

Definition 1. A couple of functions U(t, x) and V (t, x) are called a couple of lower-upper solutions

of (1) on DT = (a, b)× [0, T ] if all the following hold:

• (i) U(t, x), V (t, x) ∈ C(DT ) ∩ L∞(DT );

• (ii) U(0, x) ≤ U0(x) = (φ1(x), · · · , φm(x)) ≤ V (0, x);

• (iii) for every t ∈ (0, T ) and every set of nonnegative test functions ξi(t, x) ∈ C1(DT ), i =

1, 2, · · · ,m,

∫ b

a
ui(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)ui(τ, x)dxdτ +

∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]ui(τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x,W (U, V,Ai), Z(P, Q, Bi))ξi(τ, x)dxdτ,

(3)

∫ b

a
vi(t, x)ξi(t, x)dx ≥

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)vi(τ, x)dxdτ +

∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]vi(τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, W (V, U,Ai), Z(Q,P, Bi))ξi(τ, x)dxdτ.

(4)

Here, U and V are also called upper solution and lower solution to (1), respectively.
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Theorem 2(Comparison Principle). Suppose that the problem (1) is quasi-monotone satisfying

the conditions (H1)-(H4). Let U and V be a pair of lower and upper solution of (1), then

U ≤ V, i.e., ui(t, x) ≤ vi(t, x), i = 1, 2, · · · ,m, a.e. on DT .

Proof: Let wi(t, x) = ui(t, x)− vi(t, x) , i = 1, 2, · · ·. Then

wi(0, x) = ui(0, x)− vi(0, x) ≤ 0, i = 1, 2, · · · ,m, in [a, b] (5)

and, for any nonnegative test function ξi(t, x) ∈ C1(D̄T ), i = 1, 2, · · · ,m,
∫ b

a
wi(t, x)ξi(t, x)dx ≤

∫ b

a
wi(0, x)ξi(0, x)dx +

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)wi(τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]wi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
ξj(τ, x)Aij(τ, x)wj(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
ξj(τ, x)Bij(τ, x)

∫ b

a
wj(τ, y)dydxdτ,

(6)

where

Aij(t, x) = (−1)σ1(ij)∂ujFi(t, x, v1, · · · , vj−1, θij(t, x), uj+1, · · · , um, Z(P, Q, Bi)),

Bij(t, x) = (−1)σ2(ij)∂PjFi(t, x, W (V, U,Ai), Q1, · · · , Qj−1, ηij(t), Pj+1, · · · , Pm),

i, j = 1, 2, · · · ,m,

(7)

WITH θij(t, x) between uj(t, x) and vj(t, x), ηij(t) between Pj(uj(t, ·)) and Qj(vj(t, ·)), while

σ1(ij) =





0, j ∈ Ai,

1, j 6∈ Ai,
σ2(ij) =





0, j ∈ Bi,

1, j 6∈ Bi.

Due to the monotonicity, we know that Aij ≥ 0, Bij ≥ 0, i, j = 1, 2, · · · ,m on DT . Then we

find ∫ t

0

∫ b

a
ξi(τ, x)




m∑

j=1

Aij(τ, x)wj(τ, x) +
m∑

j=1

Bij(τ, x)
∫ b

a
wj(y, τ)dy


 dxdτ

≤
∫ t

0

∫ b

a
ξi(τ, x)




m∑

j=1

Aij(τ, x)w+
j (τ, x) +

m∑

j=1

Bij(τ, x)
∫ b

a
w+

j (y, τ)dy


 dxdτ,

(8)

i = 1, 2, · · · ,m.

Consider




∂τξi(τ, x) + gi(x)∂xξi(τ, x) = 0, 0 < τ < t, a < x < b,

ξi(τ, b) = 0, 0 < τ < t,

ξi(t, x) = χi(x), a ≤ x ≤ b

i = 1, 2, · · · ,m, (9)
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where χi(x) ∈ C∞
0 (a, b) and 0 ≤ χi(x) ≤ 1.

The existence of ξi(t, x) ∈ C1(DT ) follows from the fact that by s = t− τ , (9) can be rewritten

into 



∂sξi(s, x)− gi(x)∂xξi(s, x) = 0, 0 < s < t, a < x < b,

ξi(s, b) = 0, 0 < s < t,

ξi(s, x) = χi(x), a ≤ x ≤ b

i = 1, 2, · · · ,m.

Clearly, 0 ≤ ξi ≤ 1, i = 1, 2, · · · ,m. Substituting such ξi and (8) into (6) yields

∫ b

a
wi(t, x)χi(x)dx ≤

∫ b

a
w+

i (0, x)ξi(0, x)dx +
∫ t

0

∫ b

a




m∑

j=1

aijw
+
j (τ, x)


 dxdτ, (10)

i = 1, 2, · · · ,m,

where
aii = max

DT

[βi(x) + Aii(t, x) + (b− a)Bii(t, x)], i = 1, 2, · · · ,m,

aij = max
DT

[Aij(t, x) + (b− a)Bij(t, x)], i, j = 1, 2, · · · ,m, j 6= i,

which are all positive due to the hypotheses.

Since (10) holds for every χi, i = 1, 2, · · · ,m, we can choose two sequences {χ(n)
i }, i = 1, 2, · · · ,m

on [a, b] converging to, respectively,

χi =





1, if wi(t, x) > 0,

0, otherwise
i = 1, 2, · · · ,m.

Thus ∫ b

a
w+

i (t, x)dx ≤
∫ t

0

∫ b

a

m∑

j=1

aijw
+
j dxdτ, i = 1, 2, · · · ,m, (11)

which by Gronwall’s inequality leads to
∫ b

a
w+

i (t, x)dx = 0, i = 1, 2, · · · ,m.

The theorem is proved.

4 Convergence of monotone sequences for quasi-monotone sys-
tems

In this section, we construct two monotone sequences of upper and lower solutions for quasi-

monotone system and show they converge to the solution.

Let U0(t, x) = U(t, x) and V0(t, x) = V (t, x)) are a pair of upper and lower solutions of (1).
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For k = 1, 2, · · ·, let Uk(t, x) = (u(k)
1 (t, x), · · · , u(k)

m (t, x)) and Vk(t, x) = (v(k)
1 (t, x), · · · , v(k)

m (t, x))

satisfy




∂tu
(k)
i + ∂x(giu

(k)
i ) = Fi(t, x, W (Uk−1, Vk−1, Ai), Z(Pk−1, Qk−1, Bi)) (t, x) ∈ DT ,

gi(a)u(k)
i (t, a) =

∫ b

a
βi(x)u(k)

i (t, x)dx, 0 < t < T,

u
(k)
i (0, x) = φi(x), a < x < b,

(12)

and




∂tv
(k)
i + ∂x(giv

(k)
i ) = Fi(t, x, W (Vk−1, Uk−1, Ai), Z(Qk−1, Pk−1, Bi)), (t, x) ∈ DT ,

gi(a)v(k)
i (t, a) =

∫ b

a
βi(x)v(k)

i (t, x)dx, 0 < t < T,

v
(k)
i (0, x) = φi(x), a < x < b,

(13)

i = 1, 2, · · · ,m.

where Pk = P (Uk), Qk = Q(Vk). The solvability of (12) and (13), which are nonlocal initial

boundary value problems of nonhomogeneous linear equations, is guarantied by the theorem 1.

We first show that U0 ≤ U1 ≤ V1 ≤ V0.

Let W (t, x) = (w1(t, x), · · · , wm(t, x)) = U0(t, x) − U1(t, x). Then wi, i = 1, 2, · · · ,m satisfy

(5-6) with W (0, x) = 0 and Aij(t, x) = Bij(t, x) = 0, i, j = 1, 2, · · · ,m. Then, U0 ≤ U1. Similarly,

it can be proved also that V1 ≤ V0.

By the monotonicity, we see that

Fi(t, x, W (U0, V0, Ai), Z(P0, Q0, Bi)) ≤ Fi(t, x, W (U1, V1, Ai), Z(P1, Q1, Bi))

Fi(t, x, W (V0, U0, Ai), Z(Q0, P0, Bi)) ≥ Fi(t, x, W (V1, U1, Ai), Z(Q1, P1, Bi))

i = 1, 2, · · · ,m.

Hence, it is easy to see that U1 and V1 are also a couple of lower and upper solutions to (1). Then,

by theorem 2,

U1(t, x) ≤ V1(t, x), on DT .

Thus, by induction, Uk and Vk, k = 1, 2, · · · are couples of lower and upper solutions to (1), and

satisfy that

U0 ≤ U1 ≤ U2 ≤ · · · ≤ Uk ≤ · · · ≤ Vk ≤ · · · ≤ V2 ≤ V1 ≤ V0, in DT .

Theorem 3. Suppose that (H1)-(H4) hold and the system (1) is quasi-monotone. Furthermore,

suppose that U0 and V0 are a pair of lower and upper solutions to (1). Then, there exist monotone
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sequences {Uk(t, x)} and {Vk(t, x)} which converge to the unique solution U(t, x) uniformly for

0 ≤ t ≤ T . Moreover, the order of convergence is linear.

Proof: We first note that, from the pointwise convergence and the boundedness of the pair of

lower and upper solutions {Uk(t, x)} and {Vk(t, x)}, one can easily obtain the following convergence

using the dominate convergence theorem
∫ T

0
‖Uk(t, ·)− Uk−1(t, ·)‖dt → 0,

∫ T

0
‖Vk(t, ·)− Vk−1(t, ·)‖dt → 0, as k →∞ (14)

From the solution representation formula, we have

U(t) = S(t)Φ +
∫ t

0
S(t− τ)F(τ, U(τ))dτ, (15)

Uk(t) = S(t)Φ +
∫ t

0
S(t− τ)B(τ, Uk−1(τ), Vk−1(τ))dτ (16)

and

Vk(t) = S(t)Φ +
∫ t

0
S(t− τ)B(τ, Vk−1(τ), Uk−1(τ))dτ (17)

where

Φ = (φ1(·), · · · , φm(·)),

B(t, U, V ) = (F1(t, ·,W (U, V,A1), Z(P, Q, B1)), · · · , Fm(t, ·,W (U, V,Am), Z(P, Q, Bm))).

Since S(t) is a C0−semigroup, there exist positive constants M0 and a such that

‖S(t)‖ ≤ M0e
at.

By (H4), both F(t, U) and B(t, U, V ) are continuous in t and Lipschitz continuous in U uniformly

for 0 ≤ t ≤ T and U0 ≤ U, V ≤ V0, there is a positive number M1 such that

‖Uk(t)− U(t)‖ ≤
∫ t

0
‖S(t− τ)[B(τ, Uk−1(τ), Vk−1(τ))−F(τ, U(τ))]‖dτ

≤ M0e
at

∫ t

0
M1 (‖Uk−1(τ)− U(τ)‖+ ‖Vk−1(τ)− U(τ)‖) dτ

≤ M0M1e
aT

∫ t

0
(‖Uk(τ)− U(τ)‖+ ‖Vk(τ)− U(τ)‖) dτ

+M0M1e
aT

∫ t

0
(‖Uk(τ)− Uk−1(τ)‖+ ‖Vk(τ)− Vk−1(τ)‖) dτ

(18)

‖Vk(t)− U(t)‖ ≤
∫ t

0
‖S(t− τ)[B(τ, Vk−1(τ), Uk−1(τ))−F(τ, U(τ))]‖dτ

≤ M0e
at

∫ t

0
M1 (‖Vk−1(τ)− U(τ)‖+ ‖Uk−1(τ)− U(τ)‖) dτ

≤ M0M1e
aT

∫ t

0
(‖Vk(τ)− U(τ)‖+ ‖Uk(τ)− U(τ)‖) dτ

+M0M1e
aT

∫ t

0
(‖Uk(τ)− Uk−1(τ)‖+ ‖Vk(τ)− Vk−1(τ)‖) dτ

(19)
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Using Gronwall’s inequality, we then obtain

‖Uk(t)− U(t)‖+ ‖Vk(t)− U(t)‖
≤ M0M1e

(aT+M0M1 exp(aT ))t
∫ t

0
(‖Uk(τ)− Uk−1(τ)]‖+ ‖Vk(τ)− Vk−1(τ)‖) dτ

→ 0, as k →∞
As for the linear convergence, in view of (6-19), we have that

‖Uk(t)− U(t)‖+ ‖Vk(t)− U(t)‖
≤ M3

∫ t

0
(‖Uk(τ)− U(τ)]‖+ ‖Vk(t)− U(τ)‖) dτ

+M3

∫ t

0
(‖U(τ)− Uk−1(τ)]‖+ ‖U(τ)− Vk−1(τ)‖) dτ

where M3 = M0M1e
aT . By Gronwall’s inequality again, we finally obtain

sup
[0,T ]

(‖Uk(t)− U(t)‖+ ‖Vk(t)− U(t)‖) ≤ TM3e
TM3 sup

[0,T ]
(‖Uk−1(t)− U(t)]‖+ ‖Vk−1(t)− U(t)‖) .

The proof is complete.

5 Non-quasi-monotone system

From the condition (H4), we know that there are positive numbers lij , Lij , i, j = 1, · · · ,m such that

∂ujFi + lij ≥ 0, ∂PjFi + Lij ≥ 0, i, j = 1, 2, · · · ,m

for all u1, · · · , um, P1, · · · , Pm,∈ R, (t, x) ∈ DT .

Definition 2. A couple of functions U(t, x) and V (t, x) are called a couple of lower-upper solution

of (1) on DT = (a, b)× [0, T ] if all the following hold:

• (i) U(t, x), V (t, x) ∈ C(DT ) ∩ L∞(DT );

• (ii) U(0, x) ≤ U0(x) = (φ1(x), · · · , φm(x)) ≤ V (0, x);

• (iii) for t ∈ (0, T ) and every set of nonnegative test functions ξi(t, x) ∈ C1(DT ), i = 1, 2, · · · ,m
∫ b

a
ui(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)ui(τ, x)dxdτ +

∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]ui(τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, U, P )ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
lij(uj(τ, x)− vj(τ, x))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
Lij(Pj(uj(t, ·))−Qj(vj(τ, ·)))ξi(τ, x)dxdτ

(20)

9



∫ b

a
vi(t, x)ξi(t, x)dx ≥

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)vi(τ, x)dxdτ +

∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]vi(τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, V, Q)ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
lij(vj(τ, x)− uj(τ, x))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
Lij(Qj(vj(t, ·))− Pj(uj(τ, ·)))ξi(τ, x)dxdτ

(21)

Theorem 4. Suppose that the conditions (H1), (H2) and (H4) hold. Let (U, V ) be a couple

lower-upper solution of (1) defined as Definition 2. Then

U ≤ V, i.e., ui(t, x) ≤ vi(t, x), i = 1, 2, · · · ,m, a.e. on DT

Proof: Let wi(t, x) = ui(t, x)− vi(t, x) , i = 1, 2, · · · ,m. Then
∫ b

a
wi(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)wi(τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]wi(τ, x)dxdτ

+
∫ t

0

∫ b

a


Fi(τ, x, U, P ) + 2

m∑

j=1

(lijuj(τ, x) + LijPj(uj(τ, ·)))

 ξi(τ, x)dxdτ

−
∫ t

0

∫ b

a


Fi(τ, x, V, Q) + 2

m∑

j=1

(lijvj(τ, x) + LijQj(vj(τ, ·)))

 ξi(τ, x)dxdτ

(22)

By the condition (H4),

∫ t

0

∫ b

a


Fi(τ, x, U, P ) + 2

m∑

j=1

(lijuj(τ, x) + LijPj(uj(τ, ·)))

 ξi(τ, x)dxdτ

−
∫ t

0

∫ b

a


Fi(τ, x, V, Q) + 2

m∑

j=1

(lijvj(τ, x) + LijQj(vj(τ, ·)))

 ξi(τ, x)dxdτ

=
m∑

j=1

∫ t

0

∫ b

a
(Fi(τ, x, v1, · · · , vj−1, uj , uj+1, · · · , um, P )− Fi(τ, x, v1, · · · , vj−1, vj , uj+1, · · · , um, P )

+ 2lij(uj(τ, x)− vj(τ, x))) ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
(Fi(τ, x, V, Q1, · · · , Qj−1, Pj , Pj+1, · · · , Pm)− Fi(τ, x, V, Q1, · · · , Qj−1, Qj , Pj+1, · · · , Pm)

+ 2Lij(Pj(uj(τ, ·))−Qj(vj(τ, ·)))) ξi(τ, x)dxdτ

≤
∫ t

0

∫ b

a




m∑

j=1

(Aijw
+
j (τ, x) + BijPj(w+

j (τ, ·))

 ξi(τ, x)dxdτ

(23)
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where
Aij = max

DT

{
∂ujFi(τ, x, v1, · · · , vj−1, θij , uj+1, · · · , um, P ) + 2lij

}

Bij = max
DT

{
∂PjFi(τ, x, V, Q1, · · · , Qj−1, ηij , Pj+1, · · · , Pm) + 2Lij

} .

with θij(t, x) between uj(t, x) and vj(t, x), ηij(t) between Pj(uj(t, ·)) and Qj(vj(t, ·)).
Hence

∫ b

a
wi(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)wi(τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]wi(τ, x)dxdτ

+
∫ t

0

∫ b

a

m∑

j=1

(
Aijw

+
j (τ, x) + Bij

∫ b

a
w+

j (τ, y)dy

)
ξi(τ, x)dxdτ

(24)

Then, similar to the proof of of theorem 2, we can obtain the conclusion.

6 Convergence of monotone sequences for non-quasi-monotone
system

For non-quasi-monotone system, we reconstruct monotone sequences of upper and lower solutions

as follows:




∂tu
(k)
i + ∂x(giu

(k)
i ) = Fi(t, x, Uk−1, P (Uk−1))−

m∑

j=1

lij(u
(k)
j − u

(k−1)
j )

−
m∑

j=1

Lij(Pj(u
(k)
j )− Pj(u

(k−1)
j )),

(t, x) ∈ DT ,

gi(a)u(k)
i (t, a) =

∫ b

a
βi(x)u(k)

i (t, x)dx, 0 < t < T,

u
(k)
i (0, x) = φi(x), a < x < b,

(25)

and




∂tv
(k)
i + ∂x(giv

(k)
i ) = Fi(t, x, Vk−1, Q(Vk−1))−

m∑

j=1

lij(v
(k)
j − v

(k−1)
j )

−
m∑

j=1

Lij(Qj(v
(k)
j )−Qj(v

(k−1)
j )),

(t, x) ∈ DT ,

gi(a)v(k)
i (t, a) =

∫ b

a
βi(x)v(k)

i (t, x)dx, 0 < t < T,

v
(k)
i (0, x) = φi(x), a < x < b,

(26)

i = 1, 2, · · · ,m.

We show again that U0 ≤ U1 ≤ V1 ≤ V0, which are defined above.
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Let W (t, x) = (w1(t, x), · · · , wm(t, x)) = U0(t, x)− U1(t, x) again. Then

∫ b

a
wi(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)wi(τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]wi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
lij(u

(1)
j (τ, x)− v

(0)
j (τ, x)ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
Lij(Pj(u

(1)
j (t, ·))−Qj(v

(0)
j (t, ·))ξi(τ, x)dxdτ

(27)

By the fact that u
(0)
j (t, x) ≤ v

(0)
j (t, x), (t, x) ∈ DT and Pj(u

(0)
j (t, ·)) ≤ Qj(v

(0)
j (t, ·)), t ∈ [0, T ],

∫ b

a
wi(t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)wi(τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]wi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
lijwj(τ, x)ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
LijPj(wj(t, ·))ξi(τ, x)dxdτ,

(28)

that is (5-6) with wi(0, x) = 0, i = 1, 2, · · · ,m, Aij = −lij , Bij = −Lij , i, j = 1, 2, · · · ,m. Then,U0 ≤
U1. Similarly, V0 ≤ V1.

To show U1 ≤ V1, let Wi(t, x) = (w(i)
1 (t, x), · · · , w(i)

m (t, x)) = Ui(t, x) − Vi(t, x), i = 0, 1, then

W0(t, x) ≤ 0. Hence, for every set of positive function ξi ∈ C1(DT ), i = 1, 2, · · · ,m
∫ b

a
w

(1)
i (t, x)ξi(t, x)dx =

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)w(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]w(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
[Fi(τ, x, U0, P (U0))− Fi(τ, x, V0, Q(V0))]ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
lij(w

(1)
j (τ, x)− w

(0)
j (τ, x))ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
Lij(Pj(w

(1)
j (t, ·))− Pj(w

(0)
j (τ, ·)))ξi(τ, x)dxdτ

=
∫ t

0
ξi(τ, a)

∫ b

a
βi(x)w(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]w(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a

m∑

j=1

[(Aij + lij)w
(0)
j (τ, x)− lijw

(1)
j (τ, x)]ξi(τ, x)dxdτ

+
∫ t

0

∫ b

a

m∑

j=1

[(Bij + Lij)Pj(w
(0)
j (τ, ·))− lijPjw

(1)
j (τ, ·))]ξi(τ, x)dxdτ

12



where

Aij = ∂ujFi(τ, x, u
(1)
1 , · · · , u(1)

j−1, ζij , u
(0)
j+1, · · · , u(0)

m , P (U0))

Bij = ∂PjFi(τ, x, U1, P1(u
(1)
1 ), · · · , Pj−1(u

(1)
j−1), ηij , Pj+1(u

(0)
j+1), · · · , Pm(u(0)

m ))
(29)

with ζij between u
(0)
j and u

(1)
j , ηij between Pj(u

(0)
j ) and Pj(u

(1)
j ). Due to that ∂ujFi + lij ≥ 0,

∂PjFi + Lij ≥ 0 and u
(0)
j ≤ u

(1)
j for all i, j = 1, 2, · · · ,m, we have that

∫ b

a
w

(1)
i (t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)w(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]w(1)

i (τ, x)dxdτ

−
∫ t

0

∫ b

a

m∑

j=1

lijw
(1)
j (τ, x)ξi(τ, x)dxdτ

−
∫ t

0

∫ b

a

m∑

j=1

lijPjw
(1)
j (τ, ·))ξi(τ, x)dxdτ

that is (5-6) with W1(0, x) = 0, Aij = −lij and Bij = −Lij ,i, j = 1, 2, · · · ,m. Similar to the proof

above, we see that U1 ≤ V1.

Next, we show that (U1, V1) is also a couple of lower-upper solution to (1). From the facts

proved above, we know that

Fi(t, x, U0, P (U0))− Fi(t, x, U1, P (U1)) +
m∑

j=1

[lij(u
(0)
j − u

(1)
j ) + Lij(Pj(u

(0)
j )− Pj(u

(1)
j ))]

=
m∑

j=1

[(Aij + lij)(u
(0)
j − u

(1)
j ) + (Bij + Lij)(Pj(u

(0)
j )− Pj(u

(1)
j ))] ≤ 0

where Aij and Bij are given in (29), and

m∑

j=1

[lij(v
(1)
j − u

(1)
j ) + Lij(Qj(v

(1)
j )− Pj(u

(1)
j ))] ≤ 0.

Putting them into
∫ b

a
u

(1)
i (t, x)ξi(t, x)dx =

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)u(1)

i (τ, x)dxdτ +
∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]u(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, U0, P (U0))ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
lij(u

(1)
i (τ, x)− u

(0)
i (τ, x))ξi(τ, x)dxdτ

−
m∑

j=1

∫ t

0

∫ b

a
Lij(Pj(u

(1)
i (t, ·))− Pj(u

(0)
i (τ, ·)))ξi(τ, x)dxdτ,

(30)
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yields that
∫ b

a
u

(1)
i (t, x)ξi(t, x)dx ≤

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)u(1)

i (τ, x)dxdτ +
∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]u(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, U1, P (U1))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
lij(u

(1)
i (τ, x)− v

(1)
i (τ, x))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
Lij(Pj(u

(1)
i (t, ·))−Qj(v

(1)
i (τ, ·)))ξi(τ, x)dxdτ.

(31)

Similarly, we have also that
∫ b

a
v

(1)
i (t, x)ξi(t, x)dx ≥

∫ t

0
ξi(τ, a)

∫ b

a
βi(x)v(1)

i (τ, x)dxdτ +
∫ b

a
φi(x)ξi(0, x)dx

+
∫ t

0

∫ b

a
[∂τξi(τ, x) + gi(x)∂xξi(τ, x)]v(1)

i (τ, x)dxdτ

+
∫ t

0

∫ b

a
Fi(τ, x, V1, P (V1))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
lij(v

(1)
i (τ, x)− u

(1)
i (τ, x))ξi(τ, x)dxdτ

+
m∑

j=1

∫ t

0

∫ b

a
Lij(Qj(v

(1)
i (t, ·))− Pj(u

(1)
i (τ, ·)))ξi(τ, x)dxdτ.

(32)

That implies that (U1, V1) is a couple of lower-upper solution to (1).

Thus, by induction, {(Uk, Vk)}∞k=0 is mixed-quasi-monotone sequence of coupled lower-upper

solutions to (1) satisfying

U0 ≤ U1 ≤ U2 ≤ · · · ≤ Uk ≤ · · · ≤ Vk ≤ · · · ≤ V2 ≤ V1 ≤ V0, in DT .

Theorem 5. Suppose that (H1)-(H4) hold. Furthermore , suppose that (U0, V0) is a couple of

lower-upper solution to (1). Then, there exist monotone sequences {Uk(t, x)} and {Vk(t, x)} which

converge to the unique solution U(t, x) uniformly for 0 ≤ t ≤ T . Moreover, the order of convergence

is linear.

Proof: Similar to the proof of Theorem 3, we define the operator

B̃(t, Uk, Uk−1) = F(t, Uk−1)− Λ1(Uk − Uk−1)− Λ2(P (Uk)− P (Uk−1)),

where Λ1 = (lij)m×m,Λ2 = (Lij)m×m, then we have that

Uk(t) = S(t)Φ +
∫ t

0
S(t− τ)B̃(τ, Uk(τ), Uk−1(τ))dτ. (33)
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where S(t) is a C0−semigroup mentioned above satisfying ‖S(t)‖ ≤ M0e
at. On the same time,

‖B(t, Uk, Uk−1)−F(t, U)‖
= ‖F(t, Uk−1) + Λ1(Uk − Uk−1) + Λ2(P (Uk)− P (Uk−1))−F(t, U)‖
≤ M1‖Uk−1 − U‖+ M2‖Uk − Uk−1‖

where M1 is Lipshcitz constant of F and M2 = ‖Λ1‖+ (b− a)‖Λ2‖. Thus,

‖Uk(t)− U(t)‖ ≤
∫ t

0
‖S(t− τ)[B(τ, Uk(τ), Uk−1(τ))−F(τ, U(τ))]‖dτ

≤ M1M0e
at

∫ t

0
‖Uk(τ)− U(τ)‖dτ

+(M1 + M2)M0e
at

∫ t

0
‖Uk(τ)− Uk−1(τ)‖dτ

(34)

Using Gronwall’s inequality, we then obtain

‖Uk(t)− U(t)‖ ≤ (M1 + M2)M0e
(aT+M0M1 exp(aT ))t

∫ t

0
‖Uk(τ)− Uk−1(τ)]‖dτ

→ 0, as k →∞.

As for the linear convergence, in view of (??), we have that

‖Uk(t)− U(t)‖ ≤ M3

∫ t

0
‖Uk(τ)− U(τ)]‖dτ + M4

∫ t

0
‖Uk−1(t)− U(τ)‖dτ

where M3 = (2M1 + M2)M0e
aT and M4 = (M1 + M2)M0e

aT . By Gronwall’s inequality again, we

finally obtain

sup
[0,T ]

‖Uk(t)− U(t)‖ ≤ TM4e
TM3 sup

[0,T ]
‖Uk−1(t)− U(t)]‖.

It can be shown similarly that {Vk} converges linearly to U .

The proof is complete.
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