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Introduction & Motivation

We would like to define on weighted graphs and on weighted
triangulations, the discrete GaulB-Bonnet operators
and the discrete Helmhlotzians or vector Laplace operators .

We present here some of the GS-team main results dealing with
essential self-adjointeness and results on spectra.
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We can see a weighted graph and a weighted triangulation
as a generalization of an electrical network and resp. a
tessalation.

They appear in the finite case in many domains and applications
like :

» computer vision
» Hodge ranking

» decomposition of finite games in game theory....
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An infinite graph

An infinite tree with regular increasing valence (from the vertex c).
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References of our project of non self-adjoint Laplacian ...

A M. Balti
Non self-adjoint Laplacians on a directed graph; accepted and
reviewed in Filomat, 26 p, (2017)
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On the eigenvalues of weighted directed graphs; Complex
Analysis and Operator Theory, 11 :6, pp 1387-1406, (2017)

Other Work In Progress :

[ Z. Medini
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Set-up & Preliminaries



Set-up & Preliminaries

A graph resp triangulation K is considered as a k-dimensional
simplicial complex, k =1 resp k = 2.
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Set-up & Preliminaries
A graph resp triangulation K is considered as a k-dimensional
simplicial complex, k =1 resp k = 2.
» ) denotes the set of its vertices, £ the set of its oriented edges
seen as a subset of V x V and F the set of its oriented faces.

K=(V,&)or(V,E,F).
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Set-up & Preliminaries

A graph resp triangulation K is considered as a k-dimensional
simplicial complex, k =1 resp k = 2.
» ) denotes the set of its vertices, £ the set of its oriented edges
seen as a subset of V x V and F the set of its oriented faces.

K=W,E)or(V,E,F).
» We assume that &£ is symmetric without loops :
veV=(v,v)¢E, (wn,w)el=(nv)efl.

» The graph is indirected and oriented. Choosing an orientation
of £ consists of defining a partition of £ :

Etue =€
(vi,n) €ET <= (v, 1) €E™.

Fore=(vi,n) €& e =w, e =v, —e=(n,v). <&
13
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> dy : the degree of a vertex x € V is the cardinal of the set
{e€ & e =x}.
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> dy : the degree of a vertex x € V is the cardinal of the set

{e€ & e =x}.
» K is with bounded degree, if there exists N, for any x in V,
de < N.
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> dy : the degree of a vertex x € V is the cardinal of the set

{e€ & e =x}.
» K is with bounded degree, if there exists N, for any x in V,
de < N.

» If V is finite, K is called a finite graph.
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dy : the degree of a vertex x € V is the cardinal of the set
{e€ & e =x}.

K is with bounded degree, if there exists N, for any x in V,
de < N.

If V is finite, K is called a finite graph.

v

v
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Otherwise K is an infinite graph .
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Paths

A path between two vertices x,y in V is a finite set of edges
€1,...,en, n > 1 such that

e, =x, el =y and, if n>2, Vj, 1§j§(n—1):>ej+:e;~_1.

Iy denotes the set of the paths from the vertex x to the vertex y.

Notice that

» each path has a begining and an end.
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Paths

A path between two vertices x,y in V is a finite set of edges
€1,...,en, n > 1 such that

e, =x, el =y and, if n>2, Vj, 1§j§(n—1):>ej+:e;~_1.

Iy denotes the set of the paths from the vertex x to the vertex y.

Notice that
» each path has a begining and an end.
» an edge is a path.
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Conventions on the graph or the triangulation K

> All the faces are triangles
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Conventions on the graph or the triangulation K

> All the faces are triangles

» K is connected : two vertices are always related by a path.
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Conventions on the graph or the triangulation K

> All the faces are triangles
» K is connected : two vertices are always related by a path.

» K is a simple graph : no multiple edge nor loop.
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Conventions on the graph or the triangulation K

v

All the faces are triangles

» K is connected : two vertices are always related by a path.

v

K is a simple graph : no multiple edge nor loop.

v

K is locally finite if each vertex belongs to a finite number of
edges, so with countably many vertices.

cose

16



Conventions on the graph or the triangulation K

v

All the faces are triangles

» K is connected : two vertices are always related by a path.

v

K is a simple graph : no multiple edge nor loop.

v

K is locally finite if each vertex belongs to a finite number of
edges, so with countably many vertices.

v

K is assumed to be oriented.
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Metrics on a graph
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Metrics on a graph

» A metric is an even function
. *
a:&—RY,

it defines a distance on the graph K in the following way.
One first defines the length of a path v = (e1, ..., en)

h(1) = Z Vate).

Then the metric distance between two vertices x, y is given by

da(xv}/) = 'yienrf /a(’)/)‘
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Discrete functions and forms

> The 0— forms or 0—cochains are just scalar
functions on V or vertex functions.
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Discrete functions and forms

> The 0— forms or 0—cochains are just scalar
functions on V or vertex functions.

> The 1— forms or 1—cochains are skew-symmetric
edge flows on £.

» CO(K) =C,
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Discrete functions and forms

> The 0— forms or 0—cochains are just scalar
functions on V or vertex functions.

> The 1— forms or 1—cochains are skew-symmetric
edge flows on £.

> The 2— forms or 2—cochains are triangular-curl
flows on F.

» CO(K)=CY,
» CYK)={p: &= C,p(—e) = —p(e)}.
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Discrete functions and forms

> The 0— forms or 0—cochains are just scalar
functions on V or vertex functions.

> The 1— forms or 1—cochains are skew-symmetric
edge flows on £.

> The 2— forms or 2—cochains are triangular-curl
flows on F.
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Discrete functions and forms

> The 0— forms or 0—cochains are just scalar
functions on V or vertex functions.

> The 1— forms or 1—cochains are skew-symmetric
edge flows on £.

> The 2— forms or 2—cochains are triangular-curl

flows on F.
» CO(K)=CY,
» CYK)={p: &= C,p(—e) = —p(e)}.

v

C*(K)={¢: F = C,¢(~w) = —p(w)}.
The sets of cochains with finite support are denoted
respectively by CO(K), C(K), C3(K).

v
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Hilbert structures
The weights :
»c:V—=RL
» r: &= RYL, reven, r(—e)=r(e)
» s: F = RY, s(—w)=s(w)

define scalar products :

<f,g>=> c(v)f(v)&(v) forf,ge CAK)
vey

<o.0>= %Z (e)o(e)i(e) for 6,1 € CL(K)
ecé

Finally the Hilbert spaces

L(V) = COK), La(€):=CYK), La(F):= C2(K).
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Operators on weighted graphs
or triangulations



The operator dg

Definition
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The operator dg
Definition
» The difference operator is the linear operator
do : QQ(K) — G (K),

given by
do(F)(e) = F(e*) — F(e).
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The operator dg
Definition
» The difference operator is the linear operator
do : G(K) — Co(K),
given by

do(f)(e) = f(e") — f(e).

» The coboundary operator &g is the formal adjoint of dg.
Thus it satisfies

<d0f,¢ >=< f,50d>>
for all f € CQ(K) and ¢ € C}(K).
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The operator dg

Lemma
The coboundary operator &y : CL(K) — C2(K), is defined by the
formula )
do(o = — r(e)o(e
o)) = 5 3 el
Remark

The operator dg is defined in all C°(K), but to define dq in all
CY(K), we need to assume the graph K to be locally finite.

This assumption could be weakened by taking the edge weights r
summable around each vertex, as considered by Keller-Lenz.

[ M. Keller & D. Lenz
Dirichlet forms and stochastic completneness of graphs and 1
subgraphs, ; J. reine angew. Math., 666, 189-223 (2012) e
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The operators d; and 9,

The exterior derivative : d; : C2(K) — C2(K) is given by

d]_(Q/))(X,y, Z) = T/’(X’Y) + 7/)(% Z) + ¢(27X)‘
The co-exterior derivative : 61 : C2(K) — CX(K) is the formal
adjoint of d; .
[ Y. Chebbi

The discrete Laplacian of a 2-simplicial complex, accepted and
reviewed in Potential Analysis, 26 p, (2017)
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The Gauss-Bonnet operator

The graph Gauss-Bonnet operator is the endomorphism
D =do+do: CO(K)® CHK) ©.

It is a symmetric operator and of Dirac type.
For (f,¢) € C2(K) & CX(K),

D(f,v) = dof + dor)

It is a generalization of the Dirac operator studied on the graph Z
by Golenia and Haugomat.

@ S. Golénia & T. Haugomat,
On the A.C. spectrum of 1D discrete Dirac operator,; ArXiv 1
1207.3516, (2012), to appear in Meth. Funct. An. Top. Rt
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The Gauss-Bonnet operator

The triangulation Gauss-Bonnet operator is the endomorphism
T:CAUK)® CHK) @ C3(K) O
defined by :

T(f, ¢, 9) = (dop, dof + 010, d1p).

For (f,¢,9) € CA(K) ® C2(K) ® C2(K),
It is a symmetric operator and it is of Dirac type.
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The Laplacian and the Helmholtzian
The graph Laplacian is
A=D*:QK)® G(K)O.

This operator preserves the direct sum C(K) @ C}(K), so we can

write
A=A0Ay)D A

The triangulation Laplacian or Helmholtzian is the operator
L:=T%:CO(K)o CHK)® C3(K) O

given by
L(f,p,9) = (dodof, (dodo + d1ch)p, d1619).

We can write ;
L=LoBL1BLs ll‘gcﬁtﬁ
29



Main results
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Y —completeness

A sufficient geometric condition for Essential self-adjointness is
x— Completeness of the graph : it means that there exists a growing
sequence of finite sets (B,)nen such that V = B, and there exist
related functions x, satisfying the following three conditions

(i) xn€ GQ(K), 0<xn <1

(i) ve By, = xa(v)=1
(i) 3C>0,¥ne N, x €V, 153, e, r(e)dxa(e)* < C.

[4 C. Anné¢ & N. T-H
The Gauss-Bonnet operator of an infinite graph; Analysis and
Mathematical Physics 5 (2), 137-159 (2015); preprint in 2013.
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x—complete triangulation

Definition
A triangulation is x—complete, if the two following conditions are
satisfied :

» the corresponding graph is x—complete.
» IJM >0, Vne N, e € &, such that

= Z s(e,x)|d%xn(e™, x) + d®xn(e™, x)|> < M.
r(e) =

Proposition
A simple triangulation of bounded degree is x—complete.
[d Y. Chebbi

The discrete Laplacian of a 2-simplicial complex, accepted and &,
reviewed in Potential Analysis, 26 p, (2017)
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This assumption of y—completeness is in relationship with
resembling techniques in the following papers :

@ J. Masamune
A Liouville Property and its Application to the Laplacian of an
Infinite Graph,
Contempory Mathematics 484 , 103-115. (2009)

& X Huang, M. Keller, J. Masamune, R.K. Wojciechowski,
A note on self-adjoint extensions of the Laplacian on weighted
graphs,
J. Funct. Anal. 265 no. 8, 1556-1578 (2013)
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The definition of y—completeness is used later in the recent paper :

[ Hatem Baloudi, Sylvain Golenia, Aref Jeribi
The adjacency matrix and the discrete Laplacian acting on
forms, arXiv :1505.06109 (2015)

and it is also mentioned in this book :

¥ A. Jeribi
Spectral Theory and Applications of Linear Operators and
Block Operator Matrices, Springer, (2015).

cose

35



Essential self-adjointness

Theorem
If the connected locally finite graph is x—complete,
then the GauB-Bonnet operator D is essentially self-adjoint.

Corolary

If the connected locally finite graph is x—complete then the
Laplacian A is essentially self-adjoint.
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Theorem
If the triangulation is x—complete then the Gauss-Bonnet operator

T is essentially self-adjoint on CO(K) @ CL(K) @ C3(K).
Corolary

If the triangulation is x-complete then the Helmholtzian L is
essentially self-adjoint on C2(K) @ C}(K) @ C3(K).
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Spectra of A; and Ay
We denote the spectrum of A; by o(Aj)

Theorem

(A1) \ {0} = (Ao) \ {0}.

Theorem

Let the graph be a connected weighted locally finite infinite graph
such that the edge weight c is bounded as é < c(x,y) < a, for
some «, for all edge (x,y). Then

0e O’(Al) orQ € O’(Ao).

@ H. Ayadi
Spectra of Laplacians on forms on an infinite graph, Operator |
and Matrices, 11 :2, 567-586 (2017) e
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GS-Team

o

Graph & Spectra Team at Tunisia [Qj;%b



Oneday-Workshop "Graphs & Spectra (GS-2013)"
Binzart ; June 28th, 2013




Bizerte; Mars 18th, 2014
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Oneday-Workshop "Graphs & Spectra (GS-2015)" ,
Defense of PhD Thesis of Héla Ayadi i%“
Bizerte; November 20th, 2015



Research School CIMPA-2016
"Théorie Spectrale des Graphes et des Variétés"
Kairouan ; November 7th—19th, 2016
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Defense of the PhD Thesis of Marwa Balti
Bizerte; May 20th, 2017
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Many Thanks for your
attention
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