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Exclusion process on strongly-regular graphs

What does symmetry teach us about exclusion
processes?
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Exclusion process on strongly-regular graphs

Consensus Dynamics

Let V ={1,...,n} be a population of n individuals with initial opinions
X% = (X?);cv. Opinions may be

o fixed, constant;

SN S T (VAT E T TR L IR EETH RS Consensus Dynamics and Exclusion processes December 2, 2020 3/26



Exclusion process on strongly-regular graphs

Consensus Dynamics

Let V ={1,...,n} be a population of n individuals with initial opinions
X% = (X?);cv. Opinions may be
o fixed, constant;

@ initially fixed and may change;

SN S T (VAT E T TR L IR EETTRS Consensus Dynamics and Exclusion processes December 2, 2020 3/26



Exclusion process on strongly-regular graphs

Consensus Dynamics

Let V ={1,...,n} be a population of n individuals with initial opinions
X% = (X?);cv. Opinions may be

o fixed, constant;
@ initially fixed and may change;
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Exclusion process on strongly-regular graphs

Consensus Dynamics

Let V ={1,...,n} be a population of n individuals with initial opinions
X% = (X?);cv. Opinions may be

o fixed, constant;

@ initially fixed and may change;

@ initially random and may change.

Change over time t € N is induced by interaction of individuals defined by
interaction graphs G; = (V, E;) and some rule.
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Exclusion process on strongly-regular graphs

Consensus in Networks

Inspired by Henry, Pratat and Zhang (2011)
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Exclusion process on strongly-regular graphs

Goal: Consensus in Networks

Find formalism for arbitrary opinions and graphs! J
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Exclusion process on strongly-regular graphs

Goal: Consensus in Networks

Find formalism for arbitrary opinions and graphs! J

(Assume edges move always for now.)
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Exclusion process on strongly-regular graphs

Line graph as state space

Figure: Translation of existing edges (blue) in G into occupied sides (blue) in the
line graph Lg,.
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Exclusion process on strongly-regular graphs

Line graph as state space

Figure: Translation of existing edges (blue) in G into occupied sides (blue) in the
line graph L¢,. Existing edges are interpreted as particles occupying sides on Lg._.
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Strongly regular graphs

Definition
Let i, d,a, 3 € N. A graph L = (V,E) is called (#, d, o, 3) strongly
regular iff

e |V|=n,

o Vv e V:deg(v)=d,
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Strongly regular graphs

Definition
Let i, d,a, 3 € N. A graph L = (V,E) is called (#, d, o, 3) strongly
regular iff
e |V|=n,
o Vv e V:deg(v)=d,
o for v,w € V with {v,w} € E there are u3,...,u, € V s.t.
{v,ui} € E.{w,uj} € Eforalli=1,...,a,
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Strongly regular graphs

Definition
Let i, d,a, 3 € N. A graph L = (V,E) is called (#, d, o, 3) strongly
regular iff
e |V|=n,
o Vv e V:deg(v)=d,
o for v,w € V with {v,w} € E there are u3,...,u, € V s.t.
{v,ui} € E.{w,uj} € Eforalli=1,...,a,
o for v,w € V with {v,w} & E there are p1,...,pg € V s.t.
{v,pi} € E,{w,pj} € Eforalli=1,... 0.
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Example: Strongly regular graphs

Consider a complete graph G. = (V¢, E.) with |V¢| = n. Then its line
-1
graph L(G) is a (n(r12)7 2(n—2),n— 2,4> stronlgy regular graph.

Figure: From complete graph on 4 vertices to its line graph.
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Exclusion process on strongly-regular graphs

Exclusion process on strongly-regular graphs

Consider a graph L = (V, E). Define for v € V its neighborhood N, as

N, :={w e V|{w,v} € E}.
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Exclusion process on strongly-regular graphs

Exclusion process on strongly-regular graphs

Consider a graph L = (V, E). Define for v € V its neighborhood N, as

N, :={w e V|{w,v} € E}.

Definition

Let L = (V, E) be a strongly regular connected graph with parameters
(A, d, a, B). Then we define the exclusion process 7 := (1.t )ten
containing k € {1,...,7 — 1} particles on L as follows.

e VteN:n.: CV,

@ at any time t € N do:
@ draw uniformly U; € ny.: and Wi € (Ny,\ni:e) U { Ut}
Q set ner1 = (ke \{Ue}) U{W;}. )
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Construction of an appropriate state space

What is the actual state space of 7,?
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Construction of an appropriate state space

Construct a graph H} = (V[, £]) which satisfies the following conditions:

e v € V] satisfies |v| = k
(k particles),
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Construction of an appropriate state space

Construct a graph H} = (V[, £]) which satisfies the following conditions:

e v € V] satisfies |v| = k
(k particles),

o if {v,w} € &, then vAw = {v,w} € E
(one particle moves at a time.).
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Goal: State space H| for n=5, k=3

Figure: State space of a Markov chain associated to 7.
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Cartesian Product of graphs

Definition (Cartesian Product of Graphs)

Let Gi, ..., Gk be connected graphs with G; = (V(G;), E(G;)). Then their
Cartesian product Hy = (Vk, Ex) is the graph

Hk::Glx...ka

with vertex set Vi = {v = (v1,..., w)|vi € V(G;)}. Two vertices v, v’ are
adjacent, whenever there is exactly one index 1 </ < k such that
{vi,vj} € E(G;) and v; = v} for j # i.
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Construction of an appropriate state space

Example: Cartesian Product of graphs

Consider the path graph P>. We construct the Cartesian product P, x Ps.
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Construction of an appropriate state space

Example: Cartesian Product of graphs

Consider the path graph P,. We construct the Cartesian product P> x Ps.

(1) (12)
@) (

@) (e
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Construction of an appropriate state space

Example: Cartesian Product of graphs

Consider the path graph P>. We construct the Cartesian product P, x P».

1) (12)
@) (

@) (e

Remark: (1,2) # (2,1)!
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Quotient graphs

Let G = (V, E) be a graph and <> an equivalence relation on V. The
quotient graph ¢/« = G = (V,E®) is defined as

o V& ={[v]?|lve V}

o {[V]7, W7} e ET & IV e[v]7,Wwe[w]” {I,#}cE.
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o V& ={[v]?|lve V}

o {[V]7, W7} e ET & IV e[v]7,Wwe[w]” {I,#}cE.

Example ¢ and identify even vertices and odd vertices.
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Quotient graphs
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'/ r
State space H} for 7

Consider L = (V/, E). For fixed k € {1,..., 7 — 1} denote by S the
symmetric group of order k. Let Ry = {V € VK|Ti £ : v, = vit.
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Construction of an appropriate state space

State space 7—~li for ny

Consider L = (V/, E). For fixed k € {1,..., 7 — 1} denote by S the
symmetric group of order k. Let Ry = {V € VK|Ti £ : v, = vj}. Define
Hi = (VK Ef) := L*K, V[ = VK\R and

E; = {{u,w}eEluweV}
Hi = (Vi Ex).
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Construction of an appropriate state space

State space 7—~li for ny

Consider L = (V/, E). For fixed k € {1,..., 7 — 1} denote by S the
symmetric group of order k. Let Ry = {V € VK|Ti £ : v, = vj}. Define
Hi = (VK Ef) := L*K, V[ = VK\R and

E; = {{u,w}eEluweV}
Hi = (Vi Ex).

Finally set 1} = #i/s,.
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. '/ r C o _
Example: State space H) for nx; n =5, k =3

Start with complete graph Ks.
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. I r . _ _
Example: State space H) for nx; n =5, k =3

Figure: Complete graph on 5 vertices.
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. '/ r C o _
Example: State space H) for nx; n =5, k =3

Start with complete graph Ks. Consider the line graph L = (V/, E) of Gs.
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. '/ r C o _
Example: State space H) for nx; n =5, k =3

Figure: Line graph of complete graph on 5 vertices.
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Construction of an appropriate state space

Example: State space 7—~li forng;, n="5, k=3

Start with complete graph Ks. Consider the line graph L = (V, E) of Gs.
Recall Rz = {V € V3|3i £ : vi = vj}, H3 = (V3,E3) := L3,
V4 = V3\R; and

Es = {{u,w}eEluwe V5},
Hy = (V5,E3).
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. I r . _ _
Example: State space H) for nx; n =5, k =3

Figure: Associated graph .
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Construction of an appropriate state space

Example: State space 7—~li forng;, n="5, k=3

Start with complete graph Ks. Consider the line graph L = (V, E) of Gs.
Recall Rz = {V € V3|3i £ : vi = vj}, H3 = (V3,E3) := L3,
V4 = V3\R; and

E; = {{u,w}eEluwe V3},
Hy = (V3. E).

Set Hj = Hi/s,.
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. I r . _ _
Example: State space H) for nx; n =5, k =3

Figure: Quotient graph 7:12 of H.
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An associated Markov chain

7% as a Markov chain on H;,
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An associated Markov chain

Nk as a Markov chain on H;

Theorem

Let k € {1,...,a— 1}, L a strongly regular and ny the k particle exclusion
process on L. Then there is a Markov chain & with transition Matrix PkA
on Hj. such that for any v C V and t € N the equation

P[nk;e = 0|nk0] = P[Sk;t = 0|S k0 = nk:0]

is satisfied.
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An associated Markov chain

Nk as a Markov chain on H|

Theorem

Let k e {1,...,A—1}, v C V, |v| = k denote by L, the vertex induced
sub-graph of v in L and for v € v write deglv(v) the degree of v in L.
The transition matrix PkA of & satisfies

1 1
——= I , vAr = {v,w} with v ~t w,
kd—deg™(v)+1
A
Piow = 1_ } , b =10,
‘oo kd —deg™(v) +1
0 otherwise.
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Properties of G

The Markov chain & is irreducible, aperiodic and, therefore, ergodic.

IR S T (VAT E T TR [ IR EETRS) Consensus Dynamics and Exclusion processes December 2, 2020 21/26



Reversibility of &
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Reversibility of &

Lemma

Define for v,to € 17; the value

i L
_ 0 2
I jegLn(VH Lo~
Wy () = veN"(Vy)é\_/\/“’(vT/) — deg™(v) + (1)
0, otherwise,

and m(v) = [],c,(d — degl®(v) +1). Then for any v,1 € V[ the
following property holds true.

7(0) Py Vo (10) = 7(10) pies, , Win (0). (2)
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Reversibility of &

The Markov chain &} is in general not reversible. j2-; Apply
Kolmogorov's criterion for reversibility.

Figure: Graph L with assigned labels between 0 and 9. A vertex colored in red
represents a vertex occupied by a particle.
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Reversibility of Gy

The Markov chain &} is in general not reversible. j2-; Apply
Kolmogorov's criterion for reversibility.

Figure: Graph L with assigned labels between 0 and 9. A vertex colored in red
represents a vertex occupied by a particle.

Consider the following closed path
¢ = ({0,6,7,8},{0,6,7,9},{6,7,8,9},{5,6,7,8},{0,5,7,8},{0,6,7,8}).
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Reversibility of Gy

The Markov chain & is reversible for k € {1,2,7— 2,71 — 1}.

Conjecture: & is reversible if and only if G5_y is reversible.
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Outlook
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Outlook

@ Find covering time of G with respect to 7.
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Outlook

@ Find covering time of G with respect to 7.

@ Reintroduce labels and rule for erasing edges.

IR S T VATV E T TR [ IR EETRS  Consensus Dynamics and Exclusion processes December 2, 2020 25/26



Outlook

@ Find covering time of G with respect to 7.
@ Reintroduce labels and rule for erasing edges.

@ Characterize time to absorption under suitable conditions.
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Outlook

Find covering time of G with respect to 7.
Reintroduce labels and rule for erasing edges.

Characterize time to absorption under suitable conditions.

Examine exclusion process in random environments.
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Outlook

Why stop there?
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Outlook

Why stop there? J

Figure: Quotient graph H5 when underlying graph is line graph of a G(6,0.5).
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