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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Cauchy Problems in normal form

o u=(u',u? ...,u") is a vector valued function of the n + 1
variables (t,2) = (2%, z%,...,2"™) of an open subset 2 of
RI*7,

@ Consider a system of N partial differential equations for the N
unknown functions of order m of the form

o™

at—m:F(t,fE,U,...,Ua,...) (1)

where for a multi-index o = (ay, . .., ay,),

olaly
(Ot)o (Qxl)er ... (Dzm)an

Uy —

lal=ag+a1+...4a, <m, 0<ay<m;
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Definition

The initial value problem

g:’;'g F(t,fL‘,u,...,’Ua,...)
Zul oy, 0<l<m—1; (2)
ot t=to

is said to be in its normal form.
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Remark

Given a Cauchy problem in its normal form, one can compute all
the (tangential and outwards) derivatives of the unknowns on the
initial surface {t = t}. Thus the initial data together with the
differential equations completely determined the Taylor series of u
along the the initial surface {¢ = #} provided that such a solution
exists and is analytic which is the case when the data and the right
hand side of the equations are analytic functions of all their
arguments (Theorem of Cauchy-Kowalewski .
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

General Cauchy Problems

@ In many situations, there is no preferred coordinate and the
Cauchy data for a given (system of ) partial differential
equation(s) are prescribed on generic hypersurfaces (X).

@ Consider a system of N PDEs in N unknown functions % in
the general form:

F(z,u,...,uq,...) =0, Ja|<m,I=1,...,N, (3)
@ Suppose that the initial hypersurface (X) is given by
(X):9(z) =0, (4)

where the F's are smooth functions and ¢ is a smooth
function with non vanishing gradient.

Joint work with Piotr Chrusciel Characteristic Cauchy Problem, Potsdam, 03/02/2014



Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

@ Denote by v the gradient of ¢ then, the normal derivatives of
u along (X) are given by (¢; = az)

ou - ou otu 0 ou
=1 ~———

0 times

@ Then an initial value problem for the PDE (3) can be posed
on (X) as:

(5)
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Transformation into normal form

Can problem (5) be written in normal form?

To answer this question, we restrict ourself to the case where (3) is
quasi-linear, i.e.

where
A% = A%z, u,...,ug,...), |B|<m—1

is an N x N matrix valued function and
G=_G(z,u,...,ug...), |of<m—1

is a vector valued function.
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Suppose that y = (y!,...,y") are independent coordinates on (X)
and complete with 4% = ¢(z) to a system of coordinates (y°, ).
Then, computations show that the system of PDE (6) becomes

0¢ AL o

laj=m

|B|§ma/80<m

where U, are the derivatives of u with respect to the y's
coordinates.
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Thus the initial value problem,(5) can be recast into the normal
form if and only if

¢ ¢

A® .

. |Z @0y " @gmyan A @t uge) [ £ O
al=m =)

In that case the Cauchy-Kowalewski Theorem applies to (5).
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Definition

The hypersurface (X) is said to be characteristic with respect to
the Cauchy problem (5) when

9¢ o9

A® =0.

det |Z @0y " [@gnyan A (e ) 0
al=m =)

In that case, we speak about "Characteristic Cauchy data”.
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Remark

© |Initial data on a characteristic surface cannot be prescribed
freely: They must satisfy some compatibility conditions some
times called the "transport Equations”.

@ Correspondingly, the solution is not uniquely determined
unless certain additional conditions are imposed on a
hypersurface transverse to the initial surface.

© Discontinuity (singularities) of a solution cannot occur except
along characteristic surfaces

© Characteristic surfaces are the only surfaces for which the
same initial value problem may have several solutions
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Introduction (Prerequisites)

Cauchy Problems in normal form
General Cauchy Problems

Example

As example, it is not difficult to see that in the case of semi-linear
wave equation, the characteristic surfaces are null hypersurfaces
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- ) . . The Equation
Quasi-linear first order hyperbolic system and the energy estimat¢ o @iy ey
The splitting of f
The energy estimate

The Equation

@ Y is a (n — 1)-dimensional compact manifold without
boundary.

@ We are interested in quasi-linear first order symmetric
hyperbolic systems of the form

on subsets of
M= {u €[0,00),v € [0,00),y € Y}.

where
o f and G are sections of a real vector bundle E over .#

o F is equipped with a scalar product. We will use the same

symbol V, respectively (-, ), to denote connections,
respectively scalar products, on all relevant vector bundles.
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

@ Both the scalar product and the connection coefficients are
allowed to depend upon f, and we assume that V is
compatible with (-, -).

o ./ will be assumed to be equipped with a measure du,
possibly dependent upon f.

@ L is a first order operator of the form
L=A"vV, ,

where the A"'s are self-adjoint (thus the system is
symmetric), and are smooth functions of f and of the
space-time coordinates.
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

The energy density

@ Let ¢, 7 =1,...,m, denote a collection of smooth vector
fields on Y such that for each y € Y the vectors ¢,(y) span
T,Y; clearly m > dim Y.

@ For k € N, let Z* denote the collection of differential
operators of the form

o

Vo -V, 0<0<k. (8)

Here V is a fixed, arbitrarily chosen, smooth connection which
is f, u, and v—independent. We number the operators (8) in
an arbitrary way and call them P,., thus

P* =Vect{P,,r=1,...,N(k)},
for a certain N (k).
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The Equation

Quasi-linear first order hyperbolic system and the energy estimat¢ The energy density

The splitting of f
The energy estimate

@ Let w, be any smooth functions on M, we set

=

(k)
XH(k) = wy(Ppf, AFP.f) | (9)

\3
I
N
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

The splitting of f

We restrict our attention to f's which are of the form

r=(). (10)

with A” and A" satisfying
At 0 0 0
A" = < 7 > , AV = ( v > > (11)
0 0 0 Ay,

Ayy > 0,45, >0

and
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

Characteristic hyperbolic system

From these hypotheses, we see that:

@ the hypersurfaces {u = cst} and {v = cst} are characteristic
hypersurfaces for the system (7)

@ the first order system (7) is hyperbolic
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

We have
Vuxr k) = S { (Pf AP D,
r I
w, ((Pef, (VuA)Prf) + 2(Pof, LPo) ) }
1I, 111,
so that, for
Qa,b - [07 CL] X [07 b] x Y )
—— = \/;’
Su Sv o
and

dp = dudvdpy

any measure, absolutely continuous with respect to the coordinate
Lebesgue measure, on €4,
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

Stokes’ theorem

from Stokes’ theorem we have

/ Xo‘(k)dSa:/ V(X)) dy
. p Qb

/ X“(k)dSa—ir/ XO(k)dS,
/ XO(k)dS, +/ Xk

/Qabv (X"(k))d

which is,
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.- . . . The Equation
Quasi-linear first order hyperbolic system and the energy estimat¢ e @iy ey

The splitting of f
The energy estimate

From the hypotheses on the matrices A“ and A", we see that for
fields supported in a compact K we have:

XWise = ()3 / wp(Prp, Prg) dv dpiy |
=: (K)Ek{wr}[% al, (12)
X dsa = ()Y [ wnlPv P du diay
v=b - v=b
=1 ¢(K) & fuw,y [, 0] . (13)
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The Equation

Quasi-linear first order hyperbolic system and the energy estimat¢ Thelenereyldensity

The splitting of f
The energy estimate

Thus,
Ek,{wr}[(pa a] + @ﬁk,{wr}[w7 b] < CI(K){Ek,{wT}[SQ O] + éak,{wr}[wa 0]

- /Q > I+ w(IL + IHT))}- (14)

T

Joint work with Piotr Chrusciel Characteristic Cauchy Problem, Potsdam, 03/02/2014



The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

special weight

Let A > 0, we choose the weight to be independent of r:

w, = e—)\(u—i—v) ’

and we will write Ej ) for Ej r,, 1 with this choice of weight,
similarly for &3, .
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Quasi-linear first order hyperbolic system and the energy estimat¢ iRl uation

The energy density

The splitting of f
The energy estimate

From (12) we find

Ep e, a] Z Vi, ...@qrjap(a, v, )2 e ) dudpy
0<j<k Ob]><Y
~ /0 e o, 0) |2y o (15)

where one recognises the usual Sobolev norms H*(Y) on Y. One
similarly has

gk’)\[w’ b] = Z / QT1 tee %Q'r]‘b(" ba _)|2€7)\(u+b)

dudpy
0<j<k

| e, b (16)
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The Equation
The energy density
The splitting of f

Quasi-linear first order hyperbolic system and the energy estimate

The energy estimate

Writing LP,f as P,Lf + [L, P.|f, and assuming
(0, Aly0) = clol, (Y, Ayy) = clyl?, (17)
with ¢ > 0, one obtains for k > "Tfl

Epalp, a] + &x A, b]
< G Beale, 0] + Gialy,0)
+ [ (19, ) = o) g
+CCY, Bl e vy | Gl ey
2 [ APLIE PN ) (18)
UXY
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The Equation

The energy density
The splitting of f
The energy estimate

Quasi-linear first order hyperbolic system and the energy estimat¢

Moser type Inequalities

We recall here the following Moser inequalities which will be used
repeatedly:

@ Moser product inequality:

1fal e vy
< Cu(Y, k)(HfHLOO(Y)HgHHk(Y) + ||f||Hk(Y)||9HL°°(Y)) -

@ Moser commutation inequality, for 0 < r < k:

|Pr(fg) — Pr(f)gllr2cy)
< Cu(Y, k)(HfHLOO(Y)HgHHk(Y) + ||f||Hk—1(Y)H9||WLOO(Y)) :

and
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The Equation

Quasi-linear first order hyperbolic system and the energy estimat¢ Thelenereyldensity

The splitting of f
The energy estimate

The Moser composition inequality:

IE s ae oy
< Cur (Yo ks P ey ) (IF G = 0, vy + Wflls ) -
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Quasi-linear first order hyperbolic system and the energy estimat¢ e @iy ey
The splitting of f
The energy estimate

Proposition: The main estimate

After analyzing the commutator terms in (18) using the Moser
inequalities, we obtain the following:

Proposition

There exists a constant

G = C<Y7k7HfHWMO(Y%HA”W1’°°(Y)7HA”L°°(Y)7”’YHWL‘XH

[Tl w00, | Gllw.00 + II@’IILOO) >0 (19)
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Quasi-linear first order hyperbolic system and the energy estimat¢ e @iy ey

The splitting of f
The energy estimate

such that:

Epalp, a] + Ep a0, b]
< CUE)] Buali, 0] + Gl 0

+ [ e (19,450 ) = ) W
+ Cullf sy % (U sy + 1Al e vy + 1Al vy

1T gk vy + Iz vy + 1 Gl vy + 1 Gllierry) § -
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Iterative scheme and the continuity (Bootstrap) argument

Iterative scheme and the argument

@ For the purpose of the arguments, we let
N ={u=0,v€[0,b)}xY, A T:={u€cl0,a],v=0}xY
@ The initial data f = f| 4 are prescribed on
N = NTUuNT

@ Note that we are free to prescribe B(v) = ¢(0,v) on A4~ and
¥(u) = 1(u,0) on AT, and then the fields 1(0, v) on A~
and ¢(u,0) on A" can be calculated by solving transport
equations; it is part of our hypothesis that these equations
have global solutions on .4+,
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Iterative scheme and the continuity (Bootstrap) argument

smooth approximation

@ Choose a sequence f,; of smooth initial data approaching f
@ Let fy be any smooth extension of f, to Q4 5

@ For given f;, the field f;; 1 is defined as the solution of the
linear system
Lifit1 = Gi, (20)

where

Li = A"(fi, )V (), Gi= G(fis-) (21)

and where we have used the symbol V(i) to denote V, as
determined by f;.
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Iterative scheme and the continuity (Bootstrap) argument

Solution of linear Problem

For smooth initial data and f;, (20) always has a global smooth
solution on €2, 5, by A. Rendall, 1990.
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Iterative scheme and the continuity (Bootstrap) argument

The argument

@ Define

Co = 1+ sup 1F s (s 0) [ oo vy -
iEN,(u,’U)E([O,ao}X{O})U({O}X[O,bo})

Caiv :==sup |V, AF| + 1. (22)

In the second constant, the supremum is taken over all points
in AU A" and over all (p,1, Vo, V1)) satisfying

(p,9) € H [V pf(u,0)| < 2GCy ,10uth] < 2sup; || 5ol oo y+ur

Bor
00| < 2sup; || Gt ooy vup—) + 1.
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Iterative scheme and the continuity (Bootstrap) argument

Let a; be the largest number in (0, ag] such that
[(VuAR)illLeo (@, ) < Caiv »
SUD (u,0)€[0,a:] x [0,bo] [1fi (% V)| wrieo(v), < 4G (24)

By continuity,
a; >0
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Iterative scheme and the continuity (Bootstrap) argument

Theorem

Now using the energy estimate of the previous section, we prove

Theorem

There exists a, > 0 such that Vi € N, a; > a,, so that there is a
common domain

Qo :={ue(0,a],ve0,b} xY

on which inequalities (24) are satisfied by all the f;'s.
The sequence (f;) converges to a solution of the original problem
on (..
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Statement of the main theorem

The precise statement of the Theorem

The main Theorem

Let Y be a (n — 1)—dimensional compact manifold without
boundary, let ag and by two positive real numbers and set

Qo = [0, ap] x [0, bo] x ¥

Consider the symmetric hyperbolic system (7) on € with the
splitting (10) and assume that (11) holds. Let % and 1) be defined
respectively on .4~ and 4t providing Cauchy data for (7):

=7 on N~ and Yv=1 on AT, (25)
Let £ eN, £ > ”TJFQ and suppose that

P € No<j<eC([0, bo); H(Y)) and ¥ € Mo<j<eC ([0, ag); H I (Y)) .
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Statement of the main theorem

Assume that the transport equations
Ag%‘vzoawp‘v:O = (_ AZMW + Gs@) |u:0 ’ (26)
Ai¢|ﬂ=08u¢|u=0 = ( - A:Z@aﬂgp + Gw) |u:0 , (27)

with initial data

80|u:v=0 = ¢|U:0 and ¢|u:v:0 = E|u:0:

have a global solution on ([0, ap] x Y) U ([0, bp] x Y'). Then there
exists an (-independent constant a, € (0, ap] such that the Cauchy
problem (7), (25) has a unique solution f defined on

[0, as] x [0, bo] x Y satisfying

f € No<j<e—2C([0, al]x [0, bo); HI72(Y)) € C([0, a]x[0, bo]x Y) .

The solution f is smooth if 7 and 1 are.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Double-null coordinates system

o (A, g) is a smooth (n + 1)-dimensional space-time
o /% are two null hypersurfaces in .# emanating from a
spacelike manifold Y of codimension two.

@ Denote by .#* the intersection of N with the causal future
of Y.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

In order to apply our results above to semi-linear wave equations
with initial data on .#"* we need to construct local coordinate
systems (u, v, z4), where the z4's are local coordinates on Y, near

N = NTUNT
so that
N ={u=0}, AT ={v=0}. (28)
and
g(Vu,Vu) =0=g(Vov,Vv), (29)

wherever defined.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Construction of the (u, v, 24

) coordinates

@ Let £y and wy be any smooth null future pointing vector
fields defined along Y and normal to Y such that ¢y is
tangent to .4 and wy is tangent to .4 .

@ Both &+ and A4 are threaded by the null geodesics issued
from Y with initial tangent £y at Y. These geodesics will be
referred to as the generators of 4", respectively of A4 1.
The associated field of tangents will be denoted by /+.

@ Let ry denote the corresponding parameter along the integral
curves of /T, with rp =0 at Y.

@ Similarly A~ and A~ are threaded by their null geodesic
generators issued from Y, tangent to wy at Y, with field of
tangents w™ and parameter r_.

Joint work with Piotr Chrusciel Characteristic Cauchy Problem, Potsdam, 03/02/2014



Double-null coordinates system

The wave-equation in double-null coordinates

Application to general semi-linear wave equations

o Let x{} be any local coordinates on an open subset & of Y,
we propagate them to functions z{! on .4#"* by requiring the
acf's to be equal to x{} along the corresponding null geodesic
generators of .4#*. Then (1, z{') define local coordinates on
NE near each of the relevant generators.

@ On 4+ we let w* be any smooth field of null vectors
transverse to .4 " and normal to the level-sets of 7, such
that w™|y = wy. The function u is defined by the
requirement that u is constant along the null geodesics issued
from .4 with initial tangent w™, equal to r at A4 ". We
denote by w the field of tangents to those geodesics,
normalised in any suitable way. Thus

w(u)=0, u|ly-=0. (30)

@ On can prove that the level sets of u, say .4,~, are null
hypersurfaces i.e. g(Vu,Vu)=0.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Similarly

@ on 4~ we let £~ be any smooth field of null vectors
transverse to .4~ and normal to the level-sets of r_ such
that gfly =/ly.

@ The function v is defined by the requirement that v is
constant along the null geodesics issued from .4~ with initial
tangent ¢, and with initial value r_ at .4/ ~.

@ Denote by /¢ the field of tangents to those geodesics.

@ It holds that

l(v)=0, vly+=0, g(Vu,Vv)=0. (31)
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Note that by construction we have
g‘i/yi = g:l: s w‘i/yi = wi . (32)

Finally,

@ The functions z# are defined through the requirement that

the z4's be constant along the null geodesics starting from
A~ with initial tangent ¢~, and taking the values 2 at the
intersection point.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Remark

This construction breaks down when the geodesics start

intersecting. However, it always provides the desired coordinates in
a neighborhood of .#". In particular, given two generators of 4 *
emanating from the same point on Y, there exists a neighborhood
of those generators on which (u, v, z4) form a coordinate system.
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Double-null coordinates system

The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Note that
g(w,w) =gt £) =0, (33)

and that we also have

P=0=1" = (=0"9,, Ww'=0 = w=w"d,+wrdy.
(34)
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Finally, once the coordinates u and v have been constructed, we
rescale £, or w, or both, so that

1

g(w,l) = —5- (35)

and, by a re-parametrization, we can assume that the functions u
and v run from zero to infinity on all generators of 4" and .4~
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

The wave-equation in double-null coordinates

@ Let W be a vector bundle over ..

@ We will be seeking a section i of W, defined on a
neighborhood of .4~ and of differentiability class at least C?
there, such that the following hold:

Ok = H(h,Vh,-) on IT(ATUANT),
h = ht on N1, (36)
h = h™ on A4 . (37)
for prescribed fields h*, and for some map H, allowed to
depend upon the coordinates.
@ We assume H to be smooth in all its arguments. but the
results here apply to maps of finite, sufficiently large, order of

differentiability in A and Vh, and of Sobolev differentiability
in the coordinates.
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

Let (u,v,24) be a coordinate system constructed in previous

section, and let w, and ¢ be the vector fields defined there, with

1

g(w,w) =g, £) =0, g(w’ﬂ):—i,
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Double-null coordinates system
The wave-equation in double-null coordinates

Application to general semi-linear wave equations

ON-basis

@ Every vector orthogonal to £ is tangent to the level sets of v.
Similarly, a vector orthogonal to w is tangent to the level sets
of u. Hence vectors orthogonal to both have no u- and
v-components in the coordinate system above.

@ We can thus write
(Vect{w,€})* = Vect{ep; B=1,...,n— 1}, where the eg's
form an ON-basis of TY. Thus

glea,ep) = 5% , and eg = e P0p = ex"=0=1¢e4".
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@ The inverse metric in terms of this frame reads

1
gﬁ:§(€®w+w®€)+§63®63,

@ Then, the wave operator takes the form

1 1
—5 VeV 5ViVe + %:veovec ..,

where ... denotes first- and zero-derivative terms arising from
the precise nature of the field h.

@ Setting
wo=1v0=nh, pa=va = ea(h), o1 =w(h), v_=L(h),

leads to the following set of equations:
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Application to general semi-linear wave equations

wave Equation as a symmetric system of first order
PDE

Upo) = o,
Upy) =Y eclo) = Hy, (39)
C

w(e) —eclps) = Hyq,
w(to) = o,

where H,_ , etc., contains H and all remaining terms that do not
involve second derivatives of h.
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The wave-equation in double-null coordinates

Application to general semi-linear wave equations

This system is a first-order system of PDEs in the unknown

%0 o
f= <zz>, with p =@y | andp = | _ |. System (39)_(40)
PA qu

can be written as

A“vuf = G(f) )

or equivalently as

) v (0)- (&)
(A:Zgo A§w> V/i w - Gi/J ) (41)

with
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Agp=1t"-1d, Agy=Aj,= A}, =0,
Ay =w?-Id, AL, = Ay, = AL, =0,
0 0 0 ... 0
0o o0 o ... 88,
0

B _ 4B _ 80 ... 0
Asow_Awso_ 1 _ _ ’
0 68, 0 0
B _ B _ , B
Az, =0, Aww—w -1d
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