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Preface

These are the lecture notes of an introductory course on algebraic topology which I taught at
the University of Potsdam during the summer term 2022. The aim was to introduce the basic
tools from homotopy and homology theory. Choices concerning the material had to be made.
Since time was too short for a reasonable discussion of cohomology theory after homology
had been treated, I decided to skip cohomology altogether and instead included more material
from homotopy theory than is often done. In particular, there is a detailed discussion of higher
homotopy groups and the long exact sequence for Serre fibrations.

The necessary prerequisites of the students were rather modest. The course contains a quick
introduction to set theoretic topology but a certain acquaintance with these concepts was certainly
helpful. Familiarity with basic algebraic notions like rings, modules, linear maps etc. was
assumed.

These notes are based on the lecture notes of a course I taught back in 2010. I am grateful to
Volker Branding who wrote a first draft of those lecture notes and created most of the figures
and to Ramona Ziese who improved those notes considerably. Moreover, I would like to thank
the participants of the 2022 course, especially for the valuable feedback that they provided.

Potsdam, August 2022

Christian Bar






1. Set Theoretic Topology

1.1. Typical problems in topology

Topology is rough geometry. For example, a sphere is topologically the same as a cube, even
though the sphere is smooth and curved while the cube is piecewise flat and has corners. In
more precise mathematical terms this means that they are homeomorphic. On the other hand,
the sphere is different from a torus even topologically.

Figure 1. (Non-) homeomorphic spaces

Here are four versions of a typical question that one asks in mathematics. Fix integers 1 < n < m.

1.) Does there exist a linear isomorphism ¢ : R™ — R" ?
No, since linear algebra tells us that isomorphic vector spaces have the same dimension.

2.) Does there exist a diffeomorphism ¢ : R — R" ?
No, otherwise the differential de(0) : R — R”" would be a linear isomorphism.

3.) Does there exist a homeomorphism ¢ : R™ — R" ?
We cannot answer that question yet, but we will develop the necessary tools to find the answer.

4.) Does there exist a bijective map ¢ : R — R" ?
Yes. We will now explicitly construct an example for such a map in the case n = 1 and m = 2.

Example 1.1. Since the exponential function maps R bijectively onto R, = (0, co) it suffices to
construct a bijective map ¢ : R, — R, X R,.



1. Set Theoretic Topology

Given x > 0 write x as infinite decimal fraction.
X =.. .a3a2a1,b|b2b3 e

Here a; € {0, 1,...,9} and almost all a; are equal to 0. The b; are blocks of the form 0. .. Oc;
with ¢; € {1,...,9}. This representation of x is unique. Now define ¢(x) = (¢1(x), p2(x))
where

("] (X) =...dasasai, b]b3b5 e (,02()6) =...dea4aj, b2b4b6 e

One easily checks that ¢ maps R, bijectively onto R, X R,.
Let us evaluate the construction for an example. Let x = 1987, 30500735 . ... Then we can read
off the a; and the b; as

ar=7,a=8,a3=9,a4=1,a; =0forj > 5
b1 =3,b,=05,b3=007,bs =3,b5=5,...

Hence ¢;(x) = 97,30075... and ¢,(x) = 18,053...
Remark 1.2. In the continuous world counter-intuitive things can happen which are not possible
in the differentiable world. For example, there exist continuous maps
¢ [0,1] — [0, 1] x [0, 1]
which are surjective. Such a map is called a plane-filling curve.

Example 1.3. The first example goes back to Peano [6]. The following example was shortly
after given by Hilbert [3] and is known as the Hilbert curve. It is defined by

p(x) = lim ¢, (x)

where the ¢, are defined recursively as indicated in the pictures:

1 P2 ®3

1

Figure 2. Hilbert’s curve

IBased on an illustration by Zbigniew Fiedorowicz, see
https://commons.wikimedia.org/wiki/File:Hilbert_curve.png


https://commons.wikimedia.org/wiki/File:Hilbert_curve.png

1.1. Typical problems in topology

Remark 1.4. This cannot happen for smooth curves due to a Theorem by Sard which states that
for smooth ¢ : [0, 1] — R? the image ¢([0, 1]) ¢ R? is a zero set.

Many typical problems in topology are of the following form:

1.) Given two spaces, are they homeomorphic? To show that they are, construct a homeo-
morphism. To show that they are not, find topological invariants, which are different for given
spaces.

2.) Classify all spaces in a certain class up to homeomorphisms.

3.) Fixed point theorems.

Example 1.5 (Classification theorem for surfaces). The classification theorem for surfaces
states that each orientable compact connected surface is homeomorphic to exactly one in the
following infinite list:

S? (sphere), genus 0

T2 (torus), genus 1

F, (Pretzel surface), genus 2

F3 (true pretzel), genus 3

Figure 3. Surface classification?

The genus is the number of “holes” in the surface. We will give a more precise definition later. So
the classification theorem says that to each g € Ny there exists an orientable compact connected
surface F, with genus g and each orientable compact connected surface is homeomorphic to
exactly one Fj.

2Images from https://pixabay.com
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1. Set Theoretic Topology

Example 1.6 (Brouwer fixed point theorem). Any continuous map f : D" — D" with
D" = {x € R"|||x|| < 1} has a fixed point, i.e., there exists an x € D" such that

f(x) =x.

We give a proof for n = 1. Consider the continuous function g : [-1,1] — R defined by
g(x) := f(x) —x. Now |f] < 1 implies

g(-1)=-1-(-1)=0, g()<1-1=0.

By the intermediate value theorem we can find an x with g(x) = 0 which is equivalent to f(x) = x.

1.2. Some basic definitions

First of all let us recall the following

Definition 1.7. A subset U C R" is called open
iff
VxeU3Ir>0:B(x,r)cU

where B(x,r) = {y e R" | d(x,y) = [lx -yl <r}. @

Figure 4. Open subset

The set of open subsets of R" is called the standard topology of R". We write
Trn :={U c R" open} c P(R").

One easily checks

Proposition 1.8. Tz~ has the following properties:
(i) O,R" € Tgn;
(i) Uy € Tan,j €7 = Uje, Uj € Tons

(iii) Uy, Uy € Trn = U NU, € Tgn.

The importance of the concept of open subsets comes from the fact that one can characterize
continuous maps entirely in terms of open subsets. Namely, a map f : R” — R™ is continuous



1.2. Some basic definitions

iff for each U € Trm the preimage f~!(U) is open, f~!(U) € Trn. This motivates taking open
subsets axiomatically as the starting point in topology.

Definition 1.9. A topological space is a pair (X, 7x) with 7x € £ (X) such that
@) 0,X € Tx;
(i) U; €Ix,j €J = Ujes Uj € Ix;

(i) Uy, Uy € Tx = U1 NU; € Tx.

Definition 1.10. Let (X, 7x) be a topological space. Elements of 7x are called open subsets
of X. Subsets of the form X \ U with U € Tx are called closed.

Examples 1.11. 1.) X arbitrary set, Tx = P(X) (discrete topology). All subsets of X are open
and they are also all closed.

2.) X arbitrary set, Tx = {0, X} (coarse topology). Only X and () are open subsets of X. They
are also the only closed subsets.

3.) Let (X, 7x) be a topological space, let Y C X be an arbitrary subset. The induced topology
or subspace topology of Y is defined by 7y :={UNY | U € Tx}.

4.) Let (X, d) be a metric space. Then we can imitate the construction of the standard topology
on R" and define the induced metric as the set of all U c X such that for each x € U there exists
an r > 0 so that B(x,r) c U. Here B(x,r) ={y € X | d(x,y) < r} is the metric ball of radius r
centered at x.

Remark 1.12. Let two metrics d; and d, be given on a set X. If d; and d, are equivalent, i.e.,
3C > 0 with

C_ldg(x,y) <di(x,y) < Cdy(x,y) Vx,y € X,

then d; and d, induce the same topology.

Remark 1.13. Openness is a relative concept. If Y C X be an arbitrary subset of a topological
space X, then Y is in general not an open subset of X but it is always open as a subset of itself
(w.r.t. the induced topology). The same remark applies to closed subsets.

It is now clear how to define continuous maps between topological spaces.



1. Set Theoretic Topology

Definition 1.14. Let (X, 7x) and (Y, 7y) be topological spaces. Then amap f : X — Y is
called continuous it VU € Ty : f~1(U) € Tx.

Example 1.15. If X carries the discrete topology then every map f : X — Y is continuous.
Example 1.16. If Y carries the coarse topology then every map f : X — Y is continuous.

Remark 1.17. In general, a continuous bijective map need not have a continuous inverse. For
example, let #X > 1 and consider f =idx : (X, Tqiscrete) — (X, Teoarse)-

Remark 1.18. f : X — Y is continuous iff f~!(A) c X is closed for all closed subsets A C Y.

Definition 1.19. Let X and Y be topological spaces. A bijective continuous map f : X — Y is
called a homeomorphismiff f~! : ¥ — X is again continuous. If there exists ahomeomorphism
f: X — Y then X and Y are called homeomorphic. We then write X ~ Y.

Remark 1.20. If f : X — Y and g : Y — Z are continuous then the composition go f : X — Z
is also continuous.

1.3. Compactness

Definition 1.21. Let X be a topological space. A subset Y C X is called compact ift for
any collection {U;};cy, U; C X open, with Y C U;c;U; there exist iy,...,i, € I such that
YcU,U---UU;,.

Examples 1.22. 1.) Finite sets are always compact. Namely, etY = {y{,..., y,}andlet {U;};cs
be an open cover of Y. Then choose i; such that y; € Ui;. Then {U;,,...,U;, } still covers Y.

2.) If X carries the discrete topology then a subset Y C X is compact if and only if it is finite.
We have already seen that finite sets are always compact. Conversely, let Y be a compact subset
of X. We cover Y by {{y} | y € Y}. These one-point sets are open because X carries the discrete
topology. Since Y is compact this cover must be finite and therefore #Y < oo.

3.) If X carries the coarse topology then every Y C X is compact

4.) A subsetY c R"is compact iff Y is closed and bounded (Heine-Borel theorem).



1.4. Hausdorft spaces

Example 1.23. In particular, R is not compact. We can see this directly by looking at the open
cover {(x — 1,x + 1)|x € R} of R. Since all intervals in this cover have length 2, any finite
subcover can cover only a bounded subset of R.

Proposition 1.24. Let X be a compact topological space. LetY C X be a closed subset. Then
Y is compact.

Proof. Let {U;};cy be an open cover of Y. Put U := X \ Y € 7x. Then {U, U;};c; is an open
cover of X. Since X is compact, there exist iy,...,i, suchthat X CUUU; U---U U;, and we
conclude thatY c U;; U---U U,,. ]

Proposition 1.25. Let f : X — Y be continuous. Let K C X be compact. Then f(K) C Y is
compact.

Proof. Let {U;};c; be an open cover of f(K),i.e. f(K) C U;e;U;. Then we have

Kc 1 (f(K) c 1 (VietU) = Uier f7H(U)).
———
open

Since K is compact there exist iy, . .., i, such that for
Kcf'wpu---ufrlw,)=r"w,uv---uu,)
and we conclude that

f(K)c f(f ' (U, u---uU;)) cU;, U---UU;, . O

1.4. Hausdorff spaces

Definition 1.26. A topological space X is called Hausdorff ift Vxi,x, € X with x| # xp
3U; c X open with x; € U;, such that U; N U, = 0.
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The Hausdorff property says that any two distinct points
can be separated by disjoint open neighborhoods.

Ui U
Figure 5. Hausdorff property

Examples 1.27. 1.) Spaces with discrete topology are Hausdorft spaces, simply put U; = {x;}.
2.) Let#X > 2. Then X with the coarse topology is not a Hausdorff space.

3.) If the topology of X is induced by a metric d, then X is Hausdorff. Namely, for x; # x, put
r :=d(x1,x2) > 0. Then the open balls U; = B(x;, r/2) separate x| and x;.

4.) Let X be Hausdorff and let Y C X any subset. Then Y with its induced topology is again
Hausdorff.

Proposition 1.28. Ler X be a Hausdorff space. Let Y C X be a compact subset. ThenY is a
closed subset.

Proof. Let p € X \' Y. Then for every y € Y the Hausdorft property tells us that there exist open
subsets Uy, ,,,V, , C X suchthaty e U, ,,p €V, ,and Uy , NV, , =0. Since Y is compact
there exist yi,...,y, € Y such thatY c Uy, p, U---UUy, p. Now put v, := 0", V,, ,. Since
V), is a finite intersection of open subsets it is open itself. Moreover, p € V,,. Now

Ynv, c Uy, p,U---0U,, ,)NV, C(Uy, ,NVy p)U---U Uy, ,NVy ,) =0,
hence V,, € X \ Y. Therefore
X\Y =Upex\yVp, C X is open.

Thus Y c X is closed. a

Corollary 1.29. Let X be compact, Y Hausdorff. If f : X — Y is continuous and bijective,
then f is a homeomorphism.

Proof. We have to show that YA c X closed f(A) C Y is closed. Now let A C X be closed.
Since X is compact, A is compact and also the image f(A) is compact. Since Y is a Hausdorff
space we conclude that f(A) C Y is closed. O

10



1.5. Quotient spaces

1.5. Quotient spaces

Let X be a topological space. Let ~ be an equivalence relation on X. For any x € X let [x] be
the equivalence class of x. Denote the set of equivalence classes by

X/ .= {[x] | x € X}

Letm: X — X/., x — [x]. Define U c X/. to be open iff 77! (U) c X is open. One can
easily check that this defines a topology on X /.. Observe that 7 : X — X/. is continuous by
definition.

We now state the universal property of the quotient topology: For any topological space Y and
for any maps f : X — Y and f : X/.— Y such that the diagram

f

X ——Y

7

X/~
commutes, f is continuous iff f is continuous.

Example 1.30
Let X = [0,1] and let the equivalence relation be given by x ~ x Vx € X and 0 ~ 1.

This equivalence relation identifies the end points of the
interval. We expect to obtain a topological space homeo- 0 1
morphic to the circle.

Figure 6. Interval with end-
points identified
Indeed, we can construct such a homeomorphism. Consider f : X — S! given by
f(x) = (cos(2mx), sin(27x)). Since f(0) = f(1) there exists a unique f : X/.— S' such
that the diagram

[0,1] —L—s!

commutes. From the universal property we know that f is continuous because f is continuous.
Moreover, f : X/.— S' is bijective. Since X is compact (Heine Borel) n(X) = X/. is
compact as well. Since R? is Hausdorff, S' is also Hausdorff. Hence Corollary 1.29 applies and
f: X/.— S!is a homeomorphism.

11



1. Set Theoretic Topology

If X is a topological space and Y C X a subset then X /Y := X /.. where
X]~Xp & Xy =xp0rx;,x2 €Y.

This equivalence relation identifies all points in ¥ to one point and performs no further identifi-
cations. Example 1.30 is of this form.

Example 1.31. R/|¢, 1] is homeomorphic to R.

Example 1.32. R/ ) is not a Hausdorfl space because the points [0] and [1] cannot be
separated.

1.6. Product spaces
Let X1, ..., X, be topological spaces. We set

X=X XXX,

Definition 1.33. A subset U c X is called open (for the product topology) iftf for all
p = (p1,...,pn) € U there exist open subsets U; C X; with p; e U; and Uy X --- X U,, C U.

It is easy to check that this defines a topology on X.

Examples 1.34. 1.) If all X; carry the discrete topology then X carries the discrete topology.
Namely, the sets {(p1, ..., pn)} are open, hence all subsets of the product space are open.

2.) If all X; carry the coarse topology then X carries the coarse topology.

3.) R*xR™ =~ R™™, To see this itis convenient to use the maximum metric on R" to characterize
the standard topology.

Now we list some important properties of the product topology:

1.) The projection maps 7; : X — X;, m;(x) = x;, are continuous because for any open subset
Ul' C Xi
ﬂ-i_l(Ui) =Xi XXX XU xXjpy XXX,

is open in X.
2.) Fixx; € X; wherei € {1,...,io—1,ip+1,...,n}. Then the map ¢ : X;, — X is continuous
where (&) = (X1,. .., Xjg—1, &, Xig+1s - - - » Xn).

12
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3.) Universal property: for all topological spaces Y and for all maps

=1 fn): Y > X=X x--- XX,
the map f is continuous if and only if all f; : ¥ — X; are continuous.
4.) If all X; are compact then X is also compact.

5.) If all X; are Hausdorff then X is also Hausdorff.

1.7. Exercises

1.1. Determine all topologies on the set {1, 2, 3} and investigate which ones are homeomorphic.

1.2. Let W" = [-1,1] x--- x [=1,1] c R" and D" = {x € R"|||x|]| < 1}. Show that D" and
W" are homeomorphic.

1.3. Let 7 be a topology on R which contains all half-open intervals (x,y] and [x,y), x < y.
Show that 7~ is the discrete topology.

1.4. Show that (0, 1) and [0, 1]
a) are not homeomorphic when equipped with the standard topologies induced by R;

b) are homeomorphic when equipped with the discrete topology.

1.5. Let D" beasinExercise 1.2. Letx, y € D" i.e., ||x||, ||ly|| < 1. Constructahomeomorphism
@ : D" — D" with ¢(x) = y and ¢(z) = z for all z € D", i.e., ||z|| = 1.

1.6. Let X be a topological space, let “~” be an equivalence relation on X. On page 11 we
defined that U ¢ X/~ is called open if and only if 77! (U) c X is open where 7 : X — X/~ is
the standard projection.

a) Show that X/~ equipped with this system of open sets is a topological space.

b) Show that the universal property on page 11 determines the topology on X/~ uniquely, i.e.,
if 7 is a topology on X/~ such that 7 : (X, 7x) — (X/~,7) is continuous and if the universal
property holds for (X/~,7) then 7 is the topology defined above.

1.7. Let D™ and W” be as in Exercise 1.2. Show:
a) D"/oD"™ ~ S™,;

b) W"/aW" ~ S".

13



1. Set Theoretic Topology

1.8. Let X = R/Q,i.e., the quotient space of R under the equivalence relation x ~ yiffx—y € Q.
Show that X has uncountably many elements but carries the coarse topology.

1.9. Let X = R?/Z2, i.e., the quotient space of R? under the equivalence relation x ~ y iff
x—yeZ LetY = §' x S! with the product topology. Show that X and Y are homeomorphic.

1.10. Let X be a topological space. One obtains the cone CX over X by considering the cylinder
X % [0, 1] and then passing to the quotient CX = (X X [0, 1])/~ where the equivalence relation
~ is given by (x,?) ~ (x’,¢’) if and only if (x,7) = (x’,#") ort =¢ = 1. Show:

a) CS" ~ D"
b) If X is compact so is CX.

¢) If X is Hausdorff so is CX.

1.11. Let X be a topological space. One obtains the suspension £X of X as the quotient
X = (X x [0, 1])/~ where the equivalence relation ~ is given by (x,t) ~ (x’,¢’) if and only if
(x,t)=(x',t)ort=t"=1ort =t =0.

If furthermore f : X — Y is a map then f xid : X x [0,1] — Y x [0, 1] induces a map
2f:ZX — XY. Show:

a) If f is continuous sois X f.
b) D" =~ D",

c) IS ~ S

14



2. Homotopy Theory

2.1. Homotopic maps

Definition 2.1. Let X and Y be topological spaces. Let A C X be a subset. Two continuous
maps fo, f1 : X — Y are called homotopic relative to A iff there exists a continuous map
F : X x[0,1] — Y such that

(i) F(x,0) = fo(x)  VxeX;
(i) F(x,1) = fi(x) VreX;
(iii) F(a,t) = fo(a)  Vae AVt e [0,1].

In symbols, fo ~4 fi. The map F is then called a homotopy relative to A.

Remark 2.2. If fy ~4 fi then fo|, = fi] ,.

Remark 2.3. If A = (), then we say “ f and f; are homotopic” instead of ““ fy and f; are homotopic
relative to 0. Similarly, we write “fy =~ f;” instead of “fy ~¢ f1”.

Examples 2.4. 1.) Let fy, fi : X — R" be continuous with fo| 4 = f1| A Put
F:Xx[0,1] - R" with F(x,t) := tfi(x) + (1 — 1) fo(x). Then F is a homotopy from fj
to f relative to A, hence fy ~4 fi.

2.) Let fy : R®™ — Y be continuous. Put F(x,?) := fo((1 —t)x), then fy ~ const map.

3) Lef f = Exp : R — §' € C, Exp(x) = ¢?™*. From the previous example we know
f = const map, but we will shortly see that f #7 const map.
Given two topological spaces X,Y we set

C(X,Y):={f:X —> Y| fiscontinuous}.

Lemma 2.5. Let X, Y be topological spaces, let A C X and let ¢ € C(A,Y). Then “=," is
an equivalence relation on {f € C(X,Y) | fla = ¢}.

15



2. Homotopy Theory

Proof. a) “~4” is reflexive:
f =4 f, because we can put F(x,t) := f(x).

b) “~4” is symmetric:
Let f ~4 g. We have to show g ~4 f. Let F : X X [0,1] — X be a homotopy relative to A
from f to g. Put G(x,t) := F(x,1 —1t). This is a homotopy relative to A from g to f, therefore

g=af.
C) “~4” is transitive:
Let f ~4 gand g ~4 h. We have to show f ~4 h. Let F : X X [0, 1] — Y be homotopy relative

to A from fto gandlet G : Y x [0, 1] — X be homotopy relative to A from g to 4. Then put
H:Xx[0,1] -»7,

F(x,21), 0<t<1/2

Hx.1) = {G(x,Zt “1). 12<t<1

This is a homotopy relative to A from f to A, thus f ~4 h. |

Lemma 2.6. Ler X,Y,Z be topological spaces. Let A C X,B C Y be subsets. Let fy, fi €
C(X,Y) be such that fy ~a fi,f;(A) C B and let gy,g1 € C(Y,Z) be such that go ~p 1.
Then go o fo ~a g1 © fi.

Proof. Let F : X x [0,1] — Y be homotopy relative to A from fyto fyand G : Y X [0,1] — Z
be homotopy relative to B from gg to g; Then H : X X [0, 1] — Z is a homotopy relative to A
from gg o fy to g1 o f; where H(x,t) = G(F(x,t),1). |

Definition 2.7. A map f € C(X,Y) is called a homotopy equivalence ift there exists a g €
C(Y,X) suchthat go f ~ idy and fog ~ idy If there exists a homotopy equivalence f : X — Y
then X and Y are homotopy equivalent. In symbols, X ~ Y.

Remark 2.8. This defines an equivalence relation on the class of topological spaces.

Remark 2.9. Obviously, homeomorphic implies homotopy equivalent, in short,
XcxY=X=~Y.
Example 2.10. Euclidean space is homotopy equivalent to a point, R” ~ {0}. Namely, put

f:{0} - R", f(0) =0,and g : R" — {0}, g(x) = 0. Then g o f =id(oy and f o g = idg~ by
Example 2.4.1. Remark 2.8 implies R" ~ R" for all n, m € N.

16



2.1. Homotopic maps

Definition 2.11. A topological space is called contractible iff it is homotopy equivalent to
{point}.

Definition 2.12. Let A C X and let ¢ : A — X be the inclusion map. Then A is called

1.) a retract of X iff there exists r € C(X, A) such that r 4 =1da, ie. ror=1ida. Thenris
called a retraction from X to A.

2.) a deformation retract of X iff there exists a retraction  : X — A such that ¢ o r ~ idy.

3.) a strong deformation retract of X iff there exists a retraction r : X — A such that
tor ~4 idy.

Examples 2.13. 1.) Let X any topological space, let A = {xo} C X consist of just one point.
Thenr : X — A, r(x) = xo, is a retraction, hence A is a retract of X. The one-pointed set A is a
deformation retract of X iff X is contractible.

2) Let X = R™!\ {0} and A = §". Consider the map r : X — A with r(x) = m
The composition ¢ o 7 : R™!\ {0} — R™!\ {0} then satisfies ¢ o r = ﬁ The map F €
C(R™1\ {0} x [0, 1], R™*1\ {0}) given by

X
Fx,t)=tx+(1-t)—
[|x]]
is continuous and satisfies

F(x,0) = (tor)(x), F(x,1) =id(x)

for all x € R™! \ {0} and

F(a,t) = a, aes"
We thus conclude that t o r =gn idgns1\ (o}, hence S” is a strong deformation retract of R\ {0}.

The difference between a deformation retract and a strong deformation retract is rather subtle.

17



2. Homotopy Theory

A
Example 2.14 1
We consider the comb space given by
Xz{(x,y) eR?|0<y<land (x=0orx= %forsomen GN)} .....
U{(x,y)eR?|y=0and0<x <1}
The space X is a bounded and closed subset of R?, hence compact. Let
the set A be given by A = {(0, 1)}.
0 11 1 1
43 2

Figure 7. Comb space

First we show that A is a deformation retract of X. The map F : X x [0,1] — X given by
F(x,y,t) := (x, (1 = t)y) is continuous and satisfies

F(x,y,0)=(x,y),  F(xy,1)=(x0).

Therefore idx =~ Inclusionz_,x o 7 where 7 : X — [0, 1] x {0} =: Z is the projection 7 (x,y) =
(x,0). Moreover, we have 7 o Inclusionz_,x = idz. This shows that 7 is a homotopy equivalence
between X and Z. Hence X =~ Z = [0, 1] = {pt}, which means that X is contractible. Therefore
A is a deformation retract of X.

Now we show that A is not a strong deformation retract of X. Suppose it were, then there would
exist a continuous map G : X X [0, 1] — X, such that for all # € [0, 1] and all (x,y) € X

G(x,y,0) = (x,y), G(0,1,1) =(0,1).

Since X X [0, 1] is compact the map G would be uniformly continuous. Therefore for £ = 1/2
we can find § > 0 such that

||G(x’y’ t) - G(X,, y,’t,)H < %

whenever |x —x’| <, |[y—y| <dand |t —1'| < 6.

18
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2.1. Homotopic maps

A

Now choose 7 so large that % < ¢ and consider I

(an) = (%a 1) ) (x’,y’) = (0, 1), = ZJ.

._/

Then

HG (%, 1,z) ~G(0, 1,z)H <l wrefo.1].

Hence G(%,l,t) € B((0, 1),%) for all € [0, 1]. Z

0o 1 1

n
Figure 8. A is not a strong
deformation retract
of X

On the other hand the mapping ¢ G(%, 1, ¢) is a continuous path in X from (%, 1) to (0, 1) and
must take values in Z for some ¢.

Remark 2.15. We have the following scheme of implications:

A is a strong deformation retract of X

U
A is a deformation retract of X
4 N\
&=
A is aretract of X N A~X

That both possible implications in the bottom row do not hold in general can be seen by
counterexamples. Let A = {x¢} be a point in X and let X be not contractible. Then A is a retract
of X but A and X are not homotopically equivalent. This is a counterexample for the implication
“«_y >

A counterexample for the other direction “ « ” is given by X = [0,1] x [0,1] ¢ R? and
A = comb space. Then X and A are contractible, hence X ~ A, but one can show that there is
no retraction X — A.
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2. Homotopy Theory

2.2. The fundamental group

Definition 2.16. Let X be a topological space and let xg, x;, x> € X. Put

Q(X;x0,x1) :={w e C([0,1], X) |w(0) = xp,w(1l) =x;} and
Q (X;x0) :=Q(X;x0, X0) .

Elements of Q(X;xp,x;) are called paths and elements of Q(X;xq) loops.
For w € Q(X;xp,x1) and n € Q(X;x1, xp) define w *x n € Q(X; xp, x2) by

w(2t), 0<t<1/2,
(wxn)(1) =

n2t-1), 1/2<r<1.
Moreover, we consider w™! € Q(X;x1,x0) with w™!(¢) = w(1 — 1) and &, € Q(X;x) where
Ex, (1) = Xo0.

X1

L N

n X0 p%) w
0 1 0 1
H% /—>2t—1
0 1

Figure 9. Concatenation of paths
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2.2. The fundamental group

Definition 2.17. For w € Q(X;x() denote by [w] the homotopy class of w relative to {0, 1}.
Then

m(X;x0) = {[w] | w € Q(X;x0)}

is called the fundamental group of (X, xg).

Lemma 2.18. For w,w’,n,n’, ¢ € Q(X,xp) we have
(i) If w =01y W' andn =91y 1', then w * 1 =01} W *7’;
(ii) £x,* W =01} W (0,1} W * Exy;
(iii) w* w™! 00,1} Exp ={0,1} w ™ * w;

(iv) (wH*m) *{ =01} w* (7% ).

Proof. The proof will be given graphically. In the following diagrams we draw the domain of
the required homotopies. The horizontal axis denotes the loop parameter whereas the vertical
axis represents the deformation parameter. The interpolations are piecewise linear. The red area
gets mapped to xg.

(i) We run the loop parameter with twice the speed.

W’ n’

w n

Figure 10. Concatenations of homotopic paths are homotopic.

In formulas, if we denote the homotopy between w and w’ by F and the one between 7 and 1 by
G, then the homotopy H : [0, 1] x [0, 1] — X between w *x 1 and w’ % 1’ is given by

H(t.s) F(2t,s), 0<r<
,8) =
G(2t-1,s), t

(ii) The first diagram in Figure ?? shows &, *xw (o1} w, the second proves that w (¢ 1} wk&y,.
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2. Homotopy Theory

€xo w w

Exo
Figure 11. Concatenation with constant path is homotopic to original path

In formulas, the homotopy H : [0, 1] x [0, 1] — X between &5, * w and w is given by

X0, 0<t
H(I,S)—{w 2t l-s l=s ;<
1+s 1+s 72 2 =" =

and similarly for w x &,,.

(iii) The statement w % w ™' ~(0,1} Ex, 18 proven by the following diagram

w w_l

Figure 12. Inverse modulo homotopy

For any s € [0, 1] the corresponding “’blue line segment gets mapped to w(1 — s). In formulas,
the homotopy H : [0, 1] X [0, 1] — X between w x w~! and &, is given by

1-
w(21), 0<t< 32,
— 1- 1
H(t,s) = jw(l—s), 5*<r<38,
1
w2-21), FE<r<l

To prove the statement &, ~{0,1} @~ * w interchange the roles of w and w™!
(iv) The last assertion follows from the homotopy indicated in Figure 13.
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2.2. The fundamental group

w n 4
Figure 13. Associativity

Lemma 2.18 has the following implications:
(i) = [w] - [1] := [ * 7] is well defined;
(i) = [ex] - [w] = [w] = [w] - [ex,];

(i) = [0] - [w™'] = [6g] = [07'] - [w];
(iv) = ([w]-[7]) - [£] = [w] - (In] - [£D).

Hence 71 (X xo) together with ““-” is a group with neutral element 1 := [&y,] and inverse element
[w]™" = [w™].

To any topological space with a preferred point we have associated a group, the fundamental group
of the space with that point. Now we consider continuous maps. Let f € C(X,Y) and x¢ € X.
We put f(xo) =: yo € Y. If w =01} " and H is a homotopy between them relative to {0, 1}
then f o H is a homotopy between f ow and f o w’ relative to {0, 1}. Hence fow =~ 1} fow'.
Therefore we have a well-defined map fx : 71(X;x0) — 71(Y; y0), fa([w]) = [f o w].

Lemma 2.19. (i) The map fu : m1(X;x0) — 71(Y; yo) is a group homomorphism.

(ii) It has the functorial properties
a) (fog)u=fuosgw
b) (ldX)# = idm (X;5x0)-

(iti) If f =(xo} [ then fy = fy.

Proof. (i) From the definitions we have f o (w *x 1) = (f o w) % (f o n) and hence

Jillwl - [n]) = fs(lo*xn]) = [f o (@*m)] = [(f o w) x (f om)] = fu([w]) - fe([n]).
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2. Homotopy Theory

(ii) Assertion b) being obvious we compute a):
(fogu([w]) =[(feg)ow]=[fo(gow)]=fullgow]) = falgs([w]) = (fiogs)([w]).
(iii) By Lemma 2.6, f =) f’ implies f o w =9} f © w. We conclude

f(lw]) =[fow]l =[f cw] = fy([w])

which proves the statement. |

Corollary 2.20. If f : X — Y is a homeomorphism with f(xg) = yo then

S (X, x0) — 71 (Y, y0)

is a group isomorphism.

Proof. We only use the functorial properties:

(f D40 (f) = (F o fu = (idx)s = i, (x:x0)

and similarly one sees that (fy) o (f~ 1) = id,, (Yiyo)- Thus fy is an isomorphism with ( fa) =

(f Y |

Now we want to deal with the question to what extent 71 (X; xo) depends on the choice of xj.

X
To study this question let xg,x; € X and assume W
there exists a path y € Q(X;xg,x;). If such a
path does not exist 71 (X;x9) and 7r; (X; x1) are not e
related. 0%

X0

Figure 14. Dependence on base point

Look at the map @, : Q(X;x;) — Q(X;x9) where w = (y * w) * y~!. Applying

Lemma 2.18 twice we know that if w =0} ' then y * w =01} ¥y * " and hence
(v * w) %y~ ~0,1} (Y x ') * y~!. Thus the map

®, : 1 (X;x1) = m1(X;x0),
[w] P [@y ()] = [(y *w) xy 7],

is well defined.
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2.2. The fundamental group

Proposition 2.21. Let X be a topological space, assume xo,x1 € X and y,y’ € Q(X; X, X1).
Then

1.) The map (i)y s (X5 xq) = m(X;x0) is a group isomorphism.
2.) If y =01y V' then Ci),, = (i)y/.

3.) For B € Q(X;x1,x2) we have Ci),,*lg = (i)y o (iDﬁ.

4.) For the constant path we have d PSS idr, (X:x0)-

5.) For any [w] € m1(X;x1) we have be([w]) =K- Ci)y([w]) -~k where k = [y xy7!] €
71 (X; x0)-

Proof. a) Assertions 2., 3., and 4. follow directly from Lemma 2.18 and the definitions.

b) The map <i>7 is a group homomorphism because

&, ([w]-[n]) =

S

y([w*n])

(y*x (@*n)*y™']

y* ((w* (y ' *y)xm)xy™')]
(yxw)*xy ™) * ((yxm) %y )]
y([w]) - &, ([n]).

Il
—

I

(
(

Il
>

The map @, is bijective, because

Y Y 3. & 2. & 4. .
(Dy o @,y—l = q),y*,y—l = (I)gxo = 1(217rl (X;x0) -+

and similarly ®,-1 o &, =id, (xx,). This proves 1.

¢) We compute

A

k- & ([w]) k' =[y xy ! [yxwxy ] [y x ()]
=[xy T xyxwxy  xyx ()7
=Y xwx ()]
= b,y ([w]). o

Proposition 2.22. Let X,Y be topological spaces and xy € X. Let f,g € C(X,Y) and let
H : X X [0,1] — Y be a homotopy from f to g. Define n € Q(Y; f(xo), g(xo)) by

n(s) := H(xop,s).

25



2. Homotopy Theory

: /f/// fow/

Figure 15. Auxiliary homotopy

Then the following diagram commutes:
m1(X;x0)
e
8#

m1(Y; g(xo)) — (Y5 f(x0))

n

Proof. Let [w] € m1(X;x0) and define F : [0,1] X [0, 1] — Y by F(¢,s) := H(w(?),s).

The deformation indicated in Figure 16 yields a homotopy re- \\ /
lative to {0, 1} from f o w to 17 * (g o w) *n~'. We conclude \ /
that \ /

filwl = [fow] = [n*(gow)xn~'] = b, (gs([w])).

\
|
L
3

Figure 16. The deformation
O

t
2
3

Now we can improve Corollary 2.20 and show that homotopy equivalent spaces have isomorphic
fundamental groups.

Theorem 2.23. Let f : X — Y be a homotopy equivalence. Then

fa 1w (X:ix0) — (Y5 f(x0))

is an isomorphism for all xy € X.
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2.3. The fundamental group of the circle

Proof. Let g : Y — X be a homotopy inverse of f,i.e., go f ~idx and f o g ~ idy. We know
by Proposition 2.22 that for a suitable n € Q(X; xq, f(g(x0)))

8# © f# = (g ° f)# = (i)n © (ldX)# = (IA)U o idm (X;xg) = (IA)U

Hence gy o fu is an isomorphism. In particular, fx isinjective. Similarly, we can show that fx o g4
is an isomorphism, hence fx is surjective. Therefore f3 is an isomorphism. O

Corollary 2.24. If A C X is a deformation retract then the inclusion ¢ © A — X induces an
isomorphism s : w1 (A, x0) — 71(X;xg) for any xo € A.

Proof. If A C X is a deformation retract then the map ¢ : A — X is a homotopy equivalence.
Theorem 2.23 yields the claim. |

Example 2.25. If X is contractible then the one-point set A = {xo} C X is a deformation retract.
Hence 71 (X;x0) = m1(A;x0) = {[ex,]} = {1}. Thus contactible spaces have trivial fundamental

group.

2.3. The fundamental group of the circle

Recall the map Exp : R — S' ¢ C where Exp(t) = e>*.

Lemma 2.26. Let ty € R and zo = Exp(tg) € S'. Then for all f € C(S',S") with f(1) = zg
there exists a unique f € C(R,R) with f(0) = to such that the following diagram commutes:

R—f>R

Exp \L l Exp

1 1
S 7 S

Proof. a) First we show uniqueness of the map f.

Assume that besides f there is a second map f € C(R,R) with the same proper-
ties as f. The equality of Exp(x) = Exp(x’) is equivalent to x — x’ € Z. Since
Exp(f(t)) f(Exp(?)) = Exp(f(t)) we deduce that f(r) — f(t) € Z for all t € R. Since both
f, f are continuous it follows that f — f is constant. Finally, we know that f(0) = 7o = £(0),
hence f = f.
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2. Homotopy Theory

b) Now we show existence of f.

Since S! is compact, f is uniformly continuous. Since Exp is also uniformly continuous, the
composition f o Exp : R — S! is uniformly continuous. Hence there exists & > 0 such that
f(Exp(I)) c S!is contained in a semi-circle for every interval I ¢ R with length < &.

For any closed semi-circle C ¢ S! the pre-image Exp~!(C) c R is the disjoint union of compact
intervals of length % More precisely,

1
t1+k,t1+k+§

Exp~'(C) = |

keZ

Moreover, the restriction of Exp to each of these intervals is a homeomorphism onto its image,

: LC.

1
ll+k,l1+k+5

Exp|[11+k,t1 +k+]§]

Its inverse can written down explicitly in terms of logarithms but we will not need this.

Now we construct f step by step.

Since f(Exp([0, &])) is contained in a closed semi-circle Cy we can define f on [0, &] by
f=(Bxpl)~" o f o Bxp,

where Iy C R is the compact interval of length % with Exp(Ip) = Cy and ty € Iy. This insures
that

F(0) =(Expls,) " o f o Exp(0) = (Exp|s) ™" o f(1) = (Expls,) " (20) = to.

Put 71 := f(¢).

Next, f(Exp([e,2¢])) is contained in a closed semi-circle C; and we define f on [, 2¢] by

f=(Exply)~" o foExp

where /1 C R is the compact interval of length % with Exp(Iy) = C; and t; € I;. This insures
that the two definitions of f at & agree so that we obtain a continuous function f : [0, 2¢] — R.
Repeating this procedure infinitely many times we can extend f continuously to [0, o) — R.

The extension to the left is done similarly so that we obtain a continuous function f : R — R.
Commutativity of the diagram holds by construction. |

Definition 2.27. For a map f € C(S',S') a map f € C(R,R) for which the diagram in
Lemma 2.26 commutes is called a [ift of f.
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2.3. The fundamental group of the circle

Example 2.28. Consider the map f, : S' — S! with f,, = 2", n € Z. Then we have

fu(Exp(2)) = Exp(2)" = Exp(nt) .

Hence the map f, given by f,(¢) = nt is a lift of f,.

Definition 2.29. For f € C(S', S!) we call

deg(f) = f(1) = (0)

the degree of f, where £ is a lift of the map f.

Remark 2.30
1.) We have seen that different lifts of f differ by an additive constant in Z. Hence the degree
deg(f) is well defined, independently of the choice of lift f.

2.) The degree deg( f) is an integer because
Exp (£(1)) = £(Exp(D) = £(1) = f(Exp(0)) = Exp (/(0))

Hence we have deg(f) = f(1) — £(0) € Z.

3.) The map t — f(¢t+ 1) — f(¢) is continuous and takes values in Z, by the same argument as
above. We conclude that f(r + 1) — f(r) = deg(f) for all t € R.

4.) For k € Z we compute

flto+k) = fto)) = flto+k)— fto+(k—-1))
+f(to+ (k= 1)) = f(to + (k = 2))

+ “ e +

+f (o +1) = £ (t0)
2 kdeg(f).
5.) For f,g € C(S', §') and lifts £, § we compute

Exp ((f +8) (1) = Exp (£(0)) Bxp (2(1)) = £ (Exp(1)g(Exp(1))
Hence f + § is a lift of fg and we get the following formula for the degree
deg(fg) = f(1) +&(1) = (f(0) + 2(0)) = deg(f) +deg(g) -

6.) For f,g € C(S',S") and lifts f, § we compute

Exp (£(2(0)) = f( Exp (2()) = f(2(Exp(0))
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2. Homotopy Theory

and therefore f o g is a lift of f o g. For the degree of f o g this means

deg(f o g) = £(8(1) = £(2(0)) = £(8(0) +deg(g)) - £(5(0)) L deg(g) deg(f).
hence deg(f o g) = deg(g) deg(f).

7.) Let f € C(S!,S") with deg(f) # 0. We show that f must then be surjective.

Namely, let f be a lift of f. Then deg(f) = f(1) — £(0) is an integer, not equal to 0. Then, if
£(1) > £(0), the whole interval I := [f(0), f(1)] must be contained in the image of f by the
intermediate value theorem. If £(1) < f(0) this holds for I := [f(1), f(0)]. In either case I is
an interval of length at least 1, hence Exp(I) = S'. We conclude

S' = Exp(1)  Exp(im(f)) = im(f).

Thus f is onto.

Example 2.31. For the map f, : S' — S! with f,(z) = 2" a lift is given by f(¢) = ns so that its
degree is deg(fu) = fu(1) — fu(0) = n.

Lemma 2.32. Let f,g € C(S',SY). If f ~ g, then we have deg(f) = deg(g).

Proof. Let F : S' x [0,1] — S! be a homotopy from f to g. Since S! x [0, 1] is compact the
map F is uniformly continuous. Hence, there exists a ¢ > 0 such that

|F(z,5) = F(z,5")] < 1
whenever z € S' and s, 5" € [0, 1] with |s — 5’| < &. For such s, s’ the map

F(Z’ S) 1
— :
F(z,s)
is continuous and not surjective because —1 is not contained in the image. Hence, by Remark 2.30,
deg ( F.s) ) = 0. We now compute using 2.30.5.):

—>Sl

F(-,s")

deg(F(-,5)) = deg (11;((:’;,)) . F(‘,s’)) = deg (5((:’;,))) +deg F(-,s') =degF(-,s").

We see inductively that
deg(f) = deg F(’O) = degF("Sl) == degF(’ 1) = deg(g)

where 0 = 59 < s; < --- < §, = 1 is a partition of the unit interval [0, 1] satisfying
[siv1 — 5] < 0. o
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2.3. The fundamental group of the circle

Corollary 2.33. Let f € C(S',S") be such that f = g|S1 where g € C(D?,S") then
deg(f) =0.

Proof. The map F € C(S' x [0,1],S!), F(z,s) := g(sz), defines a homotopy from a constant
map to f. By Lemma 2.32 we conclude that deg( f) = deg(const) = 0. |

Let us give several applications of the concept of the degree.

Theorem 2.34 (Fundamental theorem of algebra). Every non-constant complex polyno-
mial has a root.

Proof. Suppose we are given a non-constant polynomial
p(z) =a,7" + apn17"""+ - +ayz+ay, aj€C,a, #0,n > 1.

Since dividing by a,, does not change the roots, we assume without loss of generality that a,, = 1.

Now assume that p has no roots. Then the map f : C — S! with f(z) = |Z EE;I is a well-defined

continuous map. To compute deg(f | 1) consider

s"p(z/s)  Z"+sap_12 "+ +5"ag
Is"p(z/s)| 2"+ sap_12"" 1+ + s"ag|

F(z,s) =

The map F € C(S' x [0,1], S") is a homotopy from f;(z) = 2" to f|,. Computing its degree
we find deg(f|Sl) =deg(fy) =n=>1.

On the other hand, f is a continuous map defined on all of C, hence Corollary 2.33 implies
deg(f | 1) = 0. This is a contradiction, thus p must have a root. O

Lemma 2.35. Suppose the map f € C(S',8') satisfies f(—-z) = —f(z) for all z € S'. Then
the degree deg(f) is odd.

Proof. Lef f be a lift of the map f. We compute
f(=Exp(t)) = f (EXP (%) EXP(f)) =f (EXP (t + %)) = Exp (f (t + %)) .
Moreover,

—f(Exp(1)) = —Exp (f(t)) = Exp (%) Exp (f(t)) = Bxp (f(z) 4 %) ,
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From f(—Exp(¢)) = —f(Exp(¢)) we conclude Exp (f (t + %)) = Exp (f(t) + %) and hence

fe+3) = (F()+3) = k()

is an integer for every ¢. Due to the continuity of the map, k(¢) it is constant, k(¢) = k. Hence
fr+ %) —f(t)=k+ % for all + € R. Now we can compute

deg(f)

F =7 = (F) -7 (3)) + (7 (4) - FO)
(k+3) +(k+3)=2k+1

which proves the assertion. |

Theorem 2.36 (Borsuk-Ulam). Ler f € C(S% R?) satisfy f(—x) = —f(x) for all x € S°.
Then f has a zero.

Proof. Assume that the map f has no zero. Then the map g : §2 — S! with g(x) = %

is defined and continuous. Moreover, g satisfies g(—x) = —g(x) for all x € S2. Now define a
map G : D> — S' by G(y) = g(y,+/1 = ||y||?). The map G € C(D?,S") has the property that
G|sl = g|g1. By Corollary 2.33 we know that deg(g|Sl) = 0. On the other hand we know by
Lemma 2.35 that deg( g| 1) is odd, which gives a contradiction. O

Corollary 2.37. Let f € C(S? R?). Then there exists a point xo € S with f(—xo) = f(xo).

Proof. Put g(x) := f(x) — f(=x). Then the map g € C(S% R?) satisfies g(—x) = —g(x)
for all x € S%. Hence by the Borsuk-Ulam Theorem 2.36 there exists an xo € S? with
0= g(x0) = f(x0) = f(=x0), which proves the theorem. O

Remark 2.38. In particular, the map f € C(S2 R?) cannot be injective. Thus the sphere S?
cannot be homeomorphic to a subset of R%. This also shows that R* cannot be homeomorphic to
R2.
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Now suppose you have a sandwich consisting of bread,
ham, and cheese. You want to share it evenly with your
friend. Can you cut the sandwich into two pieces such
that each piece contains the same amount of bread, the
same amount of ham and the same amount of cheese?
The following theorem tells us that it is possible.

Figure 17. Cutting a sandwich'

Theorem 2.39 (Ham-Sandwich-Theorem). Ler A, B,C C R3 be open and bounded. Then
there exists an affine hyperplane H C R3 such that each of the sets is divided into pieces of
equal volume.

Proof. The proof consists of four steps.

a) For each x € S? and r € R we define the
affine hyperplane

Hy;:={yeR®|(y,x) =1}.

It is clear that H_, _, = H,,. We define the
half space Hy ; by

Hi, ={yeR|(y,x) >1}.

b) Now fix x € S2. Look at the func-
tion a, : R — R defined by

ax(t) :=vol(ANHy ;).

It satisfies a_,(t) + ax(—t) = vol(A)
and is monotonically decreasing.
Since A is bounded there exists
Ra > Osuchthat A C B(0,R,).

Figure 19. The volume function

Based on public domain images from http: //www.sxc.hu
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Fort < ¢’ € R we have
lax(t') —ax(t)| = vol(AN (H:, \H,)) < nR5-|t—1].

Thus a, is Lipschitz continuous.

—+ vol(A)
T\
Moreover, a,(t) = vol(A) for t < 0
and a,(t) =0 forz > 0.

+
x Iy

Figure 20. Monotonicity of the volume function

¢) By continuity and monotonicity the pre-image of any value under a, is a closed interval. In
particular, a;'(vol(A)/2) = [t5,t1].

Now put a(x) = % Hence H, ,(x) divides A into two pieces of equal volume. Moreover,
a(-x) = —a(x) for all x € % and it is not hard to check that « is continuous. Similarly, define
the functions 8 for B and y for C.

d) Consider the map f € C(S%,R?) with f(x) = (a(x) — B(x), a(x) — y(x)). We have

J(=x) (a(=x) = B(=x), a(=x) = y(=x))
(ma(x) + B(x), —a(x) +y(x))

—f(x).

Thus the Borsuk-Ulam Theorem 2.36 applies and there exists a point xo € S? with

(0,0) = f(xo) = (a(x0) = B(x0), a(x0) = ¥(x0)).

Hence a(xg) = B(xo0) = ¥(xo). Thus the hyperplance H,, o (x,) does the job. O

Remark 2.40. The ham-sandwich theorem is optimal in the sense that it fails for more than three
sets in R3.

Example 2.41. A ball B(x,r) c R? with center x is cut into two halves of equal volume exactly
by those planes that contain x. If you choose four balls in R? in such a way that their centers are
not contained in one plane, then no plane will cut them all into halves of equal volume.

In the following we want to use the concept of degree to determine 7;(S'; 1).
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2.3. The fundamental group of the circle

Jo
a) For w € Q(S';1) and I = [0, 1] consider the g EBP e
following diagram: . l /
Exp @
1/01

Here @ and Exp are the continuous maps induced on the quotient space. They exist because
w(0) = w(1) and Exp(0) = Exp(1), compare Section 1.5. By Example 1.30 we know that
Exp : I/01 — S' is a homeomorphism. Now put

fw=wo (Exp)~teC(s',s")
and define deg(w) := deg(f,,). We have obtained a map

deg : Q(S';1) — Z.

b) Now suppose w ~(g 1} w’. We choose a homotopy F' : I X I — S! from w to w’ relativ to
{0,1}. Then the map G : S' x I — S defined by G(z,s) := F((Exp)~'(z),s) is a homotopy
from f, to f,., hence f,, ~ f,. Therefore

deg(w) = deg(fw) = deg(fur) = deg(w’).
Hence we get a well-defined map

deg:m(8';1) >Z where [w]— deg(w).

¢) This map is surjective because for n € Z we can consider the map w(t) = Exp(nt). The
commutative diagram

1 2-2"=fn(2) gl

:% Tt»—m)(t):Exp(nt):Exp(t)"

1

S

shows f,(z) = 7" = fu(z) and we get deg(w) = deg(f,) = n.

d) Now let w,w’ € Q(S'; 1) and consider the map

foxw (Bxp(?)) = w* (1)
w(21), 0<t<1/2
WQ-1), 1/2<r<1

fw(Exp(21)), 0<t<1/2
Jor(Exp(2t =1)), 1/2<1<1
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Let f,,, fu be lifts of f,,, fur with f (0) = f,,(1). Then we have

Sewrw (Exp(?)) {Exp(fw(zm’ 0<t<1/2

Exp(fur(2t—1)), 1/2<t<1
({fw(%), 0<r<1/2

= Exp N
Jwr2t=1), 1/2<t<1

=:g(t)

Note that the map g(7) is continuous because of f,, (0) = f,,(1). Thus g(¢) is a lift of fiyxer.
Now we compute the degree of w * w’.

deg(w*w’) = g(1)-g(0)

for (1) = fu (0)

for (1) = fur (0) + foo (1) = f0 (0)
deg(w’) + deg(w)

Hence the map deg : ;(S'; 1) — (Z,+) is a group homomorphism.

e) Finally we compute its kernel. Let w € Q(S'; 1) with deg(w) = 0. Let f,, be the lift of £,
with £, (0) = 0. Since 0 = deg(w) = f,, (1) — fu (0) we have f,,(1) = f,,(0) = 0. Next consider
the continuous map F : I x I — S' with F(¢,s) := Exp(s f,, (¢)). It satisfies:

F(1,0)=1 = &(1),

F(1,1) = fu(Exp(?)) = (1),
F(0,s) =Exp(s-0) =1,

F(1,s) = Exp(s - f, (1)) =Exp(s 0) = 1.

We conclude that w =g 1} &1, hence [w] = [&1] =1 € 7 (S'; 1). Therefore the kernel is trivial
and the map deg : ;(S'; 1) — Z is injective.

We summarize the discussion in the following

Theorem 2.42. The map deg : m1(S'; 1) — Z is a group isomorphism.

Example 2.43. We already know that S' is a strong deformation retract of C \ {0}. Hence the
inclusion ¢ : S' — C\ {0} induces an isomorphism

w: (S 1) - 1 (C\ {0} 1)

and therefore 1 (C \ {0};1) = Z.
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2.3. The fundamental group of the circle

S' =oD?

Example 2.44
We show that §' = dD? is not a retract of D?. Suppose the
map r : D?> — S' is a retraction and denote the inclusion by

. ¢l 2
t: 8 — D= Figure 21. The disk and its

boundary
Then we would have r o ¢ = idg1, hence ry o 1y = (r o 1)y = (idg1)4 = id,,, (st:y- We then get a
contradiction because of the following diagram

Z=m (S 1) —>a (D% 1) = (1} L (S 1) = Z

\/

idn] (shin

As a corollary we get a proof of Brouwer’s fixed point theorem in dimension two. See page 93
for the theorem in general dimensions.

Theorem 2.45 (Brouwer’s fixed point theorem in 2 dimensions). Let f : D> — D? be a
continuous map. Then f has a fixed point, i.e., there exists an x € D? such that f(x) = x.

Proof. Assume that f € C(D?, D?) has no fixed point. Then f(x) # x for all x € D? so that we
can consider the half line emanating from f(x) through x. We let r(x) be its intersection point
with D2 = S as indicated in the picture.

r(x)

Figure 22. Constructing a retraction

This yields a retraction r : D> — S' and we get a contradiction. O

Example 2.46. We show that the system of equations

I
L

1+ % sin(x)y — 2x

|
L

%cos(x)y+x72—2y 2.1)
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2. Homotopy Theory

has a solution. We rewrite this as a fixed point equation and apply the Brouwer fixed point
theorem. To do this we put

1 si 2
1, sin(x)y cos(x)y . x_)

fxy) ::(2 4 T 4 4

Fixed points of f(x, y) are then the same as solutions to the above system of equations (2.1). To
apply Brouwer’s fixed point theorem we have to show that f(D?) c D2. Letx,y € D?. Then

. 2
1 sin(x)y 2 cos(x)y x?
2
. = — + + + —
e (2 ; e
1 si : 2.2 2.2 2 4
_ _+sm(x)y+s1n(x) y +cos(x) y +Cos(x)yx WX
4 4 16 16 8 16
1 : 2 2 4
_ _+sm(x)y+y_+cos(x)yx e
4 4 16 8 16
1 2 2 4
Bl S g i
4 4 16 8 16
< 1 N 1 N 1 N 1 N 1
-~ 4 4 16 8 16
3
4
< L

Example 2.47. Consider f, € C(S!, S') with f,(z) = z”". We check that the diagram

m(shNE 7

(fn)#l L”'

m(shHE -7

commutes. Let [w] € m1(S';1). We compute

deg ((f)#([w])) = deg ([fu 0 w]) = deg(fy o w)
= deg(fn o fu) = deg(fn) deg(fu) = ndeg([w]).
Remark 2.48. From Exercise 2.5 we know that for X;, X, and x; € X;,x, € X, we have
(X1 X Xo; (x1,x2)) = m(X15x1) X w1 (X2;5x2) -
For the two-dimensional torus 72 = S' x S! we get 71 (T?;x) = Z X Z = Z?. More generally, we
get inductively for the n-torus T" = S'x - x S! that (T";x) = Z". In particular, T" # T™
| —

n
for n # m.
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2.3. The fundamental group of the circle

Definition 2.49. Let X be a topological space.
1.) We call X connected iff X and () are the only subsets of X which are both open and closed.
2.) We call X path-connected iff for all x1,x, € X there exists a path w € Q(X;x1,x2).

3.) Let X be path-connected. Then X is called simply-connected (or I-connected) iff
m1(X;x0) = {1} for some (and hence all) xg € X.

Example 2.50. The interval [0, 1] is connected. To see this let / C [0, 1] be open and closed
and assume that 7 is neither empty nor all of [0, 1]. Then there exists o € I and ¢; € [0, 1] \ I.
W.Lo.g. let ty < t1, the other case being analogous. We put T := sup(/ N [0,71)). Then
0<t<T<t;<1. Sincelisclosed T € I.

If T =1 then T = t; which contradicts t; ¢ I. If T < 1 then there exists £ > 0 such that
[T,T + &) c I because I is open. This contradicts the maximality of 7'.

Remark 2.51. If X is 1-connected then it is path-connected by definition but the converse is not
true. For example, S' is path-connected but not 1-connected.

Remark 2.52. If X is path-connected then X is connected.

Proof. Let X be path-connected and let U € X be open and closed, U # 0. We show U = X.
Since U is non-empty we can find x; € U. Let x, € X be any point.

Since X is path-connected there is a path w € Q(X;x1,x). Then I := w~!(U) is an open and
closed subset of [0, 1]. Since w(0) = x; € U we have 0 € I and hence I is non-empty. Thus
I = [0, 1] because [0, 1] is connected. We conclude 1 € I and hence x, = w(1) € U. This shows
that U contains all points of X. O

Again, the converse implication does not hold in general. Consider for example the space
X ={(z,sin(1/1)) | t >0} U{(0,5) | -1 <s <1},
see Figure 23. Then X is connected but not path-connected.
Remark 2.53. Let X be path-connected. Then the following are equivalent (see Exercise 2.2):
(i) X is simply connected;
(ii) Every w € C(S', X) is homotopic to a constant map;

(iii) Every w € C(S', X) has a continuous extension to a map D> — X.
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2. Homotopy Theory

Figure 23. Connected but not path-connected

2.4. The Seifert-van Kampen theorem

The Seifert-van Kampen theorem will allow us to compute the fundamental group of spaces
which are built out of simpler spaces whose fundamental groups we already know. We start with
an excursion to group theory.

Definition 2.54. Let G be a group. A subgroup H C G is called normal iff

g-H=H-g forallgeG.

The condition on a subgroup of being normal can be reformulated in various ways. Itis equivalent
to any of the following:

() g-H-g'=Hforall g € G,
(i) g-H-g"' cHforall g € G;
(iii) g-h-g' eHforallg € Gand h € H.
Example 2.55. Consider the cartesian product of two groups G = G| X G2 = {(g1.82) | gj €

G ;} with componentwise multiplication. Then {(g1,1) | g1 € G1} = G is a normal subgroup
of G because

(g1,82) - (81, 1) - (g1,82) 7" = (z18187 ', 82185 ") = (2181871, 1) .

Example 2.56. Let ¢ : G — K be a group homomorphism. Then H = ker(¢) is a normal
subgroup because for & € ker(¢) and g € G we have

p(g-h-g)=¢(g- ¢(h) ¢ =1,
——
1

hence g - h- g~! € ker(¢).
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2.4. The Seifert-van Kampen theorem

Remark 2.57. If H c G is a normal subgroup then G/H is again a group via

(¢-H)-(8-H)=(gg) H.

Normality of H ensures that this multiplication is well defined. The group H is then the kernel of
G — G/H with g — g - H. Thus the normal subgroups are exactly those which arise as kernels
of group homomorphisms.

Now let S C G be any subset. Then

N(S) = ﬂ H

HcG normal subgroup,
H>S

is the smallest normal subgroup containing S. We call N (S) the normal subgroup generated by
S.

Example 2.58. N (0) = {1}.

Definition 2.59

Let G| and G, be groups. A group G is called free product of G,

G and G, iff there exist homomorphisms i; : G; — G such il @1

that for all groups H and for all homomorphisms ¢; : G; — H / \

5 5 5 Prken

there exists a unique homomorphlsm G - >~ H

pr*xpr:G—> H X %
G»

such that the diagram to the right commutes.

Remark 2.60. Here we have characterized free products by

their universal property. This universal property implies for _ G

example that the maps i; : G; — G are injective. / N

Namely, choose H = Gy, ¢ = idg, and ¢,(g2) = 1 for all G id * ¢, G

g2 € G;. The diagram now tells us that the map i; must be !

injective because the identity is injective. Similarly, we see that X %

i is injective. G,

Remark 2.61. The free product of G and G is unique up to isomorphism.
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2. Homotopy Theory

G

Namely, let G’ be another free product of G; and G, with i it
i;. : Gj — G’ the corresponding homomorphisms. By the / i *1\
universal property of G with H = G" and ¢; = i;. we get the 2

following commutative diagram: \ /

Interchanging the roles of G and G’ we get another commutative fixiy

N
diagram: \ /

—>G

Combining both diagrams we obtain 4 irkip

T

On the other hand, this diagram commute as well. / \

By the uniqueness of the induced homomorphisms we have
(i1 xip) o (l; * lé) =idg

and similarly

(l'; * lé) o (i; xip) =idgr .

Hence the map i; x i : G — G’ is a group isomorphism with inverse i| * 7.

Next we show the existence of the free product of two groups by a direct construction. For this
purpose let G| and G, be groups. For formal reasons we assume without loss of generality that
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2.4. The Seifert-van Kampen theorem

G| NGy = 0.2 We define

GixGy = {(X],. ..Xy) |n €Ny, Xj € (G] \{lGl)} U (Ga\ {IGQ}) such that
if x; € G then x;41 € G, or conversely}.

The group multiplication in G| * G is then inductively defined as

(C TN ) [N © S N )
(X1 s X 15X Xt > X2 -+ o> Xgm) A (X, Xpg1 € G OT Xy, Xpy1 € G2)
and x,, - x4 # 1,
=1 Xnm1) - (Xpe2s - Xnm) if (X, Xp41 € G1 OF Xy, Xp41 € G2)
and x,, - x,41 = 1,
(X015 e e s Xy Xpitls -« » Xpptm) otherwise.

This turns G| * G, into a group with neutral element the empty sequence (). The inverse element
for (xi,...x,) is given by (x;;',...,x ") because of

(X1 xp) (x;l, . ..,xl_l) = (X1,...,Xn-1) * (x;ll, . ..,xl_l) =...= (xl)(xl_l) = ().

Now consider the map i; : G; — G *x G given by

. (x), x#1

ij(x)=

0, x=1
For ¢ : G; — H homomorphisms we put
(p1 x @2)(x1, .. Xn) 1= @iy (x1) * @iy (X2) ..+ @i, (X0)

where i; is chosen such that x; € Gi;.
Remark 2.62

1.) The subset i;(G ;) C G * G is a subgroup isomorphic to G;. The intersection i1(G) N
i2(G5) = {1} is trivial. The union i;(G) U i2(G,) generates i1 (G) *x i,(G>) as a group.

2.) If Gy = {1} then G| * G, = ir(G») = G,. Similarly, if G, = {1} then G| x G, = G.
3.) If G| # {1} and G, # {1} then we may choose x € G \ {1} and y € G, \ {1}. Then
(x), (x, ), (x,¥,%), (X, y, X, y), . ..

yields infinitely many pairwise different elements in G| x G, hence |G| * G| = oo (even if
|G | < co0). In addition, we have

() - (y) =, y) # (y,x) =(y) - (%),

hence the group G| % G is not abelian, even if G| and G, are.

20therwise replace G, by an isomorphic group which is disjoint to G.
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Remark 2.63. Usually one identifies G| with i (G ) and G, with i(G;) and writes

X1 +Xp ... X, instead of (x1,x2,...,X,).

Example 2.64. Consider G| = Z/2Z = {1,—-1} and G, = Z/2Z = {1’,-1’}. Elements of
Z]27Z % Z/27Z are for example

(=D (=) (=) - (=1")

(1) (=D (1) - (=) - (-1).

Q
I

S
Il

Now we calculate

a-b = (=) (=) (=) (=1) - (1) (=1) - (=1) - (=1) - (1)
N————
1/
= (=D (1) (1) (=D (1) - (=1 - (=1)
N—
1
= (D=1 (=1 (=D - (1)
| ——
l/
= (=D (=D (-1)
N—— e
1
= (=1).

Now we are ready to return to topology.

Proposition 2.65. Let X be a topological space and let U,V C X be open such that UUV = X.
Let xo € U NV. Furthermore, assume that U,V and U N'V are path-connected. Then X is
path-connected and the map

iy * ju o 1 (Usxg) * m1(V;x0) — m1(X;x0)

is onto wherei : U — X and j : V — X are the corresponding inclusion maps.

Proof. First of all we note that the space X is path-connected because each point in X lies in U
or in V and can therefore be connected to x( by a path.
The statement of the proposition is equivalent to saying that

ig(m1(Usx0)) U jg(m1(V;5x0))

generates 1 (X; x¢) as a group. Now let [w] € 1 (X; x0) and subdivide the unitinterval / = [0, 1]
byO=1y <t ---<t,=1suchthat w([t;,t;4+1]) CUorcV.
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2.4. The Seifert-van Kampen theorem

wo w2

Figure 24. Subdividing w

By removing subdivision points if necessary we can assume that if w([#;_1,#;]) € U then
w([t;,tix1]) € V or conversely. Reparametrize w;(t) = w((1 — )t; + tt;y1). Then w; €
QU or V;w(t;),w(ti+1)) and in particular w(t;) € U NV. Since by assumption U NV is
path-connected there exist ; € Q(U N V;xp, w(t;)). Then

-1 -1 -1
Wo*xM T *XWL kT, M2 kwW2*kM3 ,...,Mp-1%*kWnp-]
are loops with base point xy contained entirely in U or V. We then calculate
-1 -1 -1
(wox ') * (M *xwy*my )k (m*xwrhmy ) *-x (ot * Wy—p)
={0,1} Wo* Wk -k Wy-1 =01} W

in X. Denoting the homotopy class of aloop w in X, U, V,or U NV by [w]x, [w]u, [w]v, and
[w]uny respectively, we have

[w]x = [wo*m_l]x' [771*0)1*772_1];('---'[Un—l*a)n—l]x

and it follows that

[w]lx = i#([wo*nfl]U) -j#([m * W] *le_l]v) -i#([ﬂz*wz*ﬂgl]u)---

= (g jo)([woxni'], [771*“’1*772_1]\/'[772*‘“2*’73_1]U“')

en (Usxo)*m (Vixp)

which proves the assertion. O
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Corollary 2.66. Ler X is a topological space and let U,V C X be open such that U UV = X
andUNV # 0. If U and V are 1-connected and U NV is path-connected, then the space X is
1-connected.

Proof. Since
{1} = {1} ¥ {1} = 7 (U; x0) * m1(V;x0) — m1(X;x0)

is onto we get that 1 (X;xo) = {1}. |

Example 2.67. Consider X = §" and put U = S" \ {e1}. The stereographic projection yields
a homeomorphism U — R”". Hence U is 1-connected. Similarly, V = §" \ {—e;} is also
I-connected. Now

Unv=_8"\{e,—e} ~R"\ {0}.
For n > 2 the space U NV is path-connected. Corollary 2.66 shows that §" is simply connected
forn > 2.
Recall that we know already that this is not true for n = 1 because 7{(S'; 1) = Z.

To determine 71 (X; xg) more precisely we compute the kernel of the homomorphism

iy * Ju 1 (U x0) * w1 (Vixg) — m1(X;x0).

U——=X

Consider the inclusion maps i’ : UNV —- Uand j' : UNV — V. . .
Clearly the diagram on the right commutes. This implies ' /
unv ——V

Juojy=igoiy
For @ € (U NV;x¢) we calculate

1= inlig(@) - (jo((@)) = inliy(@) - Julig(@) ™) = iax o) (@) - ) )
—,————
em (Usxo)*mi (Vixo)

Hence iy, () - jiﬁ;(oz)‘1 € ker(is * ju) and it follows that

N({iz(@) - ji(@) ™" @ € m(UNV;xg)}t) c ker(ig * ji) -

Theorem 2.68 (Seifert-van Kampen). Ler X be a topological space and let U,V C X be open
subsets such that U UV = X and xg € UNV. Let U,V and U NV be path connected. Then
the map iy % ju induces an isomorphism

71 (U;x0) x 71 (V3 x0)
N ({if(@) - ji(@)~" | @ € m (U N V;xp)})

= m1(X;xp).

46



2.4. The Seifert-van Kampen theorem
Proof. It remains to show that
ker(ix * ju) C N({i;(a/) -1'4;((1/)_1 | e m(UN V;xo)}).
Let wi, w3, -+ € Q(U;xp) and wy, wy, - - - € Q(V; xg) be such that

1 = igxjy([wilu - [wadv - [wslu-...)
= ig([wi]v) - je([w2]v) - is([ws]u) - -

[wi]x - [w2]x - [w3]x - ...

[wi *wr * w3 *...]x

s
1 -4
Then there exists a homotopy H : [0, 1] X
[0,1] — X such that
H(t,0) = (w1 *xwr*xw3x...)(),
H(l‘, 1) = Xo,
H(0,s) = H(l,s) = xp.
‘ 0T — |
In Figure 25 the red area gets mapped to xg. W] Wy wN
i I ’
0 1

Figure 25. The homotopy to start with

Now subdivide [0, 1] x [0, 1] further such that v
H maps each closed subsquare entirely to U or
to V.

w1 w?r wWN

Figure 26. Subdividing the homotopy
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Considering the edges of the subsquares we
get homotopies

d

Figure 27. Deforming the homotopy in each
square

and hence the relation
dxr=gqy [ *u (2.2)

resulting in
(Hod)x (Hor) =,y (Hol)* (Hou) inUorinV.

For each vertex v in this subdivision of [0, 1] X [0, 1] choose 1, € Q(X; xg, H(v)) in such a way
that 7, € Q(W;x9, H(v)) if H(v) € W where W = U,V or U N V. This is possible because
xo € W and W is path-connected by assumption. If H(v) = xo choose 1,, = &y,. For each edge
with endpoints vy and v; we obtain a loop in U or in V by

N * (Hoc) *nv‘ll e Q(UorV;xp).
Now look at one row of the subdivision, see Figure 28. We find that
D; :=ng4,0) * (Hod;) *77;,-1(1) € Q(U or V;xp).
Similarly we define L;, R;, U; € Q(U or V;x() and we conclude that by (2.2)
[Dilw; - [Rilw; = [Lilw; - [Uilw; € m1(Wisx0) (2.3)

where W; = Uor V. We now compute in 711 (U; xo) * 71 (V; x9) modulo N ({i,(a) ‘j#;t(cz)‘1 |a e
mi(UNVixg)}):

[Dilw, - [D2]lw, - ... - [Dnlwy = [Dilw, - [D2lw, - ... [DN]lwy - [RnIwy
= [Dilw, - - [Dn-tlwy_, - [LNIwy - [Un]wy
= [Dilw, -...- [Dn-1lwn_, - [Rn-1lwy - [UN]wy -

If now Wy _; = Wy then we can apply (2.3) once more and get

[Dilw, [D2lw, - - - [DNlwy = [Dilw, - . - [DN-2lwyos [LN-tlwy_  [UN-1]wn_,  [UNTwy
2.4)
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2.4. The Seifert-van Kampen theorem

uj us un

8x0:ll N = &Ex

dy | do dn

Figure 28. Deforming along one row

Incase Wy_; # Wy, say Wy_1=U and Wy =V, then Ly = Ry_1 € Q(U NV;xg). Hence

mod_ N(...)

[Ry-1lv = ju(IRN-1]unv) iy([Rv-1]unv) = [Rn-1]u -

In
G m1(U;x0) * 71 (V; x0)
- N{i(@) - @)™ @ e m(UNVix)})
the computation (2.4) is still possible. By induction on all squares in the row from right to the
left we find that

=1
—
[Dilw, - .- [Dnlwy = [Lilw, - [Dilw, oo [DNIwy = [Utlw, .- [Un]wy -
A second induction on all rows from bottom to top yields in G

mod N(...)

[wily - [w2]v - [w3ly - ... [exo]w, - [Exodws - [Exolws .. = 1.

We have shown that in 1 (U; x0) * 71(V;x0)
[wily - [walv - [w3]u - ... € N{ig(a) - ja(@) ™ [a € mi(UNV;xp)})

and hence
ker(iyg % jg) C N({i;(cx) -j#’#(a)_l |a € m(UN V;xo)}) . m|
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Corollary 2.69. Let X be a topological space. Let U,V C X be open subsets such that
UUV =X and let x) € U NV. Assume that U and V are path connected and that U NV is
1-connected. Then

m1(X;x0) = m1(U;x9) * w1 (V3 x0)

where the isomorphism is induced by the inclusion maps.

Proof. By assumption 71 (U NV,xq) = {1} and hence
N{iy(@) - ju(@) ™ |a e m(UNV;xg)}) = {1}.
The assertion then follows from Theorem 2.68. m]

Example 2.70. Consider the figure 8 space and the two subsets U and V as indicated in the

icture:
P X

Figure 29. Covering the figure 8

It is easy to see that U ~ S' and also V =~ S'. Moreover, the intersection
U NV ~point
is 1-connected. Hence we have

m(X;x0) = m(Shxg) * 1 (Shixg) = Z % Z.

Example 2.71. Let X be a connected n-dimensional manifold with n > 3.
M
)
N

Figure 30. Punctured manifold

Let p e Xand U := X \ {p}. Now let V be an open neighborhood of p homeomorphic to R",
which is contractible and hence 1-connected. Then the space

Unv ~R"\ {0} ~ §"!
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2.5. The fundamental group of surfaces

is 1-connected. By Corollary 2.69 we then deduce
m1(X5x0) = m(Usxo) * m1(Vixg) = w1 (X \ {p};x0) -

Removing a point from a manifold of dimension at least 3 does not change its fundamental group.

Example 2.72. Let M and N be two connected manifold of dimension n > 3. Let X = M#N.

M : N
Figure 31. Start with two manifolds...

Now choose U and V as in Figure 32. Then we have that U ~ M \ {p} and V = N \ {q}.

(==

=V

Figure 32. ... and consider their connected sum.

Since
UnvV~S"1x(0,1)=~s""
is 1-connected we find by Corollary 2.69 once again that
T (M#N) = 7 (U) x m11(V) 2 71 (M) *x 71 (N) .
For example, if M = N = T3 then 7, (T3#T3) = (Z°) % (Z%).
Remark 2.73. We now see easily that the torus 7" with n > 3 cannot be homotopy equivalent
to the connected sum 7" ~ M#N of two non-1-connected manifolds M and N.? If it were

possible then 711 (T") = 71 (M) % 71 (N) would not be abelian but we know that 7, (7") = Z", a
contradiction.

2.5. The fundamental group of surfaces

Our aim is to prove that orientable compact connected surfaces of different genus (as depicted
by the pastries in Example 1.5) are not homotopy equivalent and therefore not homeomorphic.

31f one allows simply connected summands then it is of course possible, 7" ~ T"#S".
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Definition 2.74. We call F, := T4 - -#T?% a surface of genus g > 1.
| S—

g—times

Fy = - - - - - -

g—times

Figure 33. Surface of genus g

Remark 2.75. We also put Fy := S°.

We now want to compute 71 (F,) and show that the fundamental groups for surfaces of different
genus are not isomorphic. This then shows in particular that they are not homotopy equivalent.

Proposition 2.76. Forany g > 1

Fo=TH- -#T* ~ D*/~
N—— —

g—times

where x ~ y iff x = y or x, y € dD? and are identified according to the following scheme:

- - - ~

Figure 34. Building a surface from the disk

This identification is to be understood as follows: Each line segment labelled by a; (or b
respectively) is identified with with a; U (or b]_.l ) with respect to the direction indicated by the
arrow. Note that there are 2g labels a;, b;, i =1, .., g.
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2.5. The fundamental group of surfaces

Proof. We do an induction on g.

Induction basis for g = 1: We see that the labelled disk D?/~ is homeomorphic to the labelled
W2/~ which is homeomorphic to the two-dimensional torus, i.e. to Fj.

ai

Q

~ b7! b, = by

Figure 35. Starting the induction with the torus

Inductive step, g — 1 = g: We perform a cut along the line c.

Figure 36. Induction step by cutting off a segment

The endpoints of ¢ in the two pieces are identified. This yields a homeomorphism where the
interior of the now closed loop c is cut out of the two remaining disks.
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2. Homotopy Theory

1 a2 1 aq

Q
S

a7l b

Figure 37. Closing the loop ¢

By induction hypothesis the left-hand disc is homeomorphic to a surface of genus g — 1 with
a disc removed that is bounded by c¢. The right-hand disc becomes a torus, also with a disc
removed that is bounded by c.

Gluing these two spaces together along c, we obtain a space which is homeomorphic to a surface
of genus g:

(g—1)—times g—times

Figure 38. Completing the induction step

Remark 2.77. We note that Fy ~ D?/dD?>.

Remark 2.78. Let G be a group. Assume G is generated by g1, ..., g, € G as a group. We have
group homomorphisms ¢; : Z — G, ¢;(k) = gf. Repeated application of the universal property
of free products of groups yields the group homomorphism

(k@) k@3) ko k=@ kK@ : (LN ZLY*ZL)*---* L =2Z%--*Z—> G

with
(901 * .- '*Son)((kl’il)’ ceesy (kr,ir)) = glk]] o glkrr i

where i; € {1, ...,n} is an index used to make the Z-factors formally disjoint.
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2.5. The fundamental group of surfaces

The fact that gy, ..., g, generate G is equivalent to the fact that o1 % - *x @, 1 Z%---*xZ > G
is onto. It follows that

Zk- k7
ker(pq * -+ - % ¢,)

G

[l

If the normal subgroup ker(¢; x - - - % ¢,,) is also finitely generated as a group, with generators
X1, ..., Xm, then we call G finitely presentable and

<g1’ EERE) gn | X1, ~--axm>

a presentation of G.

Example 2.79. For the cartesian product Z? of two copies of Z we have the presentation
7% = (a,b | aba”'b71).

The cyclic group Z/27Z of order 2 is presentable as

7)2Z = (a | d?).

Remark 2.80. A word of caution: isomorphic groups may have several, quite different presen-
tations. For example

oy Ly Ty Ty = gy, wa z [ xyxy T Ty xyaw ! 2y

because the generators xyxw ™! and zy~'x~! on the right-hand side can be used to eleminate w

and z. It is therefore often not obvious whether two presentations give rise to isomorphic groups.

Theorem 2.81. For any g € N we have

ni1(Fg) ={ay, by, ...,aq, by | alblal_lbl_l ---agbgaglbgl).

Proof. Recall that Fy, ~ D?/~ as in Proposition 2.76. To apply the Seifert-van Kampen theo-
rem 2.68 we put U := D? and V := (D?/~) \ Dz(%). We have F, =UUV.
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2. Homotopy Theory

Figure 39. Applying the Seifert-van Kampen theorem to the disk representation

The subset U is contractible and therefore 71 (U) = {1}. The subset V is homotopy equivalent
to the boundary 0D subject to the identifications of the equivalence relation, V ~ dD/~. The
identifications induced by ~ generate a bouquet of 2g circles, one for each relation a; and b;.
The bouquet is denoted by S' v - -- v S!, where the wedge sum “V” of two topological spaces X
and Y is defined to be the disjoint union of X and Y with identification of two base points xg € X,
yo € Y such that X VY := X UY/{xg ~ yo}. For the bouquet of circles all S'’s are joined at the
same base point. Graphically we can depict the bouquet of circles as follows

Stv...v st

Figure 40. Bouquet of circles

So we have
V~dD*/~~ 8" v...vS.
[ —
2g times
The fundamental group of V follows immediately from Example 2.70 by induction:
m(V)=2ZxZ*---%xZ
| S—

2g times

with generators again denoted by ay, by, az, by, ...,ag, bg. For the intersection of U and V we
have UNV = D%\ Dz(%) ~ S! and thus by Theorem 2.42 we have 7 (U NV) = Z. A generator
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2.5. The fundamental group of surfaces

of m;(U NV) is given by a loop c¢ of degree 1.

Figure 41. Finding the generator

The inclusion map i’ : UNV — U induces the trivial homomorphism i, because 7y (U) is trivial.
For the inclusion map j' : U NV — V we note that the induced isomorphism maps ¢ onto

alblal_lbl_1 -“agbgag_lbgl.
By the Seifert-van Kampen theorem 2.68 we find

(F = 71 (U) * 11 (V)
BT NG @ (@) T e em(UNY))
_ (V)
N(j(@) [aemUnV))
ZkxZ
N(;()
={ai,by,...,aq,by | a1b1a1_1b1_1 . --agbgaglbgl).

Example 2.82. For the two-dimensional torus 72 we find with Example 2.79
n1(T2) = ny(Fy) = {a, b | aba™"b™"y = 72,

in agreement with Remark 2.48.

Corollary 2.83. Forg,g’ €N, g # g’ we have Fq # Fy and hence Fy # Fg.
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2. Homotopy Theory

Proof. The statement follows once we see that 711 (F,) % m1(Fg ). Attention here: as noted in
2.80 different presentations can yield isomorphic groups.

For any group G let [G, G] be the normal subgroup generated by all commutators aba~'b~!,
a, b € G. The abelian factor group G/[G, G] is called the abelianization of G. We now calculate
the abelianization of 71 (Fy).

7T1(Fg)
[71(Fg), m1(Fg)]

—1,-1 —1,-1 —1,-1
(ai,bi,...,ag,bg | arbray b ---agbgag bg ,arbia; by, ...

-1 -1
.najaxay a, ,...)
—1.-1 -1 -1
= (ay,by,...,aq,bg | arbra; by ,...,a1az2a; a; ,...)
=~ 7%,

where the second equality follows because the simple commutators a,-biai‘lbi‘l, i=1,..¢
generate the relation alblal‘1 bl‘1 . -agbgaéjlbéjl.
Hence if Fy ~ Fy then m11(F,) = m1(Fg ) and thus

m(Fg)/[mi(Fg), mi(Fg)] = mi(Fg)/[m1(Fg), mi(Fy)].

Thus Z%¢ = 72¢" and therefore g = g’. o
Remark 2.84. This proves the uniqueness part of the classification for surfaces, see Example 1.5.

2.6. Higher homotopy groups

We now generalize the definition of 71 (X; xq).

Definition 2.85. Let W” = [0, 1] X ... X [0, 1] be the n-cube. Let X be a topological space

n times

and xo € X. Then
mu(X;x0) == {[o]awn | o € C(W", X), o (dW") = {x0}}

is called the n-th homotopy group of X with base point xq. Here [o0-] gw= denotes the homotopy
class of o relative to 9W".

The group structure on 7, (X;xg) is obtained as follows: For o, 7 € C(W", X) with o (0W") =
T(OW") = {x0} define o x T by

o(2t1,t, ..., 1), 0<1<1/2,
(2t = 1,1tp,...,ty), 1/2<t; <1.

(o*1)(t1,...,tn) :{

Then o x T € C(W", X) with (o x 7)(0W") = {xo}.
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2.6. Higher homotopy groups

/ Wn Wl’l - Wn

o o*xT
t,..., Iy
1

Figure 42. Concatenation

Now put [o]gwn - [T]lown := [0 * T]oawn. The proof that this yields a well-defined group
multiplication on 7, (X;x¢) for n > 2 is literally the same as in the case for n = 1. The neutral
element is represented by the constant map &%, : W" — X, sﬁo(tl, ..., 1y) = x0, and [0']3‘14,,, is
represented by o (1 — 11,12, ..., 15).

Unlike for the case n = 1 the higher homotopy groups are abelian:

Proposition 2.86. Let X be a topological space and xy € X. Then for n > 2 the group
7, (X; x0) is abelian.

Proof. For o, € C(W", X) with oo (dW") = 7(0W") = {xo} we need to show that o~ x 7 and
T % o are homotopic relative to dW". The homotopy is obtained by precomposing with the
homotopy of the n-cube indicated in the following picture (which illustrates the case n = 2):
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2. Homotopy Theory

>
// deform / deform / deform

deform

Figure 43. Commutativity of higher homotopy groups

Remark 2.87. This proof also shows that replacing ¢; by any other variable in the definition of
o * T gives the same group multiplication on 7, (X; xg).

For f € C(X,Y) with f(x¢) = yo we get a group homomorphism
Ji : tn(X;x0) = ma (Y3 y0)

defined by [o]gwn = [f © o ]awn.

Remark 2.88. Lemma 2.18, 2.19, Corollary 2.20, Propositions 2.21, 2.22, Theorem 2.23 and
Corollary 2.24 also hold for 7, (X;x0). In particular, if f : X — Y is a homotopy equivalence
then the map fi : 7, (X;x0) — 7w, (Y; f(x0)) is an isomorphism. For y € Q(X;xg,x1) there is
an isomorphism

D, (Xsx1) = 7, (X3 x0)

given by [0 ]gwn > [0]swn where

Y
/
1 X0 X1 o
’(t) _ 0-(21), ||t||max < bR I
¥(2 = 2||]lmax) % < [[#]lmax < 1.

Figure 44. “Independence” of base point
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Remark 2.89. By Exercise 1.7 we have the maps

and we see that o € C(W", X) with o (0W") = {x¢} corresponds uniquely to f, € C(S", X)
with f,(s9) = xg, where sg = @(dW") such that & = f, o ¢ o . Thus there is a canonical
bijection

7 (X:%0) < {[f)1so) | £ € C(S™, X), f(50) = x0} .

Remark 2.90. The Seifert-van-Kampen theorem for x,, works only under very restrictive as-
sumptions. For this reason the computation of &, for explicit examples can be very difficult. We
will be able to compute 7, (S") for n < m but many of the n,,(§™) for n > m are actually still
unknown.

Remark 2.91. The definition of 7, (X;x) also works for n = 0. A map o € C(W° X)
corresponds to the point o (W) € X. Two such maps are homotopic iff the corresponding points
can be joined by a path. Hence

mo(X; x0) = {path components of X}.

But there is no (natural) group structure on mo(X; xo). More precisely, mo(X; xg) is a pointed set,
i.e., a set with a distinguished point, namely the path component containing xq. This corresponds
to the neutral element in 7, (X;xg) for n > 1.

Definition 2.92. Let W, E and B be topological spaces and let p € C(E, B). We say that p
has the homotopy lifting property (HLP for short) for W iff for every f € C(W, E) and every
h e C(Wx]|O0, 1], B) with h(w,0) = p(f(w)) for all w € W there exists H € C(Wx [0, 1], E)
such that

Hw,0)=f(w) YweW and h=poH.

In other words, there exists an H € C(W x [0, 1], E) such that the diagram

|

(w,0) € [o, 1]1-2~B

E

H
-

w
7
l .

commutes.
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€0
Example 2.93. Consider the spaces E = {point}, *
B =R, W = W0 and the map given by p(e) = 0.
No i : W x [0,1] — B except the constant path &g
can be lifted because it leaves the image of p. Here |
the problem is the lack of surjectivity of p. (') h R

Figure 45. Failure of HLP due to
lack of surjectivity

Example 2.94. Now consider E = [0, 00) x {0} U (=c0,0] x {1} ¢ R%, B =R and let p be the
projection onto the first factor, p(z,s) = 1.

f

_ o E

W = {wo}

I B
h

Figure 46. Surjective but HLP still fails

The map p is surjective but still does not have the HLP for W = W°. For example, choose
h(wo, 1) =1, f(wo) = (0, 1).

Definition 2.95. A map p € C(E, B) is called a Serre fibration or weak fibration iff it has the
HLP for all W”, n > 0. The space E is called the total space and B is called the base space of
the fibration. For by € B we call p~!(bg) the fiber over by.

Example 2.96. For topological spaces F and B put E := B X F and p = pry, the projection on
the B-factor. Then p has the HLP for all W. In particular, p is a Serre fibration. Namely, let
feC(W,BxF)and h € C(Wx [0, 1], B) be given such that p(f(w)) = h(w,0) forallw € W.
Now write f(w) = (B(w), ¢(w)) with 8 € C(W, B) and ¢ € C(W, F). Hence

h(w,0) = p(f(w)) = B(w).
Now put H(w, t) := (h(w, 1), (w)). Then H € C(W x [0, 1], B X F) and

p(H(w,1)) = pri(h(w,1), o(w)) = h(w,1),
H(w,0) = (h(w,0), o(w)) = (Bw), p(w)) = f(w),

as required. Hence p has the HLP for any W.
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2.6. Higher homotopy groups

W x [0, 1]

[0, 1]

On

Wn

Figure 47. Subdivision for which the fiber bundle is trivial over each subcube

Definition 2.97. A map p € C(E, B) is called fiber bundle with fiber F iff for each b € B
there exists an open subset U C B with b € U and a homeomorphism ® : p~!'(U) - U x F
such that the diagram

UxF<2-p~'(U)

plpfl (U)

U

commutes.

Lemma 2.98. Every fiber bundle is a Serre fibration.

Proof. Let f € C(W",E)and h € C(W"x [0, 1], B) such that 2(w,0) = p(f(w)) forallw € W.
Now subdivide W" x [0, 1] into small subcubes such that 2 maps each subcube entirely into an
open subset U as in the definition of the fiber bundle, see Figure 47.

By Example 2.96, products have the HLP, hence we can extend the map f to a continuous map
Hip: (W' x{0}) UQq — E suchthat po Hy| = h.

Next we want to extend the lift to Q,, see Figure 48. Now there seems to be a problem because
the required lift Hj, need not only coincide with f along the edge Q1> N (W" x {0}) but also
with Hy; along Q11 N Q13.

But there are homeomorphisms of a cube onto itself mapping two edges onto one as indicated in
Figure 49.
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W x [0, 1]

[0, 1]

011|Q12

Wl’l

Figure 48. Lift over second cube

Q

Figure 49. Homeomorphism mapping two faces to one
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Thus we can apply the HLP and extend the lift to (W" x {0}) U Q11 U Q3. Iteration of this
procedure proves the assertion. O

Example 2.99. Let G be a Lie group, e.g. a closed subgroup of GL(n; K) with K =R or K = C.
Let H C G be a closed subgroup. We equip the space B= G/H = {g- H | g € G} with the
quotient topology. Such a space is called a homogeneous space. Then G — G/H withg — g-H
is a fiber bundle with fiber H. The proof of this fact requires some technical work, see [8, p. 120

ff].

Example 2.100. Let G = SO(n + 1) and

B|O
H:{( 0 ])‘BGSO(n)}.

Then H is a closed subgroup of G isomorphic to SO(rn). We now show that G/H ~ S". Consider
themap f : G — S" with A — A - ¢,,| where ¢, the (n + 1)-st unit vector of the canonical
basis. The map f is continuous and surjective. We observe

f(A):f(A) — A‘en+1:A‘en+l

A-1
= A -A-en1 = eny

— A‘I-Az(* 0)
* | 1

— A' AecH

= 1(A)=n(A)
where the map 7 : G — G/H is the canonical projection. We conclude that the map f descends
to a bijective map f : G/H — S". By the universal property of the quotient topology the map
f : G/H — S" is continuous. Since G is compact the space G/H is also compact. Moreover,

the sphere S" is a Hausdorft space, hence the map f is a homeomorphism. Thus we obtain a
fiber bundle SO(n + 1) — S” with fiber SO(n).

Let p : E — B be any Serre fibration and fix eq € E. Put by := p(eg) € Bandlet F := p~'(by).
Theneg € F. Lett : F — E be the inclusion map. We obtain the following two homomorphisms:

t:my(Fieg) — mp(Eseo),

p# : ma(Es5e0) — mu(B; bo).
Now we construct amap 9 : 7, (B; bg) — 7,1 (F;eo). We define
Boxo := {1} and Boxy := (W*x {1}) U (8W* x [0, 1]) for k > 1.
Then we have

AW™ = (W' ! x {0}) UBox,_1,
(W1 x {0}) NBox,_; = dW" ! x {0}.
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K Nk (x)

\.(%,...,%,—1)

Figure 50. Mapping the box to the (bottom) cube

Consider the homeomorphism 7, : Box; — WX obtained by the central projection from
(%, - %, —1). This homeomorphism maps the faces out of which Box is built onto the
regions depicted in Figure 50.

In order to define d : n,(B;bg) — m,_1(F;ep) let o € C(W", B) with a(0W") = {by}.

Since (t1,...,ty—1) — o(t1,...,t,-1,0) = by is constant we can lift it to the constant map
(f1,...,th—1) +— eg, see Figure 51. Now the HLP of p for wnl yields a continuous map
Y . W' - E with 2(t,...,t,-1,0) = ¢p and p o £ = o. From o (0W") = {bg} we

have X(0W") c F. Weput & := X o '7;11 : Wl — F. We want to define the map
d([o]awn) := [0 ] swn-1. We have to check well-definedness of this map:

a) We have to show that [5 ] 5yn-1 does not depend on the particular choice of the lift X.

Let X’ € C(W", E) be another lift of o with X’(¢1,...,%,-1,0) = eg. Then =~! ¢ ¥ is a lift
of o~! e . Here o denotes the concatenation with respect to the variable 7,,, Pt (t1,...,ty) =
2(t1,...,th-1, 1 — t,) and similarly for o~!. Since o' o o ~gyn e}, we can find a homotopy

h : W' — B relative to AW” with
h(ty,....t0,0) = (0 L eo)(t1,...,ty) and h(ty,..., 1y, 1) = by.
Then h(Box,) = {bo}. We apply the HLP of p for W**! to get a lift H € C(W™*!, E) of h with
H(t1,....1,,0) =X e X/ (11,...,1n).

From h(Box,) = {by} we have H(Box,) C F. Then we get a homotopy in F relative to W"~!
fromd =X on ! tod =% on;!, asshown in Figure 52.

b) We also have to show that o ~gwn o’ in B implies & ~gyn-1 & in F.

Let h : W" x [0, 1] — B be a homotopy in B from o to o’ relative to dW". The HLP for W"
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2.6. Higher homotopy groups

F E
[ W)
o p
S TR P |
Figure 51. Lift o
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Figure 52. Homotopy between projected lifts
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o
|
|
|
|
/
- - B
h
In+1 In
I, fn
o

Figure 53. Homotopy invariance

yields a lift H : Wl Eof hwith H(t1, ..., th-1,0, the1) = €0, see Figure 53. We thus obtain
a homotopy

H(tr, .. tye1,8) = Hp L (1, tam1), 5)

in F from & to &’ relative to 9W"~! and hence
[5—]6W”’l = [5—,]6W”’l .

We have shown that the map 0 : 7, (B; bg) — n,—1(F, ep) is well defined.

Lemma 2.101. Forn > 2 the map 0 : r,(B; bg) — m,_1(F,eq) is a group homomorphism.

Proof. Leto,t € C(W", B) such that o (0W") = t(0W") = {bg}. Choose alift H € C(W", E)
of o x T with H(ty,...,t,-1,0) = eg. Restriction yields lifts £ of o~ and T of T up to stretching
in the ¢;-direction. Moreover, we have
(Zo 17;11) *x (T o nr_lll) ~awn-1 H o 77;11.
The homotopy is given by shrinking the marked region in the #;-direction, see Figure 54. We
conclude that
d([olown) - O([Tlawn) = [Z ot Jawn-t - [T oy 1 gwn-t

=[(Zo 77,_111) * (T o n;ll)](?W"*I

=[Ho 77,_111]6W"*1

= d([o * T]awn)

=d([o]own - [T]own). m
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XxT H

(Zon ') *(Ton') Hon!,

Figure 54. Boundary map is a group homomorphism

Hence 0 : n,(B;bg) — m,—1(F,ep) is a homomorphism if n > 2. For n = 1 this statement
does not make sense because 7 (F, eg) is not a group. But 9 still maps the neutral element of
m1(B, by) to the distinguished element of 7y(F, eq).

Theorem 2.102 (Long exact homotopy sequence of a Serre fibration). Let p : E — B be
a Serre fibration, ey € E, by = p(eo) € Band F = p~'(by). Let 1 : F — E be the inclusion
map. Then the following sequence is exact:

2 (Fep) —2> 1, (E; e0) 2> 1, (By bo) — 2> 7,1 (Fie0) 2 ..

. =2 10 (F; e0) —2> mo(E; e0) —2> mo(B; bo)

Remark 2.103. Exactness means that the image of the incoming map equals the kernel of the
outgoing map. The question arises what this means on the my-level where we do not have
homomorphisms. The image is defined for an arbitrary map. For the kernel we recall that 7 is
a set together with a distinguished element which corresponds to the neutral element of a group.
It is therefore natural to define the kernel of a map to be the set of all elements in the domain of
the map which are mapped to the distinguished element. Having clearified this, exactness of the
above sequence also makes sense on the mp-level.
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Proof. a) Exactness at 1, (E; eq) forn > 0:

1) im(ew) C ker(ps):
Since p o ¢ is the constant map, we have for any [0 ]gwn € 7, (F; eq):

p#(w([o]own)) = (p o Vs([o]own) = [p o Lo Tlown = [} lown = 0.

ii) ker(pa) C im(s):
Let [t]own € m,(E; eq) with pa([t]own) = [p o T]lown = 0. Hence p o T ~gwn SZO' Let
h: W"x[0,1] — B be ahomotopy in B relative to dW" from p o 7 to sgo. Lift the map
h to a homotopy H : W" x [0, 1] — E with initial conditions 7, i.e. H(-,0) = 7. The red
area in the diagram gets mapped to F by H because it gets mapped to by by h.

[07 1] \ 7

Wn
Figure 55. Bottom-to-box homotopy

We obtain a homotopy in E relative to dW" from 7 to H o n7;;!. Hence 7 ~gwn H o n;,!
and we conclude that

[tlE.own = [Hon, 1g.own = w([H on, ' 1F own) € im .

b) Exactness at 7, (F'; eq) forn > 0:
1) im 9 C ker ty:

Let [0] gywne1 € Tni1(B; bo). Then we have d([0]gn+1) = [Z o1, 1 F.own where T is a
lift of o with initial conditions &g . The map X yields a homotopy relative to dW" in E
from &7 to £ on;, !, see Figure 56. Hence

(0[] awne)) = w([Z o, Tr.own) = [Zon, Te.own = [l 1E.own = 0.

ii) ker C im9:
Let [t]own € mn(F;e0) with 0 = w([7]own). Hence T ~gwn &} in E. Let H be a
homotopy in E relative to dW" from &g to 7, see Figure 57. Then H is alift of & := po H.
Since H maps W"*! to F, the map & maps OW"*! to by. Thus h represents an element in
7tas1(B; bg). By definition of 8, we have [H o 1, gwn = 0([h] gyn+1).

In the image of Box,, under n,, we let the interior cube grow and thereby obtain a homotopy
in F relative to 9W" from Hon,,! to 7, see Figure 58. Therefore [7]gwn = [H onr‘Ll Jown =
5 [h]awnﬂ € lm(a)
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n

860

Figure 56. Bottom-to-box homotopy, again

Wn

Figure 57. Homotopy between 7 and constant map

¢) Exactness at 7, (B; bg) forn > 1:

i) im px C ker 0:
Let [t]own € mn(E;eo). Then 7 is alift of p o7 with initial conditions &7 ° ! Since 7 maps
the boundary of W" to eg we have 7 o 77;11 = 32’0". Thus

3(pa([tlawn) = ([p o tlawn)) = [t o my  Town1 = [l Town-1 = 0.

ii) kerd C im py:
Let [o]gwn € m,(B;bo) with 0([o]gwn) = 0. Let X be a lift of o~ with initial condition
Eoy '. Then X o 17;1] represents d([o]gwn) = 0. Hence we have in F

-1 n—1
Yo M- =own-1 860

Now choose a homotopy in F relative to 9W"~! from X o 77;11 to 82’0‘] . Use this homotopy
to continuously extend X to the larger cube with boundary values e, see Figure 59. Call
this extension 7. We then have

[t]lown € mn(E;ep) and pa([tlE,own) = [P o Tlown.
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e
[0} 0
eo T eo | deform b T eq deform T
[0} 0

Figure 58. Shrink “constant region” to boundary

€
T
N\ A
maps to F'
€0 F z F €0
€0

Figure 59. Extension of X

Now p o 7 is homotopic relative to 0W" to ¢ as shown in Figure 60. Thus [0 ]swr =

[p o T]ﬁW" € imp#.

O

Definition 2.104. A fiber bundle with discrete fiber is called a covering.

Corollary 2.105. If p : E — B is a covering with eq € F, by = p(eo) € B, then the map

p# : mu(E, eq) — mn(B;bo)

is an isomorphism for all n > 2.
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by

deform deform

by o by o o

Figure 60. Homotopy between p o 7 and o

Proof. The assertion follows from the long exact sequence:

{0} = 7, (F; 0) —2= 71, (E; e0) —22= 71, (B; bp) —2= 7,1 (F; e0) = {0} O

Example 2.106. The map Exp : R — S! with ¢ — 2" is a covering with fiber Z. Hence
7 (S5 1) = mi (R, 0) = {0}

for all k > 2. More generally, Exp : R” — T" = §' x ... x S with

2ri | i)

(t1,...,ty) — (e

PP

is a covering with fiber Z". Hence 7 (T") = 7 (R") = {0} for all £k > 2.

Example 2.107. Consider the real projective space, defined by RP" := §"/~, where x ~ y
&= x =yorx = —y. Then the map p : §" — RP" with x — [x]. is a covering with fiber
Z/2Z. Hence m; (RP") = 7 (S™) for all k > 2. For n > 2 we investigate the sequence:

{0} =m (8") —=m(RP") —— 70(Z/2Z) — mo(§") = {0}

We deduce that ) (RP") = 71¢(Z/2Z) = Z/2Z as sets. But then 1 (RP") = Z/27Z also as groups
because there is only one group of order 2 (up to isomorphism).

Example 2.108. We know that SO(n+1)/SO(n) ~ S" from Example 2.99. In the case of n = 2
this means that SO(3)/SO(2) ~ S?. We also know that SO(2) ~ S'. For k > 3 we consider the
long exact sequence

-+ —— 1 (SO(2)) — 7 (SO(3)) — 7 (S?) — m—1(SO(2))
We know that 74 (S') = {0} and 7x_;(S') = {0}. Hence we find

7k (SO(3)) = 7 (S?) for all k > 3.
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The map f : S° — SO(3) given by

X2+ y*—u? 1?2 2(yu — xv) 2(yv — xu)
f,y,u,v) = 2(yu +xv) x2—y2+u? -2 2(uv = xy)
2(yv — xu) 2(uv + xy) x2—y2—u?+1?

satisfies f(—x,-y,—z,-v) = f(x,y,z,v) and therefore induces a continuous map
f :RP?> — SO(3). This map is bijective and thus a homeomorphism. Hence we have
SO(3) ~ RP>. It follows that

7 (S%) = m(SO(3)) = mi (RP?) = 7y (%)

for all k > 3. Later we will see (Example 3.121 on page 151) that 713(S>) = Z and consequently
71'3(82) = 7.

Example 2.109. By the same proof as for SO(n + 1) /SO(n) =~ S" we get that
SU(n+ 1)/SU(n) ~ §"*1.

Therefore there is a fiber bundle SU(n + 1) — $¥**! with fiber SU(n). For n > 1 we consider
the following part of the long exact homotopy sequence:

70(SU(n)) —2 7o(SU(n + 1)) — 7o (82741 = {0},

Hence the map w : 7o(SU(n)) — mp(SU(n + 1)) is onto. Since SU(1) = {1} we have
mp(SU(1)) = {0} and thus mo(SU(n)) = {0} by induction on n. Thus SU(n) is path-connected
foralln > 1.

Now let us analyze 1 (SU(n)). Consider

71 (SU(n)) — 71 (SU(n + 1) —> 7, (") = {0},
Again, we conclude that the map ¢y : 71 (SU(n)) — 71(SU(n+1)) is onto. By the same induction
as before we find 71 (SU(n)) = {0} for all n > 1. Thus SU(n) is simply connected for all n > 1.
2.7. Exercises

2.1. Let X be a set and let xy € X. Determine 71 (X; xg) where
a) X carries the discrete topology;

b) X carries the coarse topology.

2.2. Let X be a topological space and let w : S' — X be continuous. Show that the following
are equivalent:

(i) w is homotopic to a constant map.
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(i) w has a continuous extension D? — X.

2.3. Let X be a topological space and let f, g : X — S" be continuous. Assume f(x) # —g(x)
for all x € X. Show that f and g are homotopic.

2.4. Let X and Y be topological spaces. Show that X X Y is contractible if and only if X and Y
are contractible.

2.5. Let X, X; be topological spaces, x; € X;. Put X := X; X Xp and x := (x1,x3) € X. Let
pi : X — X; be the canonical projections. Show that

(P1# pog) 1 (X5x) = mi(X;x1) X m1(X23x2)

is a group isomorphism.

2.6. Let X = [0,1] x [0,1] ¢ R? and let A C X be the comb space. Show that there is no
retraction X — A.

2.7. For f € C(S',R?) and p € R?\ f(S") consider f,, € C(S',S!) given by

_f@-p
P& =T =l

Then
U(f, p) :=deg(fp)

is called the winding number of f around p.

a) Show that for p,q € R?\ f(S') which can be joined by a continuous path in R? \ £(S') we
have U(f, p) =U(f.q).

b) Compute U(f,, p) for all p € R\ f(S') and all n € Z where f,(z) = z".

2.8. Show that the system of equations

cos (1 +x2y* +sin(xy?)) —x* = 0,

1
+ =0,
Y cosh(x +y + 10)

has a solution (x, y) € R

2.9. a) Compute 71 (D?\ {xo};x;) for all xo # x; € D?.

b) Show that each homeomorphism f : D> — D? maps the boundary onto itself, f(dD?) =
D2
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2.10. On [0,1] x [-1,1] consider the equivalence relation ~ given by (¢,s) ~ (¢',s") iff
(t,s) =(t',s")or [t—1t'| =1and s’ = —s. The quotient space M := [0, 1] x [-1, 1]/~ is called
the Mobius strip. The image S of [0, 1] x {0} is called the chord of M, that of [0, 1] x {—1, 1}
is the boundary M of M.

a) Show that M is homeomorphic to S'.
b) Show that § is a strong deformation retract of M.

¢) Determine 7;(M;xg) for some xg € dM and the subgroup (7 (OM;x0)) C w1 (M;xp)
where ¢ : M <— M is the inclusion map.

d) Show that dM is not a retract of M.

211 Let X = {(,£) |0 <7 < 1,n e N}U{(s5,0) | + <5 < 1} c R? equipped with the

induced topology. Show that X is connected but not path-connected.

2.12. Let G and G, be groups. Show that G| * G, = G, * G
a) using the construction of the free product;

b) using the universal property.

2.13. Let G and G, be groups. Show:
a) If g € G| = G5 has finite order then g is conjugate to an element in i; (G ) or in iz (G>).

b) If G| and G, are nontrivial then G * G, contains elements of infinite order.

2.14. Provide a presentation for the following group G:
a) G=2/2Zx7Z/3Z;

b) Z = Z;

¢) G=(2Z+Z)x (Z+Z),

d) G=Z+Z/[Z+Z,Z+7).

2.15. Decide whether or not the groups G and H are isomorphic where
a) G={a,b| a2b2> and H = {x,y,z | xy2,xz2);

b) G ={a,b|ab)and H = (x,y | x?).

2.16. Let X be a path-connected topological space. Show that the suspension XX (see Exer-
cise 1.11) is also path-connected.
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2.17. Show that the map C — C, z > z?, has the homotopy lifting property for W but not for
wl
2.18. Let X =R*\ (S' x {0}) =R*\ {(x,y,2) e R* | x2 +y?> = 1, z = 0}. Show:
m(X,{0}) =2
and draw a generator of the fundamental group.
2.19. On §" consider the equivalence relation ~ given by x ~ y & x = yor x = —y. The

quotient RP" := §"/~ is called the n-dimensional real projective space.
Show inductively using the Seifert-van Kampen theorem that for n > 2

71 (RP") = Z/27Z.
Hint: Exercise 2.10 may be helpful for the induction base n = 2.
2.20. Decide by proof or counter-example whether or not the following assertion holds true:

The Seifert-van Kampen theorem also holds if one only assumes that U NV is connected rather
than path-connected.

2.21. Let E = B X F and p = pr; : E — B be the product fibration. Show that the boundary
map 0 : w41 (B; bg) — 7, (F;eq) is trivial in this case.

2.22. Show that the inclusion SU(n) < U(n) induces an isomorphism

7 (SU(n)) = 7 (U(n))
for all k£ > 2.
2.23. The complex projective space is defined as CP" := §?"*! /~ where z ~ w iff there exists
u € S' ¢ C such that z = u - w. Here we have regarded $?*! = {z € C"*!||z| = 1} as a subset
of C"™!. The map p : $*"*!' — CP", z — [z]., is called the Hopf fibration.

Compute
mx(CP")

for all k < 2n.
Hint: You can use 73 (§™) = {0} forall 1 < k <m and m > 2.

224, letp : X > Y and g : Y — Z be Serre fibrations. Prove that g o p : X — Z is a Serre
fibration as well.

2.25. Let p : E — B be a Serre fibration, eg € E, by = p(eo) and F = p~'(bg). Show

a) If F is simply connected then 7 (E;eq) = m1(B; by).
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b) If E is contractible then 7,41 (B; by) = n,(F;eq) foralln > 1.

2.26. Let 0 — A A’ 2 A” — 0 be an exact sequence of abelian groups. Show that the
following three conditions are equivalent:

(1) There exists an isomorphism ¥ : A” — A X A” such that the following diagram commutes:
0 A—"sn g 0

T

00— A——AXA" —A"——0

where the arrows A — A X A” and A X A” — A” are given by the canonical maps
a +— (a,0) and (a,a”) — a”, respectively.

(i) There exists a homomorphism p’ : A” — A’ such that p o p’ = ida~.
(iii) There exists a homomorphism r : A’ — A such that r o = id4.

If these conditions hold then we say that the exact sequence is split.

2.27. a) Show that every exact sequence 0 — A LA 2 A7 = 0 of vector spaces (i.e. all
spaces are vector spaces over some fixed field and all homomorphisms are linear maps) is split.

b) Show that the exact sequence 0 — Z 2, Z — Z/27Z — 0 is not split.



3. Homology Theory

Homotopy groups are in general hard to compute. For instance, for spheres not all homotopy
groups are known even now. In this chapter we introduce rougher invariants which are much
easier to determine, the homology groups.

3.1. Singular homology

We will use the notation
ep=(0,...,0) eR"
e1=(1,...,0) eR"

en=(0,...,1) €R"

Now we define

n n
A" :=convex hull of e, ..., e, = {Z tie; [t; =2 0, Zti < 1} .
i=0 i=0

Then A" is called n-dimensional standard simplex.

Example 3.1. For n =0, 1,2, and 3 the standard simplices are familiar, compare Figure 61:

n=0: A = {ey} = point

n=1: A! = [0, 1] = line segment
n=2: A? = triangle

n=3: A? = tetrahedron

Definition 3.2. Let X be a topological space. A singular n-simplex in X is a continuous map
A" — X.

Now we fix a commutative ring R with 1. The most important examples will be
R=R,Q,C,Z,Z/nZ.
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el q

€0 (]

Figure 61. 2 and 3-dimensional standard simplices

Definition 3.3. We define the set of singular n-chains S,, (X; R) as the free R-module generated
by C (A", X).

Then S, (X; R) is an R-module. Elements of S,,(X; R) are formal linear combinations }.;", &;0;
where @; € R and 07 € C(A", X). See Appendix A.l for more on free modules generated by
sets.

For n > 0 we consider the affine linear map F:'l L AT > A™! given by

€, Jj<i

Fl. (ej) = { 3.1

ej+15 ]Zl

Note that Fi maps A" to the face of A"*! opposite to e;.

Example 3.4. Consider the special case F2':

[ o
1 /\
F/r
P
1 €0 €]

€on e
\0_(2/

Figure 62. Face maps

Definition 3.5. If o is an (n + 1)-dimensional singular simplex in X then o := o o Fiis
called the i-th face of o .
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The boundary of a singular n-simplex in X is given by:
n . .
do =y (-1)'a.
i=0

We see that the boundary of a singular n-simplex is a singular (n — 1)-chain. We extend 4 to
chains by linearity. The boundary of a singular n-chain in X is thus given by

a(zm:ajcrj) =iaj60'j.
Jj=0 Jj=0

Hence we obtain a linear map 9 : S,,(X; R) — S,_1(X; R) and we set d(0-chain) := 0.

Lemma 3.6. 900 =0.

Proof. 1t suffices to prove ddo = 0 for all n-simplices 0. For j < i we have
FioF!  =FjoF . (3.2)

We compute

Maz‘%Zewawﬂ
i=0

= Y (=1)d (oo F})
i=0

n n-—1
= Y (=)' Y- ooFioF]
i=0 j=0

= Z (—1)i+onF,ioF’{_l+ Z (—l)lu'j(J'oF,ioFle._1

0<j<i<n 0<i<j<n-1
.. . . st i’ o
= 3 CO¥orerlore 3 oo o R
0<j<i<n 0<j'<i’<n
= 0.

In the last step we used (3.2) for the first sum and changed the summation indices from i — j’
and j — i’ — 1 in the second sum. |

Now we define the set of singular n-cycles by

Zn(X;R) :=ker(d : Sy(X;R) — Su—1(X;R))
={c € S, (X;R) | dc =0}
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and the set of singular n-boundaries by

By (X;R) :=im(0 : Sp41(X5R) — S (X3 R))
={c € S,(X;R) | 3b € S,4+1(X; R) such that ¢c = db}.

Lemma 3.6 says B, (X; R) C Z,(X; R).

Definition 3.7. The quotient
Z,(X;R)

B, (X;R)

is called n-th singular homology of X with coefficients in R.

H,(X;R) =

Remark 3.8. The n-th homology H, (X; R) is an R-module.

Example 3.9. Assume that X = {point}. Then there is only one singular n-simplex, namely
the constant map o, : A" — X. In other words, S,(X;R) = R - o,. Consequently,
o\ =g, 0 Fi =0, and

" 0, n odd,
oo, = Z(—l)’b’n_l =40,-1, neven,n#0,
=0 0, n=0.
This implies
Z,(X:R) = R-0,, noddorn=0,
0, nevenandn # 0,
and
R- > dda
Bn(X;R)={ o 1O
0, n even.
We conclude that
R, ifn=0,
H,(X;R) = .
0, otherwise.

As in homotopy theory we not only associate groups to spaces but also homomorphisms to
maps. Let f : X — Y be a continuous map. Then we obtain an R-module homomorphism
Sp(f) : Su(X;R) — S, (Y; R) by setting

m

5,0 Dar-a) = Dlai-(Foo,
i=1

i=1
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Lemma 3.10. The diagram

Su(X:R) )5, (v R)

| |
Sn-1 (f)

Sp-1(X;R) —=S8,_1(Y;R)

commutes for all n > 0.

Proof. We compute
I(Sn(f)(0) =0(fc0)
= > (-Di(foa)oF}
i=0

=) (-D'fo(roFy)
i=0

=Su1 (N Y (Voo Fy)
i=0
= Sp-1(f)(00). o
This lemma implies S, (f)(Z,(X;R)) € Z,(Y;R) and S, (f)(B,(X;R)) C B,(Y;R). Hence
we obtain a well-defined R-module homomorphism H, (f) : H,(X;R) — H,(Y;R) where

H,()([x]) = [Su(f)(x)]. Here the square brackets denote the homology classes of the
n-cycles. One sees directly from the definition that H,, (-) has the functorial properties

(i) Hp(idx) = idp, (x;r)»

(i) Hn(fog)=H,(f) o Hn(g).
Exactly as for homotopy groups these functorial properties imply that a homeomorphism f :
X — Y induces an isomorphism H,, (f) : H,(X; R) — H,(Y; R). Homeomorphic spaces have
isomorphic homology groups.
3.2. Relative homology
For a topological space X and A ¢ X we call (X, A) a pair of spaces and set

C((X,A),(Y.B)) ={f e C(X.Y) | f(A) C B}.

We abbreviate S, (X) = S,(X;R) if R is understood. We observe that S,(A) C S,(X) and
0(S,(A)) c Sp—1(A). Writing S,,(X,A) = S,,(X,A;R) := S,(X;R)/S,(A;R), the map 9
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induces a well-defined homomorphism 4 such that

Sn(X) Sn(X,A) (3.3)

o

Sn-1 (X) - Sn—l(X’ A)

commutes. Since d o d = 0 and since S,,(X) — S,(X,A) is onto we also have that d o d = 0.
Set

Zo(X,A) = Z,(X, A;R) :=ker (9 : Su(X,A) - S,—1(X, A)),

By (X,A) = By(X,A;R) :=im (9 : Sps1 (X, A) = S, (X, A)).
We define the relative singular homology of (X, A) by

Zn(X’ A;R)

Hn(X,A) = Hn(X,A,R) = m
n > >

Now consider the preimage of Z,,(X, A) under S,,(X) — S, (X, A) and set

Z,(X,A) == {c € $,(X) | dc € Su-1(A)},
B (X,A) :={c € S,(X) | 3b € S;+1(X) such that c + db € S,,(A)}.
Since Z,(X,A) = Z,(X,A)/Sn,(A) and B, (X,A) = B, (X,A)/S,(A) we obtain

Z(X,A)/Sn(A) _ Z)(X,A)
B, (X,A)/Sy(A)  Bh(X,A)

H,(X,A) =

Remark 3.11. For A = 0 we have the special cases

Z,(X,0) = Zu(X),
B, (X,0) = Bu(X),
Hy(X,0) = Hy(X).

Example 3.12. Let X = S' x [0, 1] be the cylinder over S! and A = S! x {0} c X, see Figure 63.
To construct an element in the relative homology H; (X, A) take the 1-simplex
oAl > X,
(te1r+ (1 —t)eg) +— (cos(2mt),sin (2xt), 1),
see Figure 64. Since o is a closed curve in X we find for its boundary
0o =o(e;) —o(eg) =0.

Therefore o € Z;(X) ¢ Z{(X, A) and, as we will see later, represents a nontrivial element in
H{(X). For the 2-simplices o and o defined as indicated in Figure 65.

we find for the 2-chain 0| + 0% the boundary d(o| + 02) = 0 + a where a € S1(A). Hence,
modulo a € §;(A), we have o € B{(X, A) and therefore 0 = [o] € H{(X, A).
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Figure 64. The representative o
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Figure 65. o is null-homologous

Let (X, A) and (Y, B) be pairs of spaces and f € C((X, A), (Y, B)). Then, for each n € Ny, we
have the commutative diagram

S, () 2L 5 (v)

S, ()1 g B)

Thus we obtain a well-defined homomorphism S, (f): S, (X,A) — S, (Y, B) such that

Su(X) =I5, ()

b

Sn (Xa A) - Sn (Y’ B)
commutes. Combining with Lemma 3.10 and diagram (3.3) we get the commutative diagram

Sn(f)

s T

Sn(X, A) Sn(X) Sn(Y) Sn(Y, B)

N AV

Sn-1(X,A) =— 85, 1(X) —= 8,1 (Y) —=S,,1 (Y, B)

We have extended Lemma 3.10 to relative homology. In particular, we obtain a well-defined
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homomorphism H,(f): H,(X,A) — H,(Y, B) such that

Za(X, ) YL 7.(v. B)

|, |

H,(X,A) — H,(Y,B)

commutes.

Let (X,A) be a pair of spaces. The inclusion map i : A — X induces a homomorphism
H,(i) : H,(A) — H,(X). Furthermore we have the inclusion map j : (X,0) — (X, A) which
induces the homomorphism H,(j) : H,(X) = H,(X,0) — H, (X, A).

We define the connecting homomorphism or boundary operator

8 : Hy(X,A) — H,_1(A), (3.4)
[e] = [dc],

where ¢ € Z/ (X, A). Note that dc € Z,_1(A) since 3> = 0. The connecting homomorphism is
well defined because replacing ¢ by another representative ¢ + db + a where b € S,41(X) and
a € S,(A) yields

c+db+a +— 9I(c+db+a)=0dc+da.

Since da € B,_1(A) we get [dc + da] = [0c] € H,—1(A). Since 0 : Z,(X,A) — S,-1(A)isa
homomorphism, the connecting homomorphism is also a homomorphism.

Lemma 3.13. The connecting homomorphism is natural, i.e. the diagram

H,(X,A) Hy (f)

/) 9|
Hyoy(A) Y1) (B)

H,(Y,B)

commutes for every f € C((X,A), (Y,B)) andn € N.

Proof. We compute

Hoe (FL0O( Y o)) = Hor (Fla) ([0 ) ]
| - n_l(f|A)([ZfaiZ<—1>j‘ff °Foil)
_ Za,z(—nfm:) ° (oi0 F)))
_ [Zaii(—l)j(foo'i) °F, ]
J

4
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= [E)Zai(fo(ri)]
=8[Zai(fom~)]
= 9(H()([ ) ier])). I

3.3. The Eilenberg-Steenrod axioms and applications

Now we list the most important properties of homology theory known as Eilenberg-Steenrod
axioms. The first axiom is exactly Example 3.9.

Dimension Axiom.
) R, n=0
H, ({point}; R) = { 0, otherwise

The next axiom deals with homotopy invariance. Two continuous maps fy, f; : (X, A) — (¥, B)
of pairs of spaces are called homotopic (in symbols fy =~ f;)iffthereexistsan H € C(Xx[0,1],Y)
such that for all x € X

H(x,0) = fo(x),
H(x,1) = fi(x),
H(A%[0,1]) c B.

Homotopy Axiom.
Let fy, fi € C((X,A), (Y, B)) be homotopic, fo =~ fi. Then the induced maps on homology
coincide, i.e.,

H, (fo) = Hu(f1) : Hn(X, A) — H, (Y, B)

holds for all n.

Remark 3.14. Let (X,A) = (Y,B), ie., there exist f € C((X,A),(Y,B)) and
g€ C((Y,B),(X,A)) such that f o g ~ idy p) and g o f =~ id(x,4). It then follows as be-
fore that H,(X, A;R) = H, (Y, B:R).
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3.3. The Eilenberg-Steenrod axioms and applications

Exactness Axiom.
For any pair of spaces (X, A) and inclusion mapsi : A — X, j : (X,0) — (X, A), the sequence

Hor (X, 4) <10
/)
Hy(A) 2 0 22 g (x, A)

4
O (A

is exact and natural.

Notation: For A c X we call

A= U U with U open in X
UcA

the interior of A and

A= ﬂ B with B closed in X
BcX

the closure of A.

Excision Axiom.
For every pair of spaces (X, A) and every U c A with U C A the homomorphism

Hu(j) : Hi(X\U,A\U) = Hp(X, A)
induced by the inclusion map
7 (X\U,A\U) = (X, A)

is an isomorphism.
The proofs of axioms A2, A3, and A4 will be given later. Before that we will show their
usefulness by studying some basic examples.

Remark 3.15. (cf. Exercise 3.1)

1.) If X # 0 is path-connected then Hy(X; R) = R and generators are represented by every 0-
simplex o : A — X. In other words, the isomorphism Ho(X; R) — R is given by 2o

2.) If Xg, k € K, are the path-components of X then H,,(X; R) = EBkeK H,(Xi;R).
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Theorem 3.16. Forn > 1 we have

R, f m=0orm=n
n. ~ ’
Hm(S"; R) = { 0, otherwise
R, if m=n

n gn-1, o~
H,, (D", 8" R) = { 0, otherwise

Proof. a) Forn > 1 the sphere S" is path-connected and therefore Hy(S"; R) = R.
For n = 0 we have that S° = {x, y} with the discrete topology and therefore Hy(S;R) = R & R.

b) We have the exact sequence

Ho(8°) — Hy(D') — Hoy(D"$%) — 0
Al Al

R? R

w w

(a,b) +— a+b

Since the map (a,b) — a + b is onto, the map Ho(D') — Hy(D', S°) must be zero. Hence
Ho(D', 5% =0.

For n > 2 we have the following exact sequence

Ho(S"'Y) — Hy(D") — Hy(D",5"") — 0
Al id Al
R — R

Again the second arrow has to be trivial and therefore Ho(D", S"~') = 0. This settles the case
m = 0.

¢) We will now use the exact sequence
H((D") — Hi(D",§"") — HyS"") — Hy(D")
For n = 1 we have

H(D") — H;(D.S%) — Hy(S®) — Hy(D")
Al Al Al

H{({point}) R? R
I w w
0 (a,b) — a+b

which implies H, (D', $°) = ker((a, b) — a +b) = R.
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3.3. The Eilenberg-Steenrod axioms and applications

For n > 2 we have

13

0
H{(D") — H((D",$""") — Hy($""') — Ho(D")
I
0

from which we get H; (D", S"~!) = 0.
d) Consider the pair of spaces (S, D") where D" = {x € S" | xy < 0} is the lower hemisphere.'

SI’L

Figure 66. Sphere relative to southern hemisphere

For n > 1 both D" and S" are path-connected, hence the inclusion D" < §" induces an

isomorphism Hy(D") — Hy(S"). From
0= Hy(D") — Hy(S") — H\(S",D") — Ho(D") — Ho(S")

we see that the connecting homomorphism H;(S", D") — Hy(D") must be zero. Therefore
H{(S") — H{(S",D") is onto. Since H(D") =0 we get H{(S™) = H;(S",D").

e) PutU” :={x e S" | xg < —%}.

S}’L

Figure 67. Excising a southern cap

By the excision axiom the inclusion

(S"\U", D" \U") — (§",D")

IFor later use, we also define the upper hemisphere D} ={xe 8" |x9 = 0}.
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induces an isomorphism
H,(S"\U",D" \U") = H,,(5",D")
since U" c D™. We also have that
(S"\U", D" \U") = (D?,5" ") ~ (D", 8"
where the homeomorphism is given by a vertical projection. This gives us the isomorphism
Hy(S"\U", D" \U") = H,(D",S"™").

In particular,

R, forn=1
ny ~ n pny ~ n ¢n-1y _ >
Hy(S") = H{($",D") = H{(D",8""") { 0. otherwise (3.5)
This concludes the case m = 1.
f) Finally we treat the case m > 2 by induction. Observe that
Hpy(D?) — Hp(S") — Hu(S",DY) — Hpyo(D")
I I
0 0
and
Hpu(D") — Hu(D",8"") — Hy1($") — Hpo1(D")
[ I
0 0
This yields
Hpn(S") = Hp(S",D") = Hy(D™,S"") = Hyoy (S"7) (3.6)
Induction over m concludes the proof. O

Remark 3.17. Let us describe a generator of H;(S!) = Z geometrically. We use the isomor-
phisms in (3.5) and start with H;(D',S%). The map ¢ : A' — D!, t — cos(n(1 — 1)), is a
singular 1-simplex with d¢ = const; — const_;. Under the isomorphism Hy(S°) = R? it maps
to (1,—1) which generates the kernel of the map R> — R given by (a,b) — a + b. Hence c
represents a generator of Hy (D', S°).

The isomorphism H; (D!, %) — H{(D', S°) induced by vertical projection gives us a generator
of H (DL, $°), namely the homology class represented by ¢’ : Al — D!, ¢+ 7(1-1),

The isomorphism Hy(D!,S%) — H(S',D!) is induced by the inclusion. Hence [¢] €
H,(S',D"!) is a generator. Now

F:A'x[0,1] > S, (1,5) > 7U=0+DD)
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3.3. The Eilenberg-Steenrod axioms and applications

is continuous and satisfies

F(t,0) = c' (1),

F(t,1) =772 = ¢ (1),
F(0,s)=-1eD!,

F(l,s) = e ™ e pl,

Thus ¢’ =~ ¢” as maps (A', {0, 1}) — (S!, D!). Using the homotopy axiom we compute
['] = [¢" eidat] = Hi(c")[ida1] = Hi (") [idpr] = [¢” 0idpi] = [¢”].

Therefore [¢”’] € Hi(S', D) is a generator. Since d¢” = const. (1) — const.r(g) = const_| —
const_; = 0, the 1-simplex ¢ represents a homology class in H;(S'). Moreover, since inclusion
induces an isomorphism H;(S') — H;(S', D) we find that [¢”] € H;(S") is a generator.
Using the homotopy (z,s) > ¢/™5~2") we see that t — e~ %" also represents a generator of
Hi(S"). Finally, playing the same game with lower and upper hemispheres interchanged shows
that 7 — €2 represents a generator of H;(S') as well.

As a first application of Theorem 3.16 we now prove Brouwer’s fixed point theorem in all
dimensions.

Theorem 3.18 (Brouwer’s fixed point theorem). Let f : D" — D", n > 1, be a continuous
map. Then f has a fixed point, i.e., there exists an x € D" such that f(x) = x.

Proof. We assume that the map f does not have a fixed point and then derive a contradiction.
Let n > 2 (the case n = 1 having been treated in Remark 1.6).

Now consider the continuous map g : D" — §* ! asin
the picture. Denote the inclusion mapby ¢ : S*~! — D"
and note that g o ¢ = idgn-1.

g(x)
aD" = sn-1

Figure 68. Constructing a retraction

By the functorial properties of homology we obtain the following commutative diagram:

H,,_; (id)=id

Hn—l(Sn_l;Z) =Z Hn—l(Sn_l;Z) =7

Hn—l(Dn;Z) =0
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Since the identity Z — Z does not factor through 0 we run into a contradiction. m|

Now we are in the position to answer the third question on page 3.

Theorem 3.19. For n # m the space R" is not homeomorphic to R™.

Proof. Let us assume there exists a homeomorphism f : R" — R™. Then

R0} - R\ {f(0)}

is also a homeomorphism. Since R” \ {point} ~ §"~! we obtain an isomorphism on the level of
homology groups:

H;(S"") = Hy(R"\{0}) = H;(R™\ {f(0)}) = H;(S"").

By Theorem 3.16 this is a contradiction for j =n —1or j = m — 1 unless n = m. O

Proposition 3.20. Forn > 1lets : S — S" be the reflection given by

S(Xo,xl, ce axn) = (_anxl’ ce axn)-

Then the map
Hy(s) : Hy(S") = Hy(S")

is given by H,,(s) = —id.

Proof. The proof is given by induction. First consider the case n = 1. Let c: A — S' be a
1-simplex generating H;(S') and let S; (s)(c) be its image under the induced homomorphism on
1-chains.

S1(s)

T

Figure 69. The reflection in one dimension

We need to show that H(s)[c] = [S1(s)c] = —[c]. We construct two 2-simplices. The first one
is as indicated in Figure 70.
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3.3. The Eilenberg-Steenrod axioms and applications

€2
ﬁ o1
€0 (S

Figure 70. First 2-simplex o

Applying the boundary operator yields
0o = S1(s)c — const + c.

The second 2-simplex is the constant map.

T

Figure 71. Second 2-simplex o

We apply the boundary operator again and we get
0o = const — const + const = const
It follows that for the chain o + o> that
d(o1+02)=81(s)c+c

and hence
0=1[d(o1+02)] = [Si(s)c+c] = [Si(s)c] + [c].

This yields the desired result in the case of n = 1.
The induction step n — 1 = n follows from the following commutative diagram:

H,(S") —= H,(S",D") ~— H, (D", 8" ") —=H,_ (5" 1)

Hn(s)l Hn(s)l Hn(s)l lHn—I(S)

H,(S") —— H,(S",D") =<— H, (D", 8"") —— H,_; ($"")

where the horizontal isomorphisms are the ones in (3.6). Commutativity of the last square
follows from Lemma 3.13 and that of the first and the second one from the fact that the horizontal
isomorphisms are induced by inclusion maps (which commute with s). Note here that we have to
choose the lower hemisphere with respect to a different coordinate than the one which is reflected
by s so that s(D") = D". O
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Remark 3.21. Let a : §" — §" with a(x) = —x for all x € S" be the antipodal map then
H,(a) = (=1)™*!. This follows from the fact that a is the composition of n + 1 reflections.

Definition 3.22. A vector field on S" isamap v : S" — R™*! such that v(x) L x forall x € §".

v(x)

Figure 72. Vector field on S™

Theorem 3.23 (Hairy ball theorem). The n-dimensional sphere S™ admits a continuous vec-
tor field without zeros iff n is odd.
In particular, every continuous vector field on S* has a zero.

Loosely speaking, this means that every continuously combed hedgehog has a “bald” spot.

Proof. If nisodd we simply setv(x) := (—xy,x0, —X3, X2, ..., —Xn,Xn—1). This defines anowhere
vanishing continuous vector field.

Now let n be even and let v : S” — R™*! be a continuous vector

field without a zero. Then we can put w(x) := % We define

the continuous map F : $" x [0, 1] — S” by
F(x,t) := xcos(nt) + w(x) sin(7xt) .
Since F(x,0) = x and F(x,1) = —x = a(x) with a(x) the

antipodal map we have found that ¢ ~ id. Hence H,(a) =

H,(@id) = 1. Figure 73. The retraction

This contradicts H,,(a) = (=1)"' = -1. o

3.4. The degree of a continuous map
For n > 1 we consider a continuous map f : S* — S". Then the homomorphism
Hy(f) : Ho(S"2) = Z — Ho(S"2) =2

is given by multiplication with a number which we denote deg(f) € Z.
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Definition 3.24. The number deg(f) is called the degree of the map f. The degree can be
defined in the same way for continuous maps f : (D", §"*~!) — (D", 5" ).

Examples 3.25. 1.) For a reflection we have deg(s) = —1.

2.) For the antipodal map we have seen that deg(a) = (=1)"*!.

Lemma 3.26. The degree of a function has the following properties
(i) deg(id) = 1;
(i) deg(const) = 0;
(iti) deg(f o g) =deg(f)deg(g);
(iv) If f = g then deg(f) = deg(g);
(v) If the map f is a homotopy equivalence then deg(f) = +1;

(vi) For f : (D", 8™) — (D™, 8") we have deg(f) = deg(f|Sn).

Proof. The first and third assertion follow directly from the functorial property of H, (f). The
fourth and fifth statement follow from the homotopy axiom. The second assertion follows from
the fact that the homomorphism induced by a constant map factors through H,,(pt) = 0. The last
statement of the lemma follows fromm the commutativity of the following diagram:

H,,
Hypy (D1, g7y — et

la

H,(S")

Hn+1 (Dn+1’ Sn)

|-

Hpe n
1(flsn) H,(s")

Theorem 3.27. (i) Every f € C(S", S") without fixed points satisfies deg(f) = (—=1)"*!.

(ii) Every f € C(S", S™) without an antipodal point, i.e., f(x) # —x for all x € S", satisfies
deg(f) = 1.

(iii) For n even every f € C(S™, S") has a fixed point or an antipodal point.
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Proof. (i) Let f € C(S",S™) be without a fixed point. Then the line segment joining f(x)
and —x does not contain the origin.

FN

Hence we can define the continuous map

1 - —
F:8"x[0.1] = 8" F(x.1):= |E1-2§8—Z|'

Since F(x,0) = f(x) and F(x,1) = —x = a(x) with a being the antipodal map the map F
is a homotopy for f ~ a. Thus

deg(f) = deg(a) = (~1)™".

(i) Now let f € C(S™, S™) be without antipodal points. Then we can define

o (0=0f(x) +1x

GO = Ty e vl

—-X
f )

Since G (x,0) = f(x) and G(x,1) = x we have that f ~ id and deg(f) = deg(id) = 1
follows.

(iii) Finally, assume that f € C(S", S™) has neither fixed points nor antipodal points. Then
deg(f) = (=1)"*! by ((i)) and by deg( f) = 1 by ((ii)). Thus n must be odd. O
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Let u: " x 8" — §" for n > 1 be a continuous map. We choose p € S" arbitrarily and define

J1:8S" > 8"x 8", x> (x,p),
Ja: St > S"x S, x> (p,x).

We then get the following diagram:

Hy,(j1),Hy, (j Hy,
72 & H, (S") ® H,,(S") (Hn(j1),Hn(j2)) H, (8" x S (1) H,(S") =7

\/

(d1,d2)

with d,, € Z.

Definition 3.28. The pair of numbers (d;, d») € Z? is called the bidegree of the map p.

Remark 3.29. The bidegree does not depend on the choice of p. If one chooses another p’, then
a path from p to p” will yield a homotopy between the corresponding embedding maps j, and j,.
Hence they induce the same homomorphisms on homology and therefore the same bidegrees.

Examples 3.30. 1.) Consider the case n = 1, S' ¢ C and let the map u be given by u(z1,22) =
7122. Choose p = 1 € S!. Then u o j; = id and thus

dy =deg(uo ji) =deg(id) = 1.
Similarly, we get d» = 1. Hence the bidegree by (d;,d>) = (1, 1).

2.) In the case of n = 3, S c H we consider the map u given by quaternionic multiplication,
u(hy, hy) = hyhy. Similar reasoning shows that the bidegree is again given by (d;, d>) = (1, 1).

Remark 3.31. The quaternions H form a division algebra isomorphic to R* as a vector space.
The algebra H is associate and noncommutative. The standard vector space basis we be denoted
by 1,1, j, k. Therefore any & € H can be uniquely written as

h:h0+h1i+h2j+h3k.

Quaternionic multiplication is now determined by the relations i> = j2 = k> = ijk = —1. With
the help of the conjugation
h* = h() - h]i—hzj —h3k

we can define |A| := Vh*h. We regard S? ¢ H as the set of unit-length quaternions.
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Proposition 3.32. Letn =1 orn =3 and let k € Z. The map fi : S* — S™ with fi : z > z*
given by complex multiplication in the case n = 1 and by quaternionic multiplication in the
case n = 3 has degree k.

Proof. The proof is by induction on k. For k = 0 and £ = 1 the statement is trivial because
constant maps have degree 0 while the identity has degree 1. The case of k = —1 has already
been shown for n = 1, since here z > z~! = 7 is a reflection and hence deg(f_;) = —1. On the
other hand for k = —1, n = 3 we note that S' ¢ §? c §° regarding C ¢ H. Now the following
commutative diagram

Hy(S") = H)(S?) = H3(S%)
H, (f—]|sl):deg(f—l|sl):_ll lH3(f—1)=deg(f—|)
Hy (S = Hi(S?) = H3(S%)
implies that deg(f-;) = —1 in the quaternionic case too. The horizontal isomorphisms are

obtained as the composition of the isomorphisms
Hk(Sk) =~ Hpy (Dk+1 , Sk) =~ Hpy (Sk+1 , D]i+l) =~ Hpy (Sk+1).

We used that the quaternionic multiplication restricted to the complex numbers C is just complex
multiplication.

Now we are ready to carry out the induction over k. We consider k > 0 and we show that the
statement for k — 1 implies that for k. Let u be complex (resp. quaternionic) multiplication. Then

deg(fx) = deg(uo (fk-1, /1))
_ deg(fr-1)
= (D ( deg(fi) )
= deg(fk-1) +deg(f1)
= k—-1+1=k.
The case k < 0 is treated similarly. m]

Now we can show that the fundamental theorem of algebra 2.34 also holds for quaternionic
polynomials.

Theorem 3.33 (Fundamental theorem of algebra for quaternions). Every  quaternionic

polynomial

P =+ + .+
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of positive degree k has a quaternionic root.

Proof. Suppose the polynomial p has no root. Then we can define the continuous map
PSP — $3with p(z) := &—gl Now consider F(z,7) : $3x[0, 1] — S° with F(z,1) := |ZE;3|
We observe that F(z,0) = const and F(z,1) = p(z), hence we have p(z) =~ const and conse-
quently deg(p) = 0.

On the other hand, we can put for z € §3 and ¢ > 0

G(Z,f) = W(%H

and observe that the expression

z _
tkp(;)zzk+taqzk v+t

extends continuously to f = 0. The map G : 3 x [0, 1] — S° satisfies G(z,0) = f(z) and again
G(z,1) = p(2). Thus p = f; and hence deg(p) = k. This contradicts k > 0. O

Now let U c S" be open, n > 1. Consider a continuous map f : U — S" and a point p € S"
such that f~!(p) is compact. Then we have the following diagram (with deg »(f) €Z):

Z = Hy(S%Z) Lo Hy(S", 8"\ £ (p):2) <o H, (U UN £ (p):Z)  (BT)

degp(f)l lHn(f)
7 = H,(5"2) 2 Ha (5", 5"\ {p}: )
We observe:

1. Concerning (7): This homomorphism is induced by the inclusion
"= (8".0) = (58" \ 7 (p)).

2. Concerning (ii): The inclusion (U, U\ f~!(p)) = (8", S"\ f~!(p)) induces an isomor-
phism by the excision axiom.

3. Concerning (ii7): Consider the exact homology sequence of (S”,S" \ {p})

0= Hy(S" \ {p}) = Ha(S") = Hy(S", " \ {p}) = Hyp_1 (S" \ {p}) = Hy-1(5").
| ——

_0 forn >2
1z forn=1

Hence in both cases n = 1 and n > 2 the homomorphism (ii7) is an isomorphism.
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Definition 3.34. The number deg, (f) is called the local degree of f over p.

Examples 3.35. 1.) If p ¢ im(f) then deg, (f) = 0 because H, (5", ") = 0.

2) If f: U — §" is the inclusion map then deg , (f) = 1 for all p € U. Namely, in this case the
homomorphisms (i) and (iii) in (3.7) coincide and so do H,(f) and (ii).

3.) For a homeomorphism f : U — f(U) c " we have that deg,(f) = £1 for all p € f(U).
Namely, the homomorphisms (i) and H,(f) in (3.7) are isomorphisms in this case, hence
multiplication by deg,,(f) is an isomorphism, thus deg , (f) = +1.

Proposition 3.36. Assume that f~'(p) ¢ K ¢ V c U where K is compact and V open. Then
the degree deg ,(f) is given by:
Hy(S™) — H, (8", 8"\ K) <—— H,(V,V \ K)
degp(f)J( lHn(flV)
H,(S") = H, (8", 8"\ {p})

Hence we can replace f~!(p) by a larger compact set in U and also U by a smaller open
neighborhood of f~!(p). For this reason we call deg,, (f) local.

Proof. The assertion follows from the commutativity of the following diagram:

H, (8", 8"\ f~U(p)) <— H,(U,U\ f~1(p))

H,(5") H, (8", 8"\ {p}) <= H,(S")

H, (5", 8"\ K) = H,(V,V\K)

where all but two arrows are induced by inclusions. |

Corollary 3.37. For f : §" — S" we have that deg(f) = deg,,(f) for all p € S".

Proof. Choose K =V = S" in Proposition 3.36. |
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Lemma 3.38. Let f : (D?,S" ') — (D7, 8"") be continuous and p € D" such that
f~Y(p) c D" is compact. Then

deg(f) = deg,, (f1py)-

Proof. We extend f to a continuous map F : (S", D") — (8", D") by mapping the circular arc
from a point x on the equator "~ to the south pole to the corresponding arc from f(x) to the
south pole. In formulas,

f(xo,x") if xo > 0,
F (x0,x") = { | X0, llx"]| - (f(O,X'/HX'H))’) if —1<x<0,
(-1,0) ifxg =—1.

Here we wrote x = (xg,x’) = (x0,X1,...,X,) € 8" ¢ R™!. Then by Corollary 3.37 and
Proposition 3.36 with K = f~!(p), V = D" and U = §" we find

deg(F) = deg, (F) = deg, (F|,) = deg,, (f]y) - (38)
On the other hand, the commutative diagram

(D}, §"1) —= (8", D) —— 8"

P

(D%, 8" 1) — (8", D") <—— "
yields on the level of homology

H, (D%, 8""") —=— H, (8", D") <— H,(S")
J{-deg(f) lHn(F) l-deg(F)
H, (D}, 8" ") ——= H, (8", D") <—— H,(S")

Hence deg(F) = deg(f). This together with (3.8) concludes the proof. |

Proposition 3.39. Let f : U ¢ S" — S™ be continuous, let p € S™ with f~'(p) compact and
let g € C(S™, S™). Then
deg,(f og) =deg,(f) - deg(g).
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Proof. This follows from the commutative diagram:

H, (S") H, (5", 8"\ f~'(p)) = H,(U,U\ f~1(p))
deg,, (f) J{Hﬂf )
deg(g)=Hn(g) H,(S") = H,(S", 8" \ {p})

M THn(ng)

Hy (8") — Hpu (8", 8"\ (f o 8) ™ (p)) = Ha(g7'(U), 87" (W) \ (f o 8)~"(p))

Remark 3.40. If X; are the path-components of X then

Hp(X) = 6]9 H,(X;),

see Exercise 3.1. The isomorphism is induced by the inclusion maps of the connected components
into X. Similarly one sees that for A Cc X and A; = AN X;

Hun (X, A) = @D Hu (X, A)) .

Proposition 3.41 (Additivity of the local degree). Ler f : U — S" be a continuous map. Let
p € S" be such that £~ (p) is compact. Let Uy C U be open and put fy := fly, 1=1,...,r.
Assume that {~'(p) is the disjoint union of the f/l_l(p), ie. f~1(p) = I_Iflzlf/l_l(p). Then

deg,, (f) = ) deg, (f2).
A=1

Before proving the proposition we give some examples.
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3.4. The degree of a continuous map

Example 3.42
Assume that f~!(p) is a finite set, i.e. @
£~ Y(p)={p1.,...,pr}. Now choose U, such

that p, € Uy and p, ¢ U, for v # A. It fol-

lows that @

deg,,(f) = ) deg,(f1).
A=1

If the map f is a local homeomorphism, then
deg, (f2) = %1 for every A.

Ua

Figure 74. The case of finite preimage
Example 3.43. Consider the map f : S' — S! with f(z) = zX, k > 0, and set p = 1. We write

£ (1) = {k-th unit roots} = {£1,..., &k}

and find that fi [small neighborhood of &, 15 @ homeomorphism. Hence deg( fx 1) = 1. Since k > 0,
the restriction of f to a small neighborhood of &, is homotopic to an embedding of a (k times
larger) neighborhood of &, into S'. Hence deg; (fi.1) = 1. We conclude deg, ( fx) = k.

Proof of Proposition 3.41. Choose open neighborhoods V; such that f/{l (p) c Vy c U, with
VanV,=0ford# u. NowputV =U"_ V. Proposition 3.36 tells us deg , (f) = deg, (f|v).

The commutative diagram

deg,, (flv)

Hu(flv)

Hy (8") =————=H,(V.V\ f7'(p)) H, (8", 8" \ {p}) =——=—— Hn(S")

?1

1
Dot Ha(S") — Doy Ha(Va, Va\ £ (p)

14
—
—_

®1H, (f2) =
— = B Ha (S, 8"\ {p}) =—— D'y Ha(S™)

(degp (f1)

degp(fr))
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3. Homology Theory

yields

deg, (fi) !
deg, (fIv) = (1,...,1)- | 5| = deg, (fi)+ ... +deg,(£). D
deg, ()] \1

3.5. Homological algebra

Before continuing with topological considerations we clarify some of the underlying algebra.
Throughout this section let R be a commutative ring with unit element.

Definition 3.44. A complex of R-modules K, is a sequence

Ontl o,
o—>Kpg —> Ky —> Ky — ...

of R-modules K, together with homomorphisms d,, such that
Op 0 Ops1 =0 (3.9)
for all n € Z. We define the space of n-cycles
Z,K, ={x € K, | 0,x =0} =ker(d,),
and the space of n-boundaries
BuK, = {0pr1x €K, | x € Kyy1} = im(0p41).

By (3.9) B,K C Z,K so that we can define the n-th homology by

_ Z,K.

H,K, = =2~
" B, K.

Example 3.45. For

"o, n<0

we obtain relative singular homology H, K. = H,(X, A; R).
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Definition 3.46. Given two complexes K, and K a chain map ¢, : K. — K| is a sequence of
homomorphisms ¢, : K,, — K;, such that

Pn+l ,
Ko+ Kn+1

laﬂﬂ l 6}”L+1

K,— 2~ K

commutes for all n € Z.

Example 3.47. For a continuous map f : (X,A) — (Y, B) the homomorphisms ¢,, = S, (f)
constitute a chain map.

Given a general chain map ¢, we conclude from

’
©$n © Opt1 = a,H_] O Pn+1

that ¢, (Z,K.) C Z,K, and also that ¢, (B,K,.) C B,K.. Hence ¢, induces homomorphisms
H,(¢.) : H,K, — H,K; by H,(¢.)([z]) = [¢nz]. This construction is functorial in the sense
that

Hy (¢« 0yps) = Hy(@s) o Hy () and  Hy(idg,) = idp,k, -

Definition 3.48. A sequence --- — K] B4R K. R K — ... of chain maps is called
@n Un

exact iff the sequence - - - — K, — K, — K] — --- is exact for every n € Z.

Proposition 3.49. If0 — K 5 K. KN K" — 0 is an exact sequence of complexes then

Hn s Hn * .
the sequence H, K, =) H,K, ~{B) H, K is exact for every n € Z.

Proof. a) By assumption we have that p, o i, = 0 and hence
0=H,(p.«oi.) = Hy(ps) o Hy(i).
Therefore im H,,(i,) C ker H,(p.).

b) It remains to show that ker H,,(p.) C im H,,(i..).

Let z € Z,K. represent [z] € ker H, (p.). Hence p,z = 8”x” for some x”" € K',,. Since pp4
is surjective we can choose x € K, with p,41x = x”’. We compute

pn(Z _ ax) — allxll _ allpn+1x — allx/l _ allxll — O.
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By exactness of the complex there exists y’ € K}, such that z — dx =i,y’. Now we get
in10'y = 0i,y' =0z - 0x] =0z —-00x =0.

Since i, is injective it follows that 3’y’ = 0, i.e., ¥y’ € Z, K] represents an element in homology.
Finally we see

Hy (i) ([Y']) = [iny'] = [z — 0x] = [2].
This shows ker H,,(p.) C im H,,(i..). O

oy » P
Definition 3.50. Let 0 — K BN SN K" — 0 be an exact sequence of complexes. We
construct the connecting homomorphism

. : H\K! — Hy,_ K.

as follows: Let z”” € Z, K. represent an element [z”'] € H,K.'. Since p,, is surjective we can
choose x € K,, with p,,x = z””. For dx € K,,_; we observe

Pn10x=0"p,x=0"7"=0.

By exactness there is a unique y’ € K’ | withi,,_1y" = dx. Moreover,
in20'y =0i,_1y =00x =0.

Since i,,_, is injective we have 9’y’ = 0, i.e., ¥’ € Z,_1K.. Now put

0:[2"] := [Y'].

Lemma 3.51. The conncecting homomorphism 9, : H,K! — H,_ 1K, is well defined, i.e.,
independent of the choices made in its construction.

Proof. There are two choices in the construction of the connecting homomorphism: that of the
preimage x with p,x = 7z’ and that of the representing cycle z” itself.

As to the choice of x, let p,x = p,X = 7. For the corresponding elements y’, 3" € K/ | we
have and i,_;y" = dx and i,_1y’" = 0x. Since p,(x — X) = 0O there exists an w’ € K, with
x—Xx =1i,(w"). We compute

in1(y' =) =0(x = %) = 9(inw’) = in-100",

from which we conclude that y — ¥" = dw’ and therefore [y’] = [¥’].
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3.5. Homological algebra

As to the choice of the representing cycle z”, it suffices to show that if z”” is a boundary then
[y'] =0. Let 2”7 = 8" be a boundary. Since p,,; is onto we can choose & € K,,; with
Pn+1& = ¢”. Then x = 0¢ is an admissible choice because

pnx:pna§: allpn+1§:all§ll :Z”.

Thus dx = 00¢ = 0 and hence y’ = 0. |

It is easy to see that the connecting homomorphism is indeed a homomorphism. Now we are
ready to prove the Exactness Axiom.

Proposition 3.52. If0 — K 5 K. RN K" — 0 is an exact sequence of complexes then
the long homology sequence

a* Hn '* Hn * 6*
o ——Hu K — H,K; ) H, K. L2 )HnK;/—>Hn—1K:<—>"'

is also exact.

Proof. In view of Proposition 3.49 it remains to show ker H (i) = im d, and ker 9, = im H(p).

a) imd, C ker H(i):
Using the notation of Definition 3.50 we compute

H(i)d,[z"] = H(i)d.[px] = H(i)[i 'dx] = [dx] = 0.

b) ker H(i) C im0,:

Let H(i)[z'] = 0. Then we have [iz’] = O and therefore iz’ = dx. Put z” := px. Then
0"7" = 0" px = pox = piz” = 0. Hence 7"/ € Z, K, represents an element in homology. We
compute

0.["] = 8. px] = [i""ox] = ['].
Hence [7'] € im 0..
¢) imH(p) C ker d,:

This follows from
8.H(p)[z] =d.[pzl =[i"" 0z ]1=0.

——
=0

d) kerd, c im H(p):
Let 0.[z”] = 0. We write z”” = px and compute

0=0.[z"]=0d.[px] =[i 'ox].
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This implies that i~'dx is a boundary in K’. Hence we have that i~'dx = 0’x’ and therefore
d(x—ix")=0x—-id'x' =0.

This finally leads to
H(p)[x —ix'] = [px — pix'] = [px] = [Z"],
hence [7”'] € imH(p).

Example 3.53. For K], = S,,(A), K,, = S,,(X) and

Sn(X)

Kyl = Su(X.A) = @

Proposition 3.52 now yields the Exactness Axiom for singular homology.

Example 3.54. Consider a triple of spaces (X, A, B) with B Cc A C X and set

K, = Su(A)/Sn(B)=Sn(A,B)
Kn = Sa(X)/Su(B) = Su(X,B)
Ky = Su(X)/Sx(A) = Sp(X,A).

Then the canonical sequence

0 K

n

Ky, K" 0

is again exact. By Proposition 3.52 we obtain the long exact homology sequence for a triple:

Hn+1 (X’ A)
a*

0

Hu1(A,B) —— . ..

Proposition 3.55. The long homology sequence is natural, i.e., if the diagram of chain maps

0 K -k, Pk 0
l% l‘ﬂ* l%’
0 J LN Sy g 0
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is commutative with exact rows then the diagram

Hn+1 (p*) * Hn(i*) Hn(p*)

0. O
HpnK! =~ H,K’ H,K, H,K! =~ ...

lHrHl(QD;/) lHn(‘/’;) lHn(tp*) lHn(‘/’;,)
) fs)

Hy (j:) Hy(q.)

Hn+1 (fl* % Oy
HyuLl! -2 H,L’ HyL. H,L 2

is commutative as well.

Proof. By assumption we have ¢ oi = j o ¢’ and ¢"’ o p = g o ¢, hence

H,(j) o Hy(¢),
H,(q) o H,(¢).

H, (@) o H,(i)
H,(¢") o H,(p)

We are left to show that the diagram

a*
HnK/I N n—]K/

a*
H,L" —— H,L’

commutes. We calculate

Huo1(9)0:[px) = Hu1(@)[i7'0x] = [¢'i7'0x] = [~ pox]
[/ ~'0¢x] = 0. [pex] = 8.[¢" px] = .H,(¢”")[px] .

which proves the assertion. |

Example 3.56. Let f € C((X,A),(Y,B)). For K|, = S,(A), K, = Sy(X), K]/ = S,(X,A)
and ¢;, = S,(fla), ¢n = Su(f), and ¢, the induced homomorphism on S, (X, A) we recover
Lemma 3.13.

Definition 3.57. Let ¢, : K — K’ be chain maps. A chain homotopy between ¢ and ¥ is a
sequence of homomorphisms
h, : K, > K’

n+l
such that
On —Yn = a,,H_]hn +hp_10,,

for all n € Z. The maps ¢ and  are called homotopic if such a homotopy exists. In this case
we write ¢ = ifr.
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Proposition 3.58. (i) The relation “~” is an equivalence relation on the set of all chain
maps K — K’.

(i) If o~y : K > K and ¢’ =y’ : K' = K" then ¢’ ~y'y : K — K”.

Proof. (i) First we show that “~” is an equivalence relation.
a) To show that ¢ ~ ¢ choose & = 0.
b) The statement ¢ ~ iy = ¥ ~ ¢ follows from replacing h by —h.

Ifp~ dy ~ y th ~ y.
) If p~yandy =y thenp = y
(i) Assume that ¢ = Y and ¢’ = W’. Now we calculate
Co—@'W=¢ (h+hd)=0¢"h+ ¢ hd,
hence ¢’ ¢ = ¢’¥. Similarly we see
‘/7,
G =y = (K +RO =8Ny +hyd,

hence ¢’y h/zw Y'yy. Combining both equivalences we get the desired result, namely

Yo=Y =y'y.

Homotopic chain maps induce the same homomorphisms on homology:

Proposition 3.59. If ¢ ~ : K — K’ then H,,(¢) = H,(¢) : H,K — H,K’ for all n.

Proof. Let z € Z,K. We compute

H,(¢)[z] = [¢z] = [yz+8"hz + hoz] = [yz] = Ha(y) 2]
because dz = 0 and [0 hz] = 0. |

Definition 3.60. A chain map ¢ : K — K’ is called a homotopy equivalence if there exists a
chain map ¢ : K/ — K such that ¢ ~ idg and ¢y = idg-. If such a homotopy equivalence
exists we write K ~ K.
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Corollary 3.61. If K ~ K’ then H, K H;
17

H,K’ for all n.
n (@)

3.6. Proof of the homotopy axiom

We put [ := [0, 1] and define the affine linear map
TS A S AT T

forj=0,...,nby

(e, 0),

(ex-1,1),

. ksj’
Tr{(ek):{ .
k>j.

In the case n = 0 we have
79 A" = A° X T ={ep} x1,

which is visualized in Figure 75.

(e0,0)
0
TO/
—— (eo, 1)
€0 €l
. 0
Figure 75. T;
In the case n = 1 we find
€2 (ep, 1) (e, 1)
0
Tl/
2 e (e0,0) (e1,0)
() (e(),l) (e1, 1)
1
Tl/
e el (e0,0) (e1,0)

Figure 76. T and T,
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Lemma 3.62. The composition of the operators T and the affine linear map F (defined in (3.1)
on page 80) yields:

T o FlL = (Fixid)o T/ (j =),
T o Fi*l = (Fixid)oT! | (j<i),
TioF , =T 'oF .,  (1<i<n),
T, o Fyyy =i,

n n+l .
Tn ° Fn+1 =10,

with i, : A" — A" X I being the inclusion map x — (x,t).

Proof. Let us prove the first formula where j > i. If k < i then
T o Fl, (ex) = T (ex) = (ex, 0) = (Fi xid)(ex, 0) = (F} xid) o T!_, (ex).
Ifi <k < jthen

i+1 1
T o F!

n+l

(ex) =T (exs1) = (exs1,0) = (F} xid) (ex,0) = (F} xid) o T/_ (ex).
If K > j then
T o FlL (er) = T (ersn) = (ex, 1) = (Fi xid) (ex—1, 1) = (F} xid) o T!_, (ex).

The proofs of the other formulas are similar exercises in index shifting. O

Now let o : A" — X be a singular n-simplex. Note that (o~ X id) o T,{ e C(A™!, X xI). We
define Po € S, (X X I) by

Po = (=1)/ (o xid) o T .
=0

We extend P linearly to chains and get a linear map
P:S(X) > Spn (X xI).
This homomorphism descends to relative chains
P:S,(X,A) > S (X xXI,AXI).

The operator P is called prism operator.
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Lemma 3.63. Let (X, A) be a pair of spaces. The operator P is a chain homotopy for
(i), SGT) : S(X,A) — S(X X LLAXI),

where iX : X — X x I denotes the inclusion map x — (x,1).

Proof. We have to show that
S(ig) - S(¥) = Pd +dP. (3.10)

Let o : A" — X be a singular n-simplex. We compute, using Lemma 3.62:

PY (1o )

i=0

n n-1
Z(—l)iZ(—l)j(o-oF,’;xid)oTr{_l

i=0 7=0

Z (=)™ (o xid) o (Fi xid) o T/,
0<j<i<n

Y (=DM (o xid)o (Fyxid) o T
0<i<j<n-1

- > (=D (o xid) o T o Fi}

n+l

Poo

0<j<i<n

- Z (- (o xid) o TS o F!

n+l-
O<i<j<n-1

On the other hand, we find

oPo

9 (=) (o xid) o T
j=0

n+l

N Y o xid) o T o By,
j=0 i=0

= Z (~D™ (o xid)oT] o Fl,,  (i<))

0<i<j<n
n

+ Y (o xid)oTioFl,  (i=))
i=0
n+l

—Z(O'Xid)oT,i_loFfl+1 (i=j+1)
i=1

+ Z (-1)* (o xid) o T/ o F!

n+l

(i>j+1)

1<j+l<i<n+l
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Z (_1)i+j'+l (O' % ld) o T’]l"+l ° F,i_H

0<i<j’<n-1

+(ox1id) oi; — (o xid) o iy

+ > (=) (o xid) o T] o FL Y
0<j<i’<n

In the last step we changed the summation indices to j* = j — 1 and i’ =i — 1. We see that
Pdo+0Po = (o xid)oi; — (o xid) oiy
= i{( oo — i())( oo

Sy (if)o- -5, (iff)o-

which proves the lemma.

Proposition 3.64. If f ~ g : (X, A) — (Y, B) then we have

S(f) =S(g) : S(X,A) —» S(Y,B)

Proof. Let F be a homotopy for f and g,i.e., F € C((X X I,A X I), (Y, B)) with
f=Foif, g=Foif.
Then by (3.10) we get
S(f) = S(g) = S(F)S@Y) — S(F)S(if) = S(F)PA + S(F)OP = S(F)Pd + dS(F)P.
Hence S(F)P is a chain homotopy for S(f) and S(g).

Corollary 3.65. The homotopy axiom holds for singular homology.

3.7. Proof of the excision axiom

We want to show that the inclusion (X \ U, A\ U) — (X, A) induces an isomorphism
H,(X\U,A\U) =H,(X,A)
provided U c A. X

Figure 77. Setup for the excision axiom
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Let X be a topological space and let U = {U;};e; be an open cover of X. A chain
o =2 ;o) € S,(X) is called U-small iff for each j there exists an i such that o7;(A") C U;.
We denote

SUX) = {o€S,(X)|oisU-small}
eBiSn(ji)
= im [P $u(Us) —— $u(X)
iel

with j; : U; — X the inclusion map. For A ¢ X we put
S (X)

Uu —
SU(X,A) = ST

Theorem 3.66 (Small chain theorem). The inclusion S¥ (X, A) — S,(X, A) induces an iso-
morphism in homology.

Before coming to the proof we show that the small chain theorem implies the excision axiom.
To this extent let (X, A) be a pair of spaces and let U C A be such that U c A. Now set U, := A
and U, := X \ U. Then U = {U,, U,} forms an open cover of the space X. We compute

SH(X)
SH(A)
Sa(A) +8,(X\ 0)
Su(A) +S,(A\ D)
Sa(X\ 0)
(Sn(A) +8,(A\ D) N S, (X \ O)
Sa(X\ )
Su(A\D)

SU(x, A)

Similarly we get

Sy (A\U) +S,(X\U) _ S,(x\0)
Sn(A\U) +S,(A\D)  Su(A\D)

SU(X\U,A\U) =

Thus
SU(X,A)=SH(X\U,A\U).

In the following commutative diagram all arrows are induced by inclusions.

SUX\U,A\U) —SHY(X, A)

! l

Sm(X\U,A\U) ——=S5,(X,A)
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By the small chain theorem the vertical arrows induce isomorphisms on homology and the
excision theorem is proved.

It remains to prove Theorem 3.66. We define the barycenter of A" by

1 n
B, = n+lzej'
j=0

Example 3.67. For example, e
B
By = eo,
1 (44} e eq el
31 = 5(80+61),

Figure 78. Barycenters in 1 and 2 di-

1
By = 5(60 +ep+er). mensions

For an affine map o : A" — A™! we define the affine map C,0 : A" — A™! by

Bn 2 k = Oa
(Cao)(ex) = 4"
o(ex-1), k=1.

Example 3.68. For the example o = Fg : A — A? see Figure 79.

Now we set

Szﬁ(A”) = {0' € Si(A") |o- = Z a;oj and each o is afﬁne} .
J

By linear extension we get a homomorphism

Cn . Siﬁ(An+l) N Saff (An+1) .

n+l

Lemma 3.69. The homomorphism C,, has the following properties:
(i) dCo(c) =c— (2 a;)Bo where ¢ = 3 ; a0,

(ii) 0C,(c) =c—Cp,_10c forn > 1.

118



3.7. Proof of the excision axiom

()
G
€o €]
[ — G
€0 €l
(%)
€0 €l

Figure 79. C;

Proof. (i) It suffices to show the assertion for an affine simplex ¢. We then find
(Coc)(eo) = B, (Coc)(er) = c(eo)
and hence
9Co(c)(eo) = (Co(c))(e1) — (Co(c))(en) = c(eo) — By = (¢ — 1By)(ep)
as desired.

(ii) is left as an exercise. O

Lemma 3.70. 7o each topological space X and each n € Ny we can associate homomorphisms

Sdy : Sp(X) = Sn(X),
Qn : Sn(X) — Sn+l (X)’

such that
(i) Sd. is a chain map, i.e., d o Sd,, = Sd,,_1 o 9;

(ii) Q. is a chain homotopy between id and Sd., i.e., id —Sd,, =0 0 Q,, + O,,—1 0 0;
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3. Homology Theory

(iii) Sd. and Q. are natural, i.e., for every f € C(X,Y) the following diagrams commute:

Sd, On
Sn(X)—>Sn(X) Sn(X)—>Sn+1(X)
Sn(f)l lsn(f) Sn(f)l lsnﬂ(f)

Sd, On

(iv) Ifthe map o : A" — A" is affine then each simplex o occuring in Sd, (o) orin Q, (o)
is affine and

diam(o;) < 1 diam (o).
n

+1

Proof. The construction of Sd,, and Q,, will be done recursively, the proof is by induction over
n. We start by considering the case n = 0. We put Sdp :=id : So(X) — So(X) and Qg := 0. It
is obvious that the four assertions hold.

In the case n > 1 we assume that Sd,,_; and Q,,_; are already defined and we set for a singular
simplex o : A" — X:

Sdy(0) 1= Su(0)(Cp=1(Sdy-1(0 (idan) )))
———
st (an)

| —
esat (am)

€S (am)

syt (am)

and
0,(0) = Sp+1(0)(Cp(idan =Sd,, (idan) — Qp—10idan)).

espt(am)

esilt ()

We have to verify assertions (i)-(iv). We check (iii):

Sdn (Sn(f)(0)) = Su(Sn(f)(0))(Cp-1(Sdn-1(d(idan))))
= Su(f 0 0)(Cp-1(Sdy-1(0(idan))))
=S (f) 0 8$u(0)(Cp-1(Sdy-1(9(idan))))
=8 (f)(Sdy(0)).

The computation for Q,, is similar.
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Next we check (i): First we consider the case that X = A" and o = ida».
d(Sd, (idan)) = 0(Cp-1(Sd,-1(0idan)))

L. 269 Sdn—l(a ldAn) — Cn_2a(Sdn_1(a ldAn))

ind. hyp.
MEVP g4, 1(8idpn) = CrsSdp_a 88 idan
——

=0
= Sd,_1(didn).

For a general simplex o : A" — X we then find

9(Sdn(0)) 9(S,(0)(Sdy, (idan)))
= Sn(0)(9(Sdy(idan)))
= Su(0)(Sdy-1(0idan))
Sdp-1(Sx (o) (9(idar)))
= Sdp-1(9Su(0)(idan))
= Sd,_1(d0).

Now we check (ii): Again we first consider the case X = A" and o = idan.
00 (idan) = 0C, (idpn —Sdy, (idan) — Qp—10 idan)
= idan —Sd,, (idarn) — Q10 idpn
=C18) idan —Sdy (idgn) = Q19 idan )

idpn —Sd,, (idan) = Q18 idpn
—Cp_; (a idan —8Sd,, (idan) — (Aidan —Sd,,_; (8idan)
+0n2(_00_idyn)))
——
=0
D idan =Sd,, (idpr) — Q18 idpn -

The passage to general o~ can now be done as before.

Finally we check (iv): It is clear from the recursive definition of Sd,, and of Q,, that each simplex
oj occuring in Sd, (o) or in Q,(0) is again affine. The diameter of an affine simplex is the
maximal distance of any two of its vertices. We distinguish two cases:

1. The vertices p, g of o; of maximal distance lie on do.

p q
Figure 80. Vertices of maximal distance
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3. Homology Theory

Then we find by the induction hypothesis

n—1

d(p,q) < diam(face of o) <

Z 7 diam(o) .

2. One vertex is By,:

%}7

Pi
Figure 81. Barycenter is a vertex

Then we find

n

Pi—mZPj
J

P

—

d(pl’Bn) =

3

1
] Z(pi—pj)
J

P

IA
3

=Y k-l

Pi—Pj

n+1 = -
<diam( o) and =0 for j=i

diam(o) .

n
+1

Conclusion 3.71. We have that Sd =~ id and therefore

Sd — Sd?

SdodoQ+SdoQod
00SdoQ +SdoQod.

We conclude that Sd* ~ Sd =~ id. Iterating this procedure we find that Sd” =~ id for all r € N.
Hence there exist homomorphisms Qﬁ,r) 2 Sp(X) = S, (X) with

Sdi —id=800Y +0" 04.

For o affine, we have for every o occuring in Sd" (o) that

diam(o;) < (#)r diam (o)
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Lemma 3.72. For o : A" — X continuous there exists a € > 0 such that all e-balls NA™ are
completely contained in o~ (U;) for some U; € U.

Proof. Assume the assertion were false. Then for £, = 1/k there exists a point p; € A" such
that

Bi(pr) = {x € A" | |x = pr| < ex}
is not contained in any of the o =! (U;). After passing to a subsequence we have that p;, — p € A"
by compactness of A". Choose ip with p € o~ 1(Uj,). Since o~!(U;,) is open there exists a > 0

such that Bs(p) C o-‘l(UiO). Now choose k so large, that |py — p| < 6/2 and &1 = % < 6/2.
We then find

By (pr) € Bs(p) € o' (Uyy),

a contradiction. ]

Corollary 3.73. Assume that o : A" — X is continuous. Then there exists an r(o) € N such
that every simplex o j occuring in Sd" (o) or in Q") (o) for r > r(c) is completely contained
in one of the U, i.e., Sd" (o), Q") (o) € SH(X).

Finally we can prove the small chain theorem.

Proof of Theorem 3.66. a) First we consider the case A = ().

i) We show injectivity: Assume that z € ZH(X) with H, (j)([z] HZI) = 0. Then there exists
an x € S,41(X) with dx = z. Now we calculate

0 Sd"x = Sd"ox
——
ES%] (X) for large r
= Sd'z
= z-00"z-0") oz
——
=0

Hence

z=0(Sdx+0"z)
[ —
eSH (X) for large r

and therefore [z] HY = 0.
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3. Homology Theory

ii) We show surjectivity: Let [z] € H,,(X) be given. We know that Sd"z € S¥(X) for r large
enough. We compute

[Sdz]  =[z-00Yz-0"), 8z 1=1zl.
— ——
€ H, () (HH (X)) =0

b) Now we pass to general (X, A). Consider the commutative diagram with exact rows:

HY(A) — H¥(X) —= HH(X,A) — H" (A) —= HY (X)

R

Hyp(A) —— Hp(X) —— Hp(X, A) —— Hp—1(A) — H,_1(X)

By part a) of the proof we know that the outer four arrows are isomorphisms. The Five Lemma
(Exercise 3.11) implies that the map H,'IL’(X, A) — H, (X, A) is also an isomorphism. O

3.8. The Mayer-Vietoris sequence

Let X be a topological space and let A C X be a subset. Assume that Uy, U, C X are open with
U,V U, = X, hence U = {U,,U,} forms an open cover of X. Consider the exact sequence of
chain complexes

Sn (i1)
(—Sn(;'g)) (Sn(j1),Sn (j2))

0——S,(U; N Uy) Su(U1) ® S, (Ua) SU(X)—=0

with the inclusion maps i, : Uy N U, — U, and j, : U, — X. We then get the following long
exact homology sequence:

Hn(il)
(H.h) a0 2) gy & g (U A U) = -
n n-—

- = Hy (Ui N U) H,(Uy) @ Hy(U2)
By the small chain theorem H (X) is canonically isomorphic to H, (X). Using this isomorphism

we can replace H¥(X) in the above exact homology sequence by H,,(X).

H, (j1),Hu(j
S Hp(U)) ® Hyy(Uy) T 2)) L H, (UyNUy) — -
(Hy () -Ho (73 J,E %

Hy (X)

The same reasoning applies to relative homology and we obtain
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Theorem 3.74 (Mayer-Vietoris sequence). Let X be a topological space, let A C X and let
Ui,U, C X be open such that Uy U U, = X. Set A,, := AN U, and let

hy 2(U1 NU;, A N Az) — (UV,AV),
Jv :(UV’ Av) - (X’A)a

be the inclusion maps, v = 1,2. Then the following sequence is exact and natural

( Hy, (i) )

BMV _Hn(iZ)

H,(UNUy, Ai N Ay) H,(U, A1) © H,(Us, Az)

Hn(]l)’Hn(]Z))
H,(X,A) WHn—l(Ul NUy;,AiNAy) ——---

Example 3.75. We give a new computation of the homology of S!. To this extent we cover the
circle as indicated in the picture.

U,

Figure 82. Open cover of S!

We directly see that
Ui = Uy ~(0,1) = {p}

and
UnU;=(0,1)U(0,1) = {p1,p2}

Consider the following part of the Mayer-Vietoris sequence.

H, (Ui N U2) = Hy({p1, p2}) ——— H,(U1) @ H,(U2) = Hy({p}) ® Hu({p}) ——= H,(S")

aMV

Hn—l(Ul N U2) = Hn—l({Pl,Pﬁ) - Hn—l(Ul) @ Hn—l(UZ) = Hn—l({p}) @Hn_l({p})

If n > 2 then all homologies of the point occuring in this diagram vanish. Hence H,,(S') = 0 for
all n > 2. Since §' is path-connected we have that Hy(S') = R. In the case n = 1 we find

11
0 Hi(SY) R (1) R2
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3. Homology Theory

To compute H; (S') we calculate

Hi (8" = ker(} }) = {(—xx)

Example 3.76. Now we consider the space X = G, as given in the picture.

xeR}ER.

U2

Figure 83. Open cover of figure 8

It is easy to see that U; =~ U, ~ S' and U; N U, ~ {p}. Since G, is path-connected we find
H()(G2) = R.

H,(UyNUy) = H,(Uy) ® Hy,(U>) = H,(G2) = H,—1 (U; N U)
—_————
=H, (S")eH, (S") =H,_1({p})

In the case of n > 2 we find the exact sequence
0—— Hn(G2) —=0
and hence H,,(G,) = 0. For n = 1 we find

Hi({p}) = H\(S") ® H\(S") — Hi(G2) — Ho({p}) — Ho(S") ® Ho(S") .
R —— R ——
=0 =R?2 R ~R2

13

The last map in this diagram is given by

Ho({p}) = R—— Ho(S") & Ho(S") = R?
~_)
and hence injective. Consequently we find the isomorphism

H1(G>) = Hi(Uy) ® H(Uy) = R*.

3.9. Generalized Jordan curve theorem

In this section we will use the Mayer-Vietoris sequence to prove the Jordan curve theorem in
arbitrary dimensions.
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Lemma 3.77. Let X be a topological space and let U; C X be open with U; C Uiy and
UienU; = X. Furthermore let v, : U, — X and v, p, : Uy > Uy, for m > n be the inclusion
maps. Then we have:

(i) Foreach a € Hi(X; R) there exists an ngy such that @ € im(Hy/(t,)) for all n > ny.

(ii) For each «, € Hi(U,;R) with Hi(t,)(a,) = O there exists an mqy such that
Hi(thm)(an) =0 for all m > my.

Proof. (i) Let @ € Hi(X). We represent a by

1
Za/jo'jezk(X;R), a; € R, O'jEC(Ak,X).
j=1

Note that O'j(Ak) C X is a compact subset and therefore C := Ui‘:l O’j(Ak) c X is
compact. Hence there exists an ng such that for all n > ng we have C c U,,. We conclude

that
i

Z a;0; € Zk(Un;R)
j=1

for all n > ng and therefore

a= [Z a,jo-j]]-]k(X) = Hnltn) ([Z a,jo—j]Hk(Un)) .

(i1) Again represent «, € Hy(U,) by 25:1 ajo;. From H,(1,)(a,) = 0 we know that there
exists a B € Cr41(X; R) such that 25:1 ajo; = 0. As before there exists a compact
subset C’ C X such that 8 € Cry1(C’; R). Since there exists an mq with C’ c U, for all
m > mg and thus 8 € Ciy1(Up; R) we have that Hy (¢,,,) (@n) = 0. ]

By an embedding we mean a continuous map f : X — Y which is a homeomorphism onto its
image. In other words, f is continuous, open and injective. In the considerations which follow
the domain will be compact and the target will be Hausdorff so that f is automatically open.

Proposition 3.78. Let n € N and let Y be a compact topological space such that for any
embedding f : Y — S"
H.(S"\ f(Y);R) = H.(point; R) .

Then the space [0, 1] X Y also has this property.
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Proof. Let f : [0,1] XY — S" be an embedding. Suppose 0 # @ € H;(S"\ f([0,1] xY)). Put

Up:=S"\ f([0,1]xY) and U, :=5"\ f([L1]xY).
— —
compact compact

Both Uy and U, are open. We also find

UpnUp=S"\ f([0,1]xY) and UyUU; =5"\ f({3}xY).
N——
xY

The Mayer-Vietoris sequence yields:

0=Hin (S"\ f({3} xV)) H; (8" \ f([0,1] X))

|

Hi(S"\ f([0, 5] xY)) ® Hi(S™ \ f([5, 1] xY))

Thus the inclusions S" \ f([0,1] X Y) — 8"\ f([O0, %] x Y)and S\ f([0,1] XY) —
S"\ f ([%, 1] X Y) induce an injective homomorphism

Hi(S"\ f([0.1] xY)) = Hi(8" \ f([0. 5] x¥) @ H(S" \ f([5.1] xY)).
Hence
0 # H(inclusion)(a) € H;(S"\ £([0,1] xY)) or
0 # H;(inclusion)(a) € H;(S" \ f([%, 1] xY)).
By iterating this procedure we obtain a sequence of intervals /i such that
Ip = [0, 1], Iiq1 C I, | =27%

and
0# H; (k) (@) € Hi(S"\ f(Ix XY))
for all k. Here Vi := 8™\ f(Ix XY) is open in ™ and tx; : Vx < V; for [ > k denotes the
inclusion map. We find
{1}
S"\ f{t} xY)=X

Now we apply the previous Lemma 3.77 for the inclusion ¢ : Vy < X. Hence, fori > 1,

Niendk
UkenVi

0+ Hi()(e) € Hi(X) =H;($"\ f({t} xY)) =0
—_———
xY

giving a contradiction. The proof for i = 0 is similar (or in fact the same if one uses augmented
homology). |
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Corollary 3.79. If f : D" — S" is an embedding then

H.($"\ f(D")) = H.({point})

Proof. The proof is by induction on r. For r = 0 we find
S"\ f(D%) ~ R" = {point}

and hence H.(S" \ f(D")) = H.({point}).
For the induction step “r — 1 = r” we observe D" ~ W = [0,1] x W ~! = [0,1] x D"~ and
hence Proposition 3.78 applies. |

Theorem 3.80. Letr < nand let f : S” — S" be an embedding. Then

H (S"\ f(S") = H.(S"" .

Proof. Again the proof is done by induction on r. For r = 0 we find

S"\F(S%) =8"\ {p, g} ~R"\ {0} = s""".

For the induction step “r — 1 = r” we write S” = D’, U D". Then D, N D" = §"~!. We put
U, :=8"\ f(D})and U- := §"\ f(D"). Both sets U,, U_ are open because f(D',) is compact.
In addition

U.NU_=8"\f(S) and U,UU_=S8"\f(S").

Now we look at the Mayer-Vietoris sequence and use Corollary 3.79:

Hin(Us) ®@ Hip(UZ) —= Hi (8™ \ f(S™ 1) ——= H; (8™ \ f(S5"))

=H;. (point)®H; (point)=0

H;(Uy) ® H;(U-)

=H; (point) ®H; (point) =0
ifi>1

Thus for i > 1 (and by similar reasoning also for i = 0) we get an isomorphism
Hi(S"\ f(8) = Hin (S"\ f(S"™1) = Hipy ($"77) = Hy(8"7"71).

This proves the theorem. O
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Theorem 3.81 (Jordan-Brouwer separation theorem). For any embedding f : S"~! — S"
the complement S™ \ f(S™~1) consists of exactly two path-components U and V. Both U and
V are open in 8™ and 0U = 0V = f(S™71).

Proof. a) We know that Hy(S™ \ £(S"~ 1)) = Hy(S°) = R?, hence $™ \ f(S"~!) has exactly two
path-components U and V.

b) Since f(S"!) is compact the union UUV = §™\ £ (5" !) is open and therefore both connected
components U and V are open.

¢) Since U and V are open they contain no boundary point of U, thus U c f(5"~!). Assume
that there exists p € $"~! with f(p) ¢ AU. Then there exists W c S" open with f(p) € W and
W N U = 0. Since f is continuous we can choose an open ball B ¢ $"~! with f(B) ¢ W. Since
§"~1'\ B ~ D" ! we find that the space ¥ := §" \ f(S"~!'\ B) is path-connected because of
Corollary 3.79:

Ho(Y) = Ho(S" \ f(S""\ B)) = Hy(point) = R.

Moreover, we have
Y=UUVUf(B)cUUVUW and UNn(VUW)=0

and hence
Y=nU)u¥nVuw))
~—— —————
U oV
can be written as a disjoint union of open non-empty subsets. This contradicts ¥ being path-
connected. O

Corollary 3.82 (Generalized Jordan curve theorem). Forevery embedding f : S"~! — R"
the complement R \ f(S™"~1) consists of exactly two path components U and V. Both U and
V are open, U is bounded, V is unbounded and dU = 9V = f (S"_l).

Proof. We use the stereographic projection to identify R" with a subset of S”,
S§" =R" U {oo}, fios" !t SR S

By the Jordan-Brouwer separation theorem the two path-components U and V of ™\ f(S"!)
are both open and U = dV = f(S*~!). Let V be the component containing co. Then U = U
and V = V \ {co} are the two path-components of R” \ £(5"~!). Clearly, V is unbounded and
AU = dU = 9V = 9V = f(S" ). If U were unbounded then co € QU which is not the case.
Hence U is bounded. O
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Remark 3.83. Consider an embedding f : §"~! — S§". If i > 1 we find for the homology of the
components of the complement

HUULV)=H;(U)®H;(V) = H(5% =0

and hence U and V have the same homology as a point. This makes us suspect that U,V ~ D".
For n = 2 this is indeed true, but it is false for n > 3. The Alexander horned sphere is an example
of an embedding of $? into S* where one component of the complement is not even simply
connected:

Figure 84. Alexander horned sphere”

The red circle in the picture is a non-contractible loop giving rise to a non-trivial element in
the fundamental group. A very nice video illustrating this embedding of S? can be found at
http://www.youtube.com/watch?v=d1Vjsm9pQlc.

3.10. CW-complexes

We now describe a type of topological spaces for which there is a particularly efficient way to
compute their homology. These space are obtained by gluing together balls of various dimensions.

Definition 3.84. A finite CW-complex is a pair (X,X) where X is a Hausdorff space,
X = 1,en, Xn» X € P(X) and |X| < oo with the following properties:

(l) X=]_[06X0'.

(ii) Set X" :=Uyex, 0 C X. Forevery o € X,, we have & \ o ¢ X" 1.

m<n

(iii) For every o € X, there exists a surjective continuous map

Yo D" > T CcX

2Taken from https://matteocapucci.wordpress.com/2019/02/05/you-wont-believe-what-this-space-is-homeomorphic-to
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such that ¢ | pn : D" — o is a homeomorphism.

Definition 3.85. Anelement o € X), is called an n-cell. The map ¢ is called the characteris-
tic map of o and X" is called the n-skeleton of (X, X). The map (,o(T|Sn_1 o gl s et

=0D"
is called the attaching map of o .
X2
XO
Xl
Figure 85. A 2-dimensional CW-complex
Example 3.86. Consider X = S” for n > 1. Then the choice
Xo = {{e1}},
Xn = {ow=5"\{ei}},
X, = 0, otherwise,
turns the n-sphere into a CW-complex.
D" 61 sn

Po,

Figure 86. Attaching an n-cell to a point to obtain an n-sphere

The attaching map to the n-cell is the constant map S*~! — {e;}. We have
X0=x'=x2=... =X"" ={e},
Sn = Xn - Xn+1 -
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Example 3.87. If aspace X has the structure of a CW-complex there are in general many different
ways to write X as a CW-complex, i.e., there are many different X for the same X. Let us look
again at X = S". We start with the case n = 0. Here the CW-structure is unique:

X, - {{{el}, {-e1}}, m=0
0, m>0.

For n > 0 we use that S*~! ¢ §” and define recursively

X,flnfl, m<n-—1
X,f;l = {Dof,Do’i}, m=n
0, m>n
Sn
Sn—l

Figure 87. Cell decomposition of S with two n-cells

Therefore we have in this case
Example 3.88. Real projective space RP". We define the real projective space as

RP" = {1-dimensional real vector subspace of R"*!} = R\ {0}/~

where
X = (X055 Xn) ~ Y= (Y05 -+»Yn)

iff there exists a ¢ # O such that x = ry. We consider the canonical projection map
m R™I\ {0} - RP", x - [x0,...,%].

The restrictiony := 7r| gn 8" — RP"iscontinuous and surjective. Thus RP" is compact. Clearly
U(x) =y (y)iff x = £y. We set

or :={[x0,...,xn] ERP" | xg41=...=x,=0, x #0}.
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Then
e = {[x0s- ... xn] €RP" | Xgg1 = ... =x, = 0} ~ RPK.

For the characteristic map ¢y : DX — & we can take

E [&1,..., &A1 - 1€]%,0,...,0].

It is clear that the map ¢ is continuous. Now we check that it is also surjective. Let

[x", xx,0] € & where x” = (xq,...,xx-1). Without loss of generality we assume that x; > 0.
Set & :== ——X—— € D*. We compute
VIx 2+ |xp |2

x' |x’|?
Sok(g): ) ]_ B ,0
[ I/ 2 + |xi |2 V e/ 12 + x|

B x |xx |?
P+ |Xk|2’ x| + |xk|?°

= [x', |xkl, 0]

= [x", xx, 0] .

Next we show that @i |5« is injective. Let ¢ (&) = i (n) for é,n € D¥. This leads to the two
equations:

g=m and 1 -1¢P =131 - In?
for some ¢ # 0. Squaring and adding both equations we find
EP+ 1= €17 = 2> + 22 (1 = )

leading to > = 1 and consequently r = +1. Since |¢], || < 1 it follows that /1 — |£]2 > 0 and
v 1 = |n|? > 0 and therefore ¢ > 0. Hence # = 1 and thus & = 7.
The map ¢ : D¥ — & is closed, therefore the restriction

(,Dk|bk . Do — Ok
is bijective, continuous and closed, hence a homeomorphism. We find:
X% ={point}c X' ¢ X* c---c X"

—— —— ——

~RP! ~RP? =RP"
Finally let us discuss the gluing map. For & € dD* = §¥~! i.e. |£| = I, the gluing map is given
by @i (¢) = [£,0,0] and hence ¢ = ¢ : SK-1 — XK1 x RPF-!,
Example 3.89. Complex projective space CP". For the complex projective space the discussion

is analogous to the real case with complex parameters instead of real parameters,

CP" = {1-dimensional complex vector subspace of C"**'} = ¢!\ {0}/~
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with x ~ y iff x = ¢y for some ¢ € C, t # 0. We find

1, mevenand 0 < m < 2n
|Xm| = .
0, otherwise

and
XO={point} =X'c X*> =xX>c X* =X’c...cx'= x".
S~ —— <
~CP! z(CPz —CP"*

Example 3.90. Quaternionic projective space HP". Similarly, for the quaternionic projective
space

HP" = {1-dimensional quaternionic vector subspace of H"*'} = H™*! \ {0}/~
withx ~ y iff x = ty for some ¢ € H, ¢ # 0, we find that

1, mdivisible by 4 and 0 < m < 4n,
|Xm| = .
0, otherwise,

and
XO={point} =X'=X>=X>c X* =... cx¥3=...=2 x¥ .
S~ S~
~HP! =HP"

Remark 3.91. Every compact differentiable manifold can be triangulated and is consequently a
finite CW-complex.

3.11. Homology of CW-complexes

Throughout this section we assume that (X, X) is a finite CW-complex. Our goal is to prove
Theorem 3.100 which will provide us with an efficient way to compute the homology of X.

Lemma 3.92. The map

o€ nHi o —
D H(D", sy 2= ) g xn, xn)

oeX,

is an isomorphism.

Once we have this lemma, Theorem 3.16 implies

135



3. Homology Theory

Corollary 3.93. We have the isomorphisms

RIXel - fori=n

Hy(X", X"") =
0, otherwise

Proof of Lemma 3.92. We set D™ := D" \ {0} and

X=X | eo (DM = X"\ {60 (0) | o € Xy},

oeX,

X

The inclusion §”~! < D" is a homotopy equivalence with homotopy inverse x s -

Dn

Figure 88. Punctured n-disk is homotopy equivalent to §"~!

We define

Y" = U D", ynl.= U sn1 Y= U D"

oeX, oeX, oeXy
The inclusions yield homotopy equivalences ¥Y”~! — ¥ and X*~! — X".

XZ

Xl

Figure 89. Punctured n-skeleton is homotopy equivalent to (n — 1)-skeleton

Now consider:

=Ugexy Po

. D .
(YY" hHe—s (y",v") (X", X" <—(x", X" 1)
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3.11. Homology of CW-complexes

Both inclusions induce isomorphisms on H;. Due to the diagram

HY"™ " —H,Y") — H;(Y", V") —= H; ., (Y*" ') —= H;_; (Y")

O T

H;(Y") —— H;(Y") — H;(Y",Y") —= H;_{(Y") —— H;_1 (Y")

and the Five Lemma the map H;(Y",Y"~!) — H,;(Y",Y") is also an isomorphism. Similarly,
we get that the inclusion (X", X*~!) < (X", X") induces an isomorphism H;(X", X"~ 1) —
H;(X", X™). The inclusions
(Yn \ Yn—l’ Yn \ Yn—l) PN (Yn’ Y”),
(Xn \ Xn_l,Xn \Xn—l) PN (Xn,Xn),

induce isomorphisms on homology by the excision axiom. In addition, we have
(Yn \ Yn—l,)}n \ Yn—l) ~ (Xn \ Xn—l,}'(n \ Xn—l)
Hence we find

P Hip", 57 = H vy

oeX,
= H;(Y",Y")
~ H,'(Yn \ Y"_I,Y" \ Yn—l)
~ Hl-(Xn \X"_l,X" \Xn—l)
= H;(X", X"
= H;(X", x" 1. O

Set K, (X,X) := H,(X", X" 1) = RI%»I_ We define a homomorphism
an : KI’L(X’X) - Kn—l(XaX)
by the following diagram:

--—>Hn(X",X"_1) LHn_l(X"_l) —H, (X" ———— -

= On

o ——H,  (X"?) ——H, (X" — H, (XL X2 ——

Lemma 3.94. The sequence of groups K, (X, X) together with 9, forms a complex.

The pair (K. (X, X), d) is called the cellular complex of (X, X).
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3. Homology Theory

Proof. The diagram

Hy(x", x"Y) 2> H, (X"

- On

Hyo (X" — H,_ (X", X772 2o H, (x772)

=0 = On-1

Hyo(X"72) — H, 5 (X"72, X"73)

shows d,,_1 o d, = 0 which is the claim. m]

Lemma 3.95. Forp > g >norn > p > q we have H,(X?P,X%) = 0.

Proof. The proof is by induction on p —q. The assertion is certainly true for p—g = 0. To analyze
the situation p — g > 0 we look at the exact homology sequence for the triple (X7, X9*!, X9):

ind. hyp.

H, (X9, X9) —— H,(XP, X9) — H,(XP, X9*) 0.

Since either ¢ > nor g < p < n we have n # g + 1. Thus H,,(X9*', X4) = 0 by Lemma 3.92
and hence H,,(X?, X?) = 0. O

Corollary 3.96. Forn > p we have that H,(X?) = 0.

Proof. Lemma 3.95 with ¢ = 0 says H,(X?, X%) = 0. The claim now follows from the exact

sequence
0= H,(X°) — H,(X?) — H,(X?,X") = 0.

Corollary 3.97. For g > n we have H,(X,X%) = 0.

Proof. Choose p > g so large that X” = X and use Lemma 3.95. O

Corollary 3.98. Forr > n the inclusion X" — X induces an isomorphism

Hy(X) = Hy(X7) .
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3.11. Homology of CW-complexes

Proof. The assertion follows from Corollary 3.97 and the exact sequence

0=Hu(X, Xr) I Hn(Xr) — H,(X) — Hp(X, Xr) =0.

Lemma 3.99. Forr > nandr > q the inclusion induces an isomorphism

Hn(X’ Xq) = Hn(Xr’ Xq) *

Proof. Since r > n+ 1, Corollary 3.97 gives us H, 1 (X, X") = H,(X,X") = 0. The assertion
now follows from the exact homology sequence of the triple (X, X", X9):

Hn+1(X’ Xr) - Hn(Xr’Xq) - Hn(X’Xq) - Hn(X’ Xr)

Theorem 3.100. We have the following isomorphism:

H,K.(X,X) = H,(X)

Proof. Consider the commutative diagram with exact columns and rows

Hyppr (X", X™) Hy_1(X"2) =0
\ l
o
0= H, (X" H,(X") L H,(x, X"y H,_y (X1
6n—1 l
Hn(Xn+l) Hn—l (Xn—], Xn—Z)

Hn(Xn+1, Xn) =0
Now we compute

Hy(X) = Hy(X™)
L H.(XM
T OHp (X1, X1
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3. Homology Theory

i.Hy(X")
" i.0H ey (X, XT)
_ ker(Hu (X", X" 1) = H,_1(X™*71))
N anI_In+l (Xn+l’Xn)
N ker(0,-1)
~ OuHp (X1, X)
= H,K.(X,X)

and the theorem is proved. O

In the following examples we set @, := |X,].

Example 3.101. We consider X = §” for n > 2. The CW-decomposition of S" from Exam-
ple 3.86 has
g =a, =1, a; = 0 otherwise.

Hence we have to compute the homology of the complex
R—0¢— «— 00— R—0Q¢c—.--

Since all arrows are 0 the homology coincides with the complex, hence

R, j=0orn,
0, otherwise,

which confirms our earlier findings.

Example 3.102. Now look at X = CP". Then we have for the CW-decomposition from Exam-
ple 3.89
Qy=ay=...=ay, =1, a; = 0 otherwise.

Again all arrows in the complex
R—0Q0¢— «— 00— R—0Qec—-.--

must be zero, hence the homology is given by

R, j=0,2,...,2n,
0, otherwise.

Example 3.103. Consider X = HP". For the CW-decomposition from Example 3.90 we have
Q)=Q4=Qg=...=Q4 =1, a; = 0 otherwise
and all arrows in

O—R—0—0—0—Reé¢— " «—0c—Re—0¢—---
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3.12. Betti numbers and the Euler number

must be zero. We find for the homology

H, (HP")

IR

{R, j=0,4,8,....4n,

0, otherwise.

3.12. Betti numbers and the Euler number

Throughout this section let R be a field.

Definition 3.104. The dimension b;(X; R) := dimg H;(X; R) is called j-th Betti number of
the space X (over the field R).

Now let (X, X) be a finite CW-complex. Denote the number of j-cells in (X, X) by ;. Then
we get the following estimate for the Betti numbers:
bj(X;R) =dimg H;(X;R)
di ker(aj K](X,X)—>K]_1(X,X))
= dimg -
Rim(d)41 : Kja1 (X, X) = K;(X,X))
< dimgker(9; : K;(X,X) — K;_1(X, X))
< dimg K;(X, X)

:aj.

We conclude that b;(X; R) < ;. In particular, the Betti numbers are finite, b;(X; R) < co.

Definition 3.105. For a finite CW-complex (X, X) we call
X(X,X) = (-1
i=0

the Euler number or Euler-Poincaré characteristic.

Note that the sum in this definition is finite. It ends at the highest dimension occuring in the cell
decomposition.

Proposition 3.106. We have the following relation between Euler and Betti numbers:

X(X,X) = ) (=D bi(X:R).

i=0
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3. Homology Theory

In particular, the Euler number does not depend on the cell decomposition because the Betti
numbers don’t. On the other hand, the Euler number does not depend on the coefficient field
because the «@;’s don’t. We will henceforth write y (X) instead of y (X, X).

In order to prove the proposition we use the following

Lemma 3.107. Let

0 Vo<t y <2 ... &y 0 0

be a complex of finite-dimensional R-vector spaces. Then

D (=D dimHV, = " (=1) dim V.
j=0 j=0

Proof of Lemma 3.107. To show the lemma we compute, using the dimension formula from
linear algebra,

Z(-])f dimV; = Z(—ni(dim(djvj) +dimker(d;))
J J

= Z(—1)f (dimker(d,) — dim(dj41Vjs1))

‘Z( ) dim (ker(d ) )

]+1V]+l

- Z(—I)J dimH,V, . o

Proof of Proposition 3.106. This follows from Lemma 3.107 with V; = K; (X, X) = RY. |

Example 3.108. For X = S" we have

by =b, =1, bj = 0 otherwise
and therefore
2, neven
NERTE
x5 {0, nodd.

The case n = 2 contains Euler’s classical formula for polyhedra as a special case. It says that for
the alternating sum of the number of vertices, edges and faces of a polyhedron is always equal to
2. In particular, for platonic solids we have the following list:
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3.13. Incidence numbers

o | @ (0%}
Tetrahedron 4 | 6| 4
Cube 8 |12 ] 6
Octahedron 6 |12 | 8
Dodecahedron | 20 | 30 | 12
Icosahedron 12 | 30 | 20

Figure 90. Platonic solids

Examples 3.109. We compute the Euler numbers of the projective spaces.
1.) For X = CP" wehave by = by = ... = by, = 1 and b; = 0 otherwise. Hence y(CP") = n+1.
2.) For X = HP" we have by = by = ... = by, = 1 and b; = 0 otherwise. Hence y (HP") = n+1.

3.) In the case of X = RP" we do not know the Betti numbers yet. So we use Proposition 3.106
to compute the Euler number. For the cell decomposition described in Example 3.88 we have

ap=...=a, =1, a; = 0 otherwise.
Hence
1, neven
R]P)n — 9 b
x( ) {0, n odd.

3.13. Incidence numbers

We return to a general commutative ring R with unit 1. Throughout this section let (X, X) be
a finite CW-complex. In order to compute the cellular homology of (X, X) we need a better
understanding of the homomorphism 9,11 : K,,+1(X,X) — K, (X, X). In the case of n = 0 we
find

K (X, X) i Ko(X, X)
Hy(x', x°% —2 Ho(X°)
P Hi(¢:)(H (D', 5%) @ R
TeX] oeXy
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3. Homology Theory

Hence 0, is given by the (¢ X @)-matrix (9}.) where 7 € X| and o € Xy. The entries 9. € R
of this matrix are easily computed. Namely, recall that a generator of H; (D', S°) is represented
by c: Al =[0,1] — D' = [-1,1] with ¢(¢) =2t — 1. Then

01H(¢<)([c]) = gz o c] = @ (c(1)) = ¢ (c(0)) = (1) — @ (=1).

Thus if - (=1) = (1) then 97 = 0 for all 0. If ¢, (—1) # ¢ (1) then

1, for o = ¢ (1),
0y =49-1, foro =g (1),

0, otherwise.

Example 3.110. We compute the homology of the following CW-complex consisting of two
0-cells and three 1-cells:

©

7 0’2
3

Figure 91. A cell decomposition of the figure 8

Clearly, 8, = 5, = 0. Depending on how the characteristic maps parametrize the 1-cells 7,
and 73 we get

02 =05 =1 and 832 =05 =-1,

or possibly different signs which will not affect the homology however. Thus the cellular complex
is

0 1 1

0 -1 -1

The image of the matrix is {(x,—x) | x € R} = R - (1,—1) and hence

0 R? R? 0
Ho(X;R) = R’/R-(1,-1) =R
where the latter isomorphism is induced by R — R, (x,y) — x +y. Moreover,

o 1 1

Hi(X;R) Eker(o 1 -

)= {(x,y,=y) | x,y € R} = R%.

‘We summarize

R ifj=0,
Hj(X;R) = {R*> ifj=1,
0 else.
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3.13. Incidence numbers

Returning to our general CW-complex (X, X) we find for n > 1:

6n+
K1 (X, X) : Ku(X,X)
Hn+1 (Xn+l’Xn) Hn(Xn,Xn_l)
@ Hn+l(90‘r)(Hn+l (Dn+1’Sn)) @ Hn(‘ﬁo')(Hn(Dn’ Sn_l))
T€Xn41 geX,
R @n+1 (6;—) R@n

Hence 0,41 is given by the (@, X @,41)-matrix (d)) where 7 € X,,4; and o € X,,. The entries
(0%) € R of this matrix are called the incidence numbers. We want to see how we can compute
them.

Fixo e X,, 7€ X,s1,and p € D". From the commutative diagram

On1

/\

Pro

Hyppp (X", X) 2 Hy, (X") H, (X", X" H,(po)H, (D", 5" 1)
Hy (o) | =
Hpi1 (o) Hp (@ sn) H,(D", 5" 1)
Hou (D™, 5 2 H,(5") deg, (95 oprigz! (0) D" CS™) H, (5"
Hy (95 o)
H, (8", 8"\ 97 (90 () - Hy (97" (0), 071 (o) \ 7' (00 (P)))

we conclude that
05 =deg, (g5 © ¢rlyi () 1 97 () = D" C ™).

We used the canonical isomorphism H,,(S") = H,,(D", S"~!). We have intepreted the incidence
numbers as certain local mapping degrees. In applications they can often be computed by
counting preimages.

Example 3.111. Look at X = RP". We want to compute the homology of

0 R p2 RSB 2 g 0

The operator 9}, is given by the (1 X 1)-matrix (d5) with o € X; and 7 € X},;. The gluing map
¢rlsi : 8/ — XJ ~ RP/ is given by the canonical projection. The image point ¢ (p) € X/ has
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3. Homology Theory

exactly two preimages under ¢, which we call x, —x € S/. Put ® := ¢! o ¢, : ¢7!(0) — D/,
From the additivity of the local degree we obtain

deg, (@ : go;l(O') — DJ) = degp(<1>|U(x) : U(x) — DY) +degp(<l>|U(_x) : U(-x) — DY)

where U(x) is a small neighborhood of x. W.L.o.g. we assume U(—x) = —U(x). Since CI>|U(X) is
a homeomorphism onto its image we have

degp(CI>|U(x) :U(x) > D/)==1=¢.
Leta : S/ — S/ be the antipodal map. Then ® = ® o ¢ and hence
degp((I>|U(_x) :U(=x) - D)) = deg,(Poa:U(-x) — D)
=deg,(®: U(x) > D") - deg(a)
=g (=)
We conclude that ;4,1 =& - (1 + (—=1)7*1). For n even we obtain the complex

0 +2 0 +2

0 R R<~—--- R<—R 0
whereas for n odd we find
0 R<2 R o< R<Y R 0.

For R = Z/2Z all arrows are zero so that

Z/2Z, j=0,...,n,

H;(RP";,Z/27Z) =
i€ /22) {O, otherwise.

For R = Z the homology is computed to

Z,  j=0,
Z/2Z, j=1,3,n—1o0rn-2resp.,
H;(RP";Z) = {Z, j =nodd,
0, Jj =neven,
0, otherwise.
For R = Q we find
, J=0orj=nodd,
HyRen) = {2 =00 =n
0, else.

3.14. Homotopy versus homology

The final goal of this chapter is to compare homotopy groups and homology groups. We start by
examining the fundamental group of CW-complexes.
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Proposition 3.112. Let (X, X) be a finite CW-complex and let xo € X°. Then the inclusion
map j : X*> < X induces an isomorphism

Ju o 11 (X5 x0) — w1 (X;x0) -

Proof. We have to show that attaching a k—cell for k > 3 does not alter 7y in the sense that the
inclusion induces an isomorphism on 7r;. We assume that X 2is path-connected, since otherwise
we may replace X? by the path-component that contains xo.
Let Y be a path-connected finite CW-complex and let ¥ be obtained from Y by attaching a k-cell.
More precisely, ¥ =Y Uy D¥ =Y LI D/~ where x ~ ¢(x) forall x € S¥~!. Here ¢ : S*-! - Y
is a continuous map. We have to show that the inclusion map induces an isomorphism

J# 2 m(Y;x0) = (Y3 x0)

if k > 3. Let D* (%) c D* be the closed k-dimensional subball of radius % Cover Y by the two
open subsets Uy = D¥ and U, =V \ D¥(3) ~ Y.

Y U,

3

Figure 92. Attaching a cell of dimension > 3

We then find U; N U, = D¥ \ Dk(%) ~ §k=1_ To apply the Seifert-van-Kampen Theorem 2.68
we calculate

mi(Ur) = {1},
m1(Ua) = m(Y),
(U NUy) = (S5 = {1},  (here weuse k — 1 > 2)

and we find
m(Uy) *m(Ua)

Y) = ~
() imm (U NU»)

m(Y)
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the isomorphisms being induced by inclusions. |

Example 3.113. Consider complex-projective space X = CP". We use the cell decomposition
from Example 3.89:

X0 ={point} =X'c X* =X’c X* =X°c...cxc x™
~CP' ~CP? =CP"
We are now able to calculate the fundamental group

7 (CP") = m1(X?) = 7, (CPY) = 7, (8%) = {1}.

Hence complex-projective space CP" is simply connected.

Example 3.114. Similarly, for X = HP" we use the cell decomposition from Example 3.90:

XO={point} =Xx'=xX>=X3c x* =...cx"3=.. . c x¥
~HP! =HP"

For the fundamental group we find
1 (HP") = 711 (X?) = m ({point}) = {1}.

Thus HP" is also simply connected.

Remark 3.115. Proposition 3.112 can be generalized as follows: For a finite CW-complex the
inclusion map j : X"*! < X always induces an isomorphism jg : m,(X"*';x0) — m,(X;x0)
where xo € X°.

Now we relate homotopy and homology groups. Recall that for the n-dimensional cube
W" = [0,1]" we have (W",0W") ~ (D", S""!). Fix a generator a,, € H,(W",0W",Z) =
H,(D",8""1,7Z) = Z. The elements of 7,(X;xy) are homotopy classes relative to dW" of
maps f : W — X with f(OW") = {xo}. Then H,(f)(a,) € H,(X,{x0};Z). The long exact
homology sequence of the pair (X, {xo}) yields for n > 1

0
0=H,({x0}Z) —= Hn(X;Z) — Hn(X, {x0}; Z) — Hp—1({x0}: 2).
Namely, if n > 2 then H,_1({x0};Z) = 0. For n = 1 the arrow emanating from Hy({x¢};Z)
is injective so that the incoming arrow must again be zero. In either case the inclusion
j 1 (X,0) — (X, {xo}) induces an isomorphism H,,(j) : H,(X;Z) — H, (X, {x0};Z). Now
set
h([f)) = Ho(j) ™ Ha(f)(an) € Ha(X:Z) .

Due to homotopy invariance the expression i([f]) only depends on the homotopy class of the
map f. Hence we have constructed a well-defined map

h:m,(X;x0) = Hy(X;7Z), n>1.
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3.14. Homotopy versus homology

Proposition 3.116. The map h : n,(X;x9) — H,(X;Z) is a homomorphism.

Proof. Consider the map s; : W = [0,1] x [0,1]""" — W" given by (x|,
1 2
1] x [0,

(2x1,x2,...,x,) and the map s, : Wl = [%, ] x [0, 1]""! — W" defined by (xi,
(2x1 = 1,x2,...,xp).

wn wer o Wlown

51
/_\
/ I~~~ —
P
R
52

Figure 93. The maps s; and s,

For [ fi], [ f2] € mn(X;x0) we have [ f1] + [ f2] = [g] with

2(x) = fils1(x)), xi
fals2(x)), x1

vV IA
= N—

ceXp) B

ceXp) B

We represent «,, by ¢y +c; € S, (W";Z), where ¢, € S"(W};Z) and c, represents the generator

H,(s,) " (a,) of H,(W",0W";Z).

n=1: n=2:

(oa] g3 clL=01+0
C)=03+04
o o4

T
Cl (&)

Figure 94. Representative of @ and a»

Now the proposition follows from

h(Lfi] - [f2]) = h([g])
= H,(j) "' Hu(2)(an)
= Hy(j) ' Ha(g)([c1 +€2])
= Ha()) " Ha(g)([e1]) + Ha ()™ Ha(g) ([e2])
= Hu()) " Ha(fi 0 s1)([e1]) + Ha (/)™ Hu(f2 0 52) ([c2])
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= H,(j) "Hy(f)Hu(s1)([e1]) + Hu(j) " Ha () Hn (52) ([€1])
= H,(j) " Hu(f1) (@) + Ho (7)™ Hu () ()
=h(f1)+h(f2).

Definition 3.117. The map 4 : 7, (X;x9) — H,(X;Z) is called Hurewicz homomorphism.

Proposition 3.118. The Hurewicz homomorphism h is natural, i.e., for every f € C(X,Y)
with f(xo) = yo the following diagram commutes:
h
(X5 x0) —— Hy(X;2Z)
h
mn (Y5 y0) —— Hy(Y;Z)

Proof. The inclusion maps

Jx 1 (X,0) = (X, {x0})
Jy : (Y,0) = (Y. {yo})

satisfy

(jy © f)(x) Jr (f(x)) = (f(x). y0)
(f o jx)(x) J((x,x0)) = (f (%), f(x0)) = (f(x). yo)

and therefore jy o f = f o jx. On the level of homology groups we find

H,(jy) o Hy(f) = Hu(f) o Hy(jx)

and consequently
Hu(f) o Ha(jx) ™" = Ha(jy) ™" o Ha(f).

Thus
(Ha(f) o h)([0]) = Ha(f) © Hu(jx) ™" © Ha(0) (@)
= H,(jy) ™" o Hu(f) 0 Hy(0) (an)
= Hy(jy) ™' o Hu(f 0 o) (@)
=h([foo])
= (ho fy)([o])
as claimed. O
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Theorem 3.119 (Hurewicz). Let X be a topological space, xo € X and n > 2. Assume that
mo(X;x0) = mi(X;x0) = ... = mp1(X;x0) = {1}.

Then
h:r.(X;Z) = Hpy(X;Z)

is an isomorphism.

In particular, we conclude that H;(X;Z) = ... = H,,_1(X;Z) = 0. For a proof of this theorem
see e.g. [2, Sec. 4.2].

Remark 3.120. For n = 1 this theorem cannot be true as it stands because H,(X;Z) is always
abelian while 71 (X;x¢) is not in general. However, & induces a homomorphism

h: T (X;XO)/[m (X;x0),7m1 (X;x0)] Hj (X,Z)

Already Poincaré showed that if 7o(X,xo) = {1} (i.e., X is path-connected) then the map 4 is an
isomorphism.

Example 3.121. Consider X = S" for n > 2. We already know that S" is 1-connected. Now
apply the Hurewicz isomorphism with n = 2:

Z, n=2,
(8" = Hy(sz) =" "
0, > 3.
For n > 3 we find due to Hurewicz:
Z, n=3
m3(S") = Hy(S™,Z) =< ’
3(8") = H3(S";2) {0, >4
By induction we then deduce that 71(S,) = ... =m,-1(S") =0 and 7, (S") = Z.

Example 3.122. We know that X = CP" is l-connected. With the help of the Hurewicz
isomorphism we calculate
m(CP") = H,(CP",Z) = Z.

Example 3.123. We also know that X = HP" is 1-connected. We apply the Hurewicz isomor-
phism three times and we get

m (HP") = H,(HP";Z) =0,
m3(HP") = H3(HP";Z) =0,
w4 (HP") = Hy(HP", Z) = Z.

151



3. Homology Theory

Example 3.124. Now let us analyze the space X = RP" forn > 2. The map ¢ : S — RP" is a
two-fold covering and by Theorem 2.102
n l/’ﬁ n n
m1(8") — m(RP") — mo({p., q}) — mo(S")

is exact. Since S" is simply connected 7 (RP") — my({p,q}) is an isomorphism of pointed
sets, thus 71 (RP") has exactly two elements. There is only one group with two elements, hence
1 (RP") = Z/2Z. By Corollary 2.105 ¢4 : 73 (S™) — 7 (RP™) is an isomorphism for all k£ > 2.
We conclude that 7 (RP*) = ... = 7,1 (RP") = 0 and 7, (RP") = Z.

Remark 3.125. Under the assumptions of the theorem of Hurewicz 3.119 not much can be
said about & : i (X,x9) — Hyp(X;Z) for k > n. For example, consider the Hopf fibration
$3 — 8% with fiber S!. By Theorem 2.102 it induces an isomorphism 73(S?) = 73(S°) = Z.
But H3(5%;Z) = 0 and hence & : 73(S?) — H3(S?%;Z) is not injective.

On the other hand, for the 2-torus 7% we have again by Corollary 2.105 m5(T?) = m5(R?) = 0
while one can compute H»(T?;Z) = Z. Thus h : 712(T?) — H»(T?;Z) is not surjective.

Remark 3.126. We have seen that H;(S";Z) = 0 whenever k > n. But in general this is not
true for the higher homotopy groups of the sphere, e.g. 73(S?) = Z. The computation of 7z (S")
for k > n is a difficult problem and many of these groups are not known to date.

3.15. Exercises

3.1. Let X be a topological space. Show:

a) If X is path-connected then
Hy(X;R) =R

b) If X, k € K, are the path-components of X then

Hy (X; R) = (P Hy(Xi; R)

keK

3.2. Let Y, = {1,...,k} be equipped with the discrete topology. Compute H, (Yx; R) without
using Exercise 3.1. Instead use the Eilenberg-Steenrod axioms.
Hint: Consider the pair (Y, Yi-1).

3.3. Let X be a topological space. The augmented boundary operator is defined by

% 1 So(X;R) > R,

o (Z i) =) a,

where o € C(A?, X).
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3.15. Exercises

a) Verify 9% 0 9 = 0.
b) Compute the augmented homology

ker(6% : So(X; R) — R)
im(d : S1(X;R) — So(X;R))

Hi(X;R) =

for X = {point}.

3.4. a) Show that homeomorphisms o : A" — D" represent generators of H, (D", S*~!; R).

b) Describe generators of H,(S";Z). Make a drawing for n = 2.

3.5 (Topological invariance of the dimension). Let U c R" and V C R™ be open and
nonempty. Show: If U and V are homeomorphic then n = m.
Hint: For p € U and g € V consider the pairs (U, U \ {p}) and (V,V \ {q}).

3.6. Let p be a complex polynomial without zeros on the unit circle S! ¢ C. Show: The degree
of the map

p(z)

lp(2)I

coincides with the number of zeros of p in the interior of the unit disk (counted with multiplicities).

p:S' =Sl p2) =

3.7 (Homotopy invariance of the local mapping degree). Let V C S” be open and F : V X
[0,1] — S" continuous. We put f;(x) := F(x,7). Let p € " such that {J;¢[o,1 £ (p) is
compact. Show:

deg, (f1) = deg,(fo)-

3.8. Let (X, A) be a pair such that A is closed and a strong deformation retract of an open
neighborhood U. Show that H, (X, A) = H,,(X/A) forn # 0.

3.9. Let Z = S' x [0, 1] be the cylinder. Compute H,,(Z, S' x {0} US' x {1}) for all n. Sketch
generators of the nontrivial homology groups.
Hint: Use the homology sequence of the triple

(Z,S' x {0} US! x {1}, ' x {0}).
3.10. Let (X, A) be a pair. Describe the 0" singular relative homology group Hy(X, A).

3.11 (Five lemma). Let the rows in the following commutative diagram of abelian groups be

exact:
fi 1 f3 J4

A A, As Ay As
l $1 l P2 \L ¥»3 l P4 \L »5
B, 81 B, 53 B & B, 84 Bs
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3. Homology Theory

Show that if ¢, 2, ¢4, and @5 are isomorphisms then so is ¢3.
Hint: @3 is injective if ¢ is surjective and ¢, ¢4 are injective; ¢3 is surjective if ¢s is injective
and ¢, @4 are surjective.

3.12. Suppose
S+ Jn
- Gy —= G, Gy — -

is a long exact sequence of abelian groups and

fr,z+l f;l
’ ’
Gn Gn—l

._)G’

n+l

is a subsequence, i.e., G, C G, and f,; = f,|g;. Prove that the subsequence is exact if and only
if the quotient sequence

= Gn+1/G:,+1 - Gn/G; - Gn—l/G:,_l e

is exact.
3.13. Letn € N and m € Z. Show that there exists f € C(S", S") with deg(f) = m.

3.14. Let f € C(S™, S™) with f(D") ¢ D" and f(D") c D". We identify $"~! with D" N D"
and therefore have f(S"~!) c §"~!. Show

deg(f) = deg(flsn-1).
3.15. Show that H|(R,Q;Z) is a free abelian group and find a basis as a Z-module.

3.16. Let M be an n-dimensional manifold, n > 3. Let p € M. Show that the inclusion map
M\ {p} — M induces an isomorphism

H;j(M\{p};R) = H;(M;R)
forall j € {1,...,n—2}.
3.17. a) Show that for disjoint closed subsets A, B ¢ R? we have
Hi(R*\ (AUB)) = H(R*\ A) ® H{(R*\ B).
b) Let py, ..., p, € R?be pairwise distinct. Compute H; (R?\{p1, ..., pn}) and sketch generators.
3.18. Use the Mayer-Vietoris sequence to compute

a) the homology of the 2-torus;

b) the homology of surfaces F, of genus g > 2.
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3.15. Exercises

Sketch generators.
3.19. Let (X, X) be a finite CW-complex. Show that X is compact.
3.20. Describe a CW-decomposition for the surfaces of genus g > 1.

3.21. Show:
a) Each nonempty CW-complex has at least one O-cell.

b) Each CW-complex consisting of exactly two cells is homeomorphic to a sphere.

3.22. Letn > 2 and k > 1. Let X be the topological space obtained from k copies of S" by
identifying them all at one point. More formally,

k
x= ([ Jurxsm/~
j=1
where (j,x) ~ (j',x") iff x = x” = ¢;. Compute the homology of X.

3.23. Find a CW-decomposition of the 2-torus with exactly one O-cell, two 1-cells, and one
2-cell and use it to compute the homology.
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A. Appendix

A.1. Free module generated by a set

Let R be a commutative ring with unit 1 and let S be a set. Then the set X of all maps from S to
R forms an R-module.! Addition and multiplication with scalars are defined pointwise, for any
f,g: S — R and a € R we have, by definition,

(f+8)(s) =f(s)+g(s), (a-f)s)=a-[f(s)

forall s € S.
Now let Y C X be the set of all f € X for which f(s) = 0 for all but finitely many s € S. Then Y
is an R-submodule of X. The module Y has a natural basis. Namely, for each s € S define

£(5) 1, if s’ =,
s') =
* 0, if s" #s.

Then for each f € Y we have

F=2 f&)fs (A1)

seS
Note that we need to sum only over those s for which f(s) # 0 which leaves us with a finite sum.
Thus the set { f; | s € S} generates Y. The set is also linearly independent. Namely, if

arfs, +...+amfs,, =0
for pairwise different s; then by inserting s; we find
0=(arfs, +...+amfs,)(s0) = arfs, (5:) + ...+ amfs,, (5i) = a;.

Thus {fs | s € S} is indeed a basis of Y. Hence the dimension of Y is given by the cardinality of
S. In particular, Y is infinite-dimensional if S is an infinite set.

Definition A.1. The R-module Y is called the free R-module generated by S.

We usually use a somewhat sloppy notation and will not distinuish between an element s € S
and the corresponding function f;: § — R. Thus, instead of (A.1) we will write

f=1)s.

seS

U1f you are not familiar with modules over rings think of the special case that R is a field. Then an R-module is just
an R-vector space.
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In Section 3.1 we consider the free R-module generated by S = C(A", X) and write S, (X; R)
instead of Y.
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