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(1) Let A be a unital Banach algebra. Show that the inversion

Inv : GL(A)→ GL(A), x 7→ x−1

is di�erentiable in every point a with derivative

DaInv : A→ A, x 7→ −a−1xa−1

i.e.,

1

‖b− a‖
‖Inv(b)− Inv(a)−DaInv(b− a)‖ → 0, b→ a

(2) Let A be a unital Banach algebra. Show that the connected components of GL(A)
are given by the path components. (The path component of an element a ∈ GL(A)
is the set of all b ∈ GL(A) such that there is a continuous γ : [0, 1] → GL(A) such
that γ(0) = a and γ(1) = 1.)

(3) Let A be a unital Banach algebra. Let a, b ∈ A and λ ∈ σ(a) ∩ σ(b) and µ ∈ σ(a).

(a) Show

(a− λ)−1 − (b− λ)−1 = (a− λ)−1(b− a)(b− λ)−1 = (b− λ)−1(b− a)(a− λ)−1.

(b) Show

(a− λ)−1 − (a− µ)−1 = (µ− λ)(a− λ)−1(a− µ)−1 = (µ− λ)(a− µ)−1(a− λ)−1.

(4) Let A be a unital Banach algebra and a, b ∈ A. Show

σ(ab) \ {0} = σ(ba) \ {0}.

Optional Problems

(OP1) LetK be a compact metric space. Determine the connected components ofGL(C(K)).


