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Preface

These are the lecture notes of a course on geometric wave equations which I taught at the
University of Potsdam in the winter term 2015/2016. The course gave an introduction to linear
hyperbolic PDEs on Lorentzian manifolds. The geometric setup allows to apply the theory in
general relativity, for instance.

Some basic knowledge of differential geometry was required. This includes concepts such as
manifolds, vector bundles, connections etc. Since Lorentzian geometry is less standard than
Riemannian geometry I collected the most relevant material in the first chapter on preliminaries,
some of it without proofs. This chapter also contains an introduction to linear differential
operators and distributions on manifolds.

The second chapter is devoted to the local study of normally hyperbolic equations. These are
second-order wave equations. Local fundamental solutions are constructed and their Hadamard
expansion is derived.

In the third chapter we study global solutions meaning solutions defined on the whole manifold.
Of course, this requires the manifold to be “reasonable” which is made precise by the concept of
global hyperbolicity. We construct global fundamental solutions, Green’s operators and solutions
to the Cauchy problem for normally hyperbolic operators. Symmetric hyperbolic systems turn
out to be an important class of first-order equations for which we also derive the analytic basics.
Using them one can for instance treat Maxwell’s equations from electrodynamics. The existence
of Green-operators already says a lot about the solution theory of a differential operator. This
leads to the class of Green-hyperbolic operators which includes but is much larger than normally
hyperbolic operators and symmetric hyperbolic systems. Finally, we use an argument due to
Chernoff to show essential selfadjointness of many operators on Riemannian manifolds using
symmetric hyperbolic systems.

Originally, I had planned to also include a chapter on non-linear wave equations known as wave
maps. Unfortunately, this turned out to be unrealistic due to a lack of time.

I would like to thank all participants of the course for their active participation and the many
hints they provided. Special thanks go to Claudia Grabs for taking notes and writing the first
draft of these lecture notes. Many of the illustrations have also been created by her.

Potsdam, February 2016

Christian Bar
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1 Preliminaries

Wave equations form a class of partial differential equations which describe many physical
processes. The following table contains a collection of examples of equations which are, in
principle, tractable by methods which we will develop in this course, at least the linear ones.

topic equation describes type order

) Maxwell’s equations field strength linear 1st

electrodynamics
wave equation four-potential linear 2nd
Klein-Gordon-equation scalar field linear 2nd

quantum field theory

Dirac equation wave function of electron linear 1st
o Einstein field equations gravitational field non-linear | 2nd

general relativity
linearized Einstein equations gravitational waves linear 2nd
elasticity theory equation of motion deformation of elastic body | non-linear | 2nd
differential geometry wave maps maps between manifolds | non-linear | 2nd

Table 1.1: example equations

We will discuss these partial differential equations in a geometric formulation to be able to apply
the results in geometric theories like electrodynamics, general relativity, and elasticity theory.
The first chapter contains a somewhat diverse summary of the background material which we

will need.

1.1 Linear differential operators on manifolds

1.1.1 Vector bundles and linear differential operators

Reminder. Let M be an n-dimensional differentiable manifold
and let 7 : E — M be a vector bundle. A section of E is a map

s: M — E suchthat 7 o s =idy,.

‘We define

C® (M, E) := {smooth sections of E} .




1 Preliminaries

Definition 1.1.2. Let E and F be K-vector bundles over M, where K = R or C.
A differential operator of order (at most) k is alinear mapping P : C*(M,E) — C*(M, F),
such that for any local coordinate system x',...,x" on U c M and any local trivialization
Ely 5 UxKP and Fly 5 U x K4 there exist smooth maps A? : U — Mat(qg X p, K) such
that

alely
(OxhHar . (x™)an

Pvly = ) A%(x)

|| <k

forallv € C*°(M,E). Here @ = (a1, ...,a,) € N* and |a| = a1 + ... + @p.

Notation 1.1.3. We define

@% (E,F):={P:C*(M,E) —» C*(M,F) | P differential operator of order < k} .

The vector spaces @% (E, F) form a filtration,

T (E,F) > Ty (E,F) > > ZZi(E,F) = C*(M,Hom(E, F)).

Example 1.1.4. Let M be a semi-Riemannian manifold, let £ = M X R be the trivial real line
bundle and F = T M be the tangent bundle of M. The gradient is a differential operator of order
1 from E to F, grad € @//1 (M xR, TM). In local coordinates, we have:

ov 0

oxt OxJ°

gradv = Z g (x)
i
Comparing the coefficients in this formula with the coefficients A% in Definition 1.1.2, we find:
I
l,...,0)

AO.-1.0) (gli"”’gni)—r, A0--.0) (0"”’0)1'.

Example 1.1.5. Let M be a semi-Riemannian manifold, let £ = TM be the tangent bundle of
M and let F = M X R be the trivial real line bundle. The divergence is a differential operator of
order 1 from E to F', div € @/1 (TM,R). In local coordinates, we have for Y = 3; ' %:

div (¥) = )’ Zzz + Ty
i ij

The coefficients are

l
A(O,..., 1

0 20,10, A0 2 (DT> ).
i i



1.1 Linear differential operators on manifolds

Here Fg‘j denote the Christoffel symbols of the semi-Riemannian metric with respect to the

coordinates x!, ..., x".

Example 1.1.6. Let M be a Riemannian manifold and consider £ = A™T*M and F =
A™T*M. The exterior derivative d is a differential operator of order 1 from E to F,
d € Tyg[(A"T*M, A"\ T*M).

Example 1.1.7. Let E be an arbitrary vector bundle over M with connection V and let
F =T"M ® E. Then V is a differential operator of first order from E to F.

Remark 1.1.8. Let E,F,G — M be vector bund]es over a smooth manifold M. If P €
T#(E,F)and Q € Z7/(F,G),then Qo P € Ty, (E,G).

Example 1.1.9. Let M be a semi-Riemannian manifold and consider £ = G = M X R and
F =TM. Then —div o grad € @//2 (E,G). If M is Riemannian this operator is denoted by A
and is called the Laplace-Beltrami operator. If M is Lorentzian then this operator is denoted by
O and is called the d’Alembert operator.

1.1.2 The principal symbol

For a given differential operator P € @//k (E, F) and a covector ¢ € T; M, we construct a linear
mapping o (P,¢) : Ex — Fy as follows: We choose a smooth function f : M — R such that
f(x) =0and df (x) = £. We then set for e € E:

1
ok (P§) €= P(f*é)lx, (1.1)

where é € C*(M, E) is any extension of e, i.e. €(x) = e. As we shall see, this definition is
independent of the choice of ¢ and f. In local coordinates and local trivializations, we compute:

gl (*e)
(axl)‘“ <o (Ox™)n
o)

1 . ;
== > A G e ) 6

lar|=k

1
CL(p.€)e=15 ) ATW)

" al<k

(x)

- Z A%(x) - £ gl e, (1.2)
|la|=k

The second equality holds because by assumption f(x) = 0, so that all terms vanish where f*
differentiated is less than k times. The last equality holds by a similar argument: If one of the
factors in fX is differentiated more than once, there is another factor which remains without
differentiation and hence vanishes at x.

Since the right hand side of (1.2) is independent of the choice of € and f, so is the left hand side.
This shows that o (P, &) is well defined by (1.1).



1 Preliminaries

For any ¢ € T;M, we have constructed a homomorphism o (P, ¢) : Ex — Fx. Thus we have
o (P,-) € Hom(n*E, n*F) where n : T*M — M is the projection to the foot point.

Definition 1.1.10. Let £, F — M be vector bundles over a smooth manifold M and let
P e @% (E,F). Then o (P,-) € Hom(x*E, n*F) is called the principal symbol of the
operator P.

Remark 1.1.11. The principal symbol o (P,-) contains the coefficients of the highest order
derivatives of P € @% (E, F). In particular, we have

or(P,§)=0forallé e T"M & A* =0foralllal=k & Pe Ty (EF).

In other words: The sequence

N . (P,
0— T, _(E,F) — T7.(E,F) TP, Hom (2*E, n°F)

is exact.
Warning. In the literature the definition of oy (P, &) often contains an additional factor i¥.
Convention. If k is clear from the context, we will write o (P, &) instead of o (P, &).

Example 1.1.13. We compute the principal symbol of the gradient, see Example 1.1.4. We fix
a covector ¢ € Ty M. Since E, = R, we have to apply o (grad, £) to a real number, say 42. A
convenient extension of 42 to a smooth section to E is the constant function x — 42.

Let f : M — R be a smooth function, such that f(x) = 0 and df (x) = £. By the definition of
o(grad, £), we have!

o(grad, &) - 42 = grad (f - 42)(x)
=42 - grad f(x)
=42 - df (x)*
In short: o(grad, ¢) = §f‘.

Example 1.1.14. We compute the principal symbol of the divergence, see Example 1.1.5. Here
E. = TyM, so we have to apply o (div, &) to a tangent vector ¥ € T, M. Let ¥ be a smooth

"Here 3 # is the vector in Tx M dual to ¢ € Ty M with respect to the Riemannian metric, i.e., for any ¥ € Tx M we

have (&8, Yy = £(V).



1.1 Linear differential operators on manifolds

vector field such that Y (x) =Y. Again let f : M — R be a smooth function such that f(x) =0
and df (x) = £. Then we have
o(div, &)Y =div (f - ¥)(x)
= f(x) div (F)(x) + {grad £ (x), ¥ (x))
=0

= (&.Y)

=&().
Thus o (div, &) = €.

Example 1.1.15. We compute the principal symbol of the exterior derivative d, see Exam-
ple 1.1.6. Letw € AkT;M and extend w to a smooth k-form & € QF (M) such that &(x) = w.
Then we have

o(d,H)w =d(f - &) (x)
= (df/\a~)+f-da~))|x
=df(x) Nw+ f(x) -dd|,
=0

=¢ANw.

Hence o(d, &) = & A -

Example 1.1.16. We compute the principal symbol of a connection V on a vector bundle E, see
Example 1.1.7. Let e € E, and extend e to a smooth section & € C* (M, E) such that é(x) = e.
Then we have

a(V,&e =V (fo)l,
=(dfe®eée+ f-Ve),

=df(x)®e+ f(x) -(Ve)l,
=0
=¢(Q®e.

Thus o(V,¢) =€¢® -.
Remark 1.1.17. Let E, F,G be vector bundles over a smooth manifold M, and let P €
T (E,F) and Q € Z#/(F,G). Then we have

Or+1(Q o P, &) = 0(Q, &) o ok (P, §).

Example 1.1.18. We compute the principal symbol of the Laplace-Beltrami operator A or
d’Alembert operator O from the principal symbols of div and grad:

oo (=div o grad, &) = o1 (div) - oy (grad ) = —£(£%) = (&%, &%) = —(£, ).



1 Preliminaries

1.1.3 Formally adjoint and formally dual operator

In the following let M be a differentiable manifold equipped with a smooth positive volume
density du. The volume density is necessary for the integration of functions over M. In local
coordinates, it takes the form du = udx'-- - dx" where y is a smooth positive function. Later
we will use the volume density induced by a Riemannian or Lorentzian metric but for now this
is irrelevant.

Moreover, let E, F — M be vector bundles whose fibers carry non-degenerate (but possibly
indefinite) inner products (-, -)g and (-, -)r, respectively. They are supposed to depend smoothly
on the base point.

Lemma 1.1.19. For any P € @% (E, F) there exists a unique operator P! € @% (F,E)
such that

f(Pu,v}de:f(u,Ptv>Ed,u (1.3)
M M

holds for allu € C*(M, E) and v € C*(M, F) with compact supports.

Definition 1.1.20. The operator P! € @% (F, E) satistying (1.3) is called the operator
formally adjoint to P.

Proof of Lemma 1.1.19. Uniqueness:

Let x',..., x" be local coordinates defined on U c M and let local trivializations of E and F
over U be fixed. Let & and ¥ be the matrices representing the inner products of £ and F with
respect to the local trivializations. They are symmetric and invertible and depend smoothly on
the footpoint in U.

Letu € C*(M,E) and v € C™(M, F) be sections with supports in U. We denote the canonical
scalar product on K™ by (-, -) and we compute:

o alaly
f(PMaV>F du f( Z A (axl)m ,,,(axn)an’Tv>ﬂ dx

. u lalsk
0"l anT
= l;k !<(ax1)a1...(axn)an,ﬂ.(A ) 7:V>dx
by s X o N
= |z|:k(_1)| |f<u, (Oxh)ar ... (§xm)an (,U'(A ) ¢V)>dx
al< Y
= a 1 c’)'“' (/1 (AQ)TTV)
= lf<u’ |alz<k(_1)| |;(ax1)a1 o (8xM)an >d/1



1.1 Linear differential operators on manifolds

_ -1 el L0 (- (AT )
= et 3 D e e
U

lar| <k
Since this holds for all # a comparison with (1.3) yields

0 (u- (A")TFv)
(OxhHyar ... (gxn)yan’

1
Pl 1 lar| 8_1 14

la|<k

This shows that P’v is uniquely determined provided its support is contained in a coordinate
patch. Now let v € C*(M, F) be an arbitrary section with compact support. We choose an
open covering of M with local trivializations and a partition of unity subordinated to it. Then v
is a finite sum of sections of the form considered above. Since P! is required to be linear, it is
uniquely determined by the local formula (1.4).

Existence: Letv € C*(M,F) be a smooth section with compact support. We now use for-
mula (1.4) to define P'v if v has support in U. For general v we use a partition of unity to write
it as a sum of sections with supports contained in coordinate patches. It is tedious but straight-
forward to check that this definition is independent of the choice of coordinates, trivializations,
and partition of unity. |

Remark 1.1.21. For any P € 9//k (E,F) we have (P")" = P. This is obvious from equa-
tion (1.3) and the uniqueness of the formal adjoint.

Example 1.1.22. The gradient is a first order operator grad : C*(M) — C®(M,TM), so grad’
maps vector fields to functions. By definition, for any function u € C*(M) and any vector field
Y € C*(M,TM), both with compact support, we have

fugrad’deol :f(gradu, Y)dvol
M M

= f (div (uY) —udivY) dvol
M

= —fudiVdeol.

M

In the last step we used the Gauss integration theorem. Thus grad’ = —div. By Remark 1.1.21
we also have div’ = —grad .

Remark 1.1.23. For differential operators P € @//k (E,F)and Q € @//I (F, G) we have

(QoP) =P ogQ"
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Definition 1.1.24. Let M be a differentiable manifold with a smooth positive volume density.
Let E be a vector bundle over M with a non-degenerate inner fiber metric. An operator
P e @% (E, E) is called formally selfadjoint if P = P’.

Example 1.1.25. Let P = —div o grad on a semi-Riemannian manifold. We then have
P' = —(div o grad )" = —grad’ odiv’ = —(~div) o (-grad ) = P.

Thus the Laplace-Beltrami operator and the d’Alembert operator are formally selfadjoint.

Lemma 1.1.26. Let M be a differentiable manifold with a smooth positive volume density du.

Let E and F be vector bundles over M equipped with non-degenerate inner fiber metrics. Let
P e @% (E, F). Then for any & € T*M we have

ok (P, €) = (-D)*or (P, €)". (1.5)

Proof. Since only the terms of order k contribute to the principal symbol o (P, ), we write

alaly
Pu = E A” Lo.t.
' lar|=k ) (OxD)ar ... (xm)an e

where “l.o.t.” stands for “lower order terms”. By this we mean expressions involving derivatives
of u of order lower than k. By (1.4) the adjoint of P is given by

1 0 (u - (AT)TF )
Plv = — —Dlel gt +lo.t.
’ K |azl=:k( ) (f)xl)m e (Qxm)an
— l § (—l)k &L (Aa)TT' o'*ly +1lot
O g (@xhyar. .. (@xmyan T
alaly
= —DHk (A% lLo.t.
2, VA e 1!

Here we have denoted the transpose of A* with respect to the fiber metrics of E and F by (A%)’
and the transpose with respect to the standard fiber metrics induced by the local trivializations
by (A?)T. They are related by (A%)" = &' (A?)TF . Now (1.2) yields

Te(PLE) = (=DF Y g AT = (~DF o (P 0

lar|=k

To conclude this section we present a variation of the concept of formally adjoint operators which
does not require fiber metrics. We work with dual bundles instead. Let M be a differentiable
manifold with volume density du. Let E and F be K-vector bundles over M.



1.1 Linear differential operators on manifolds

Lemma 1.1.27. Forany P € @% (E, F) there exists a unique P* € @% (F*, E*) with

fU(Pu)d,u=f(P*77) (w)dp. (1.6)
M

M

Proof. Uniqueness:

We will reduce to what we know already about formally adjoint operators. To this extent, we
choose auxiliary metrics {-,-)g on E and (-,-)r on F. Hermitian and Riemannian metrics can
always be constructed using a partition of unity.

Let & and ¥ be the anti-linear isomorphisms defined by

EE—-E ew—{(,eg
F.F->F, [fe{NF.

For the left hand side in
f(Pu, V)Fdu = f(u, P'vypdu (1.7)
M M

we get [(Puv)pdu = [ (F(v))(Pu)du while right hand side of (1.7) is given by
M M

f(u, P'vypdu = f (E(P'v)) (u)du. Substituting n = Fv we find that (1.7) is equivalent
M M
to

f n(Pu)dp = f (&' Tm) (wydp.
M

Comparison with (1.6) leads to
Pr=8oP oF! (1.8)

which proves uniqueness.
Existence: We define P* by (1.8). The same calculation backwards shows that the this is the
desired operator. |

Definition 1.1.28. P* is called the dual operator to P.

There ist no notion of selfadjointness in the context of dual operators since P and P* act on
different bundels. The dual operator will become important when working with distributions.

Remark 1.1.29. We can see directly from the definining equation (1.6) that we again have

(QoP) =P 0Q".
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1.1.30. Since E is of finite dimension, we can identify E with (E*)* using the map
e (I 1(e)).

Show
(P*)* =P.

1.2 Lorentzian geometry

Wave equations are closely related to Lorentzian geometry. In fact, the d’Alembert operator on
a Lorentzian manifold yields the prototype of a wave equation. In this section, we collect some
basic concepts of Lorentzian geometry.

1.2.1 Future, past, and causality

For us, a Lorentzian metric is a semi-Riemannian metric with signature (—, +,...,+). In the
literature, one also finds different conventions. Especially in the physics literature signature
(+,—,...,—) is often used.

Definition 1.2.1. For a finite-dimensional real vector space (V, (,)) with inner product of
signature (—, +,...,+),wecallv eV

timelike, if {(v,v) <0

spacelike, if (v,v) >0orv=20
lightlike, if {v,v) =0andv #0
causal, if v is timelike or lightlike

This definition will mostly be used for tangent vectors, i.e. if V' is the tangent space of a Lorentzian
manifold at some point.

10



1.2 Lorentzian geometry

timelike

“~— lightlike

spacelike

—_—— -

Causality types of vectors

The set of timelike vectors in V' consists of two connected components, similarly for lightlike and
causal vectors. We want to call vectors in one component future-directed, the ones in the other
component past-directed. Since there is no canonical choice of component we have to make one.
On a Lorentzian manifold this choice needs to be done at each point, i.e. on each tangent space.
This choice of connected component should depend continuously on the base point. This leads
to the concept of time-orientation which we now define formally.

Definition 1.2.2. A vector field X is called timelike, spacelike, lightlike or causal, if X (p) is
timelike, spacelike, lightlike or causal, respectively, at every point p € M.

Definition 1.2.3. Two timelike vector fields X, Y are equivalent, if for every p € M the vectors
X (p) and Y (p) lie in the same connected component of timelike vectors, i.e. if g(X (p), Y (p)) <
0.

A time orientation on a Lorentzian manifold M is an equivalence class of continuous timelike
vector fields.

Remark 1.2.4. There are Lorentzian manifolds that do not admit a time orientation.

Definition 1.2.5. A Lorentzian manifold is called time orientable, if it admits the choice of
a time-orientation. A pair (M, Z) is called time-oriented Lorentzian manifold, if M is a
Lorentzian manifold and Z is a time orientation on M.

Remark 1.2.6. It is also possible to define a time orientation as follows: The set of connected
components of timelike vectors in the tangent spaces of a Lorentzian manifold carries a natural

11



1 Preliminaries

structure as a differentiable manifold. The footpoint map is then a twofold covering map. This
is the time-orientation covering. A time orientation is then simply a continuous section of this
covering.

In the following, by the usual abuse of notation, we also denote a time-oriented Lorentzian
manifold (M, Z) simply by M.

Definition 1.2.7. Let (M, Z) be a time-oriented Lorentzian manifold. A causal vector X €
T, M is called future-directed, if g(X(p),&é(p)) < 0 for £ € Z. The vector X is called
past-directed, if —X is future-directed.

Definition 1.2.8. A continuous piecewise C Lcurve ¢ : I = M is called timelike, lightlike,
spacelike, causal, future-directed or past-directed if ¢(¢) is timelike, lightlike, spacelike, causal,
future-directed or past-directed, respectively, for all ¢ € I where ¢(¢) is defined.

Definition 1.2.9. Let / C R be an open interval. A continuous curve ¢ : I — M is called
inextendible, if no reparametrization of the curve can be extended continuously.

Example 1.2.10. The line segment in R" parametrized by ¢ : R — R", c(t) =

(arctan(?),0, ..., 0), is not inextendible because it can be reparametrized as ¢ : (-5,5) — R",
() = (1,0,...,0), which has a continuous extension.
In contrast, the line R — R”, parametrized by ¢ — (z,0, .. .,0), is inextendible.

Convention. From now on, M will always denote a time-oriented Lorentzian manifold, unless
stated otherwise.

Definition 1.2.11. For x € M the set

If’ (x) := { y € M | there are future-directed timelike C'-curves from x to y}

is called the chronological future of x in M.

Remark 1.2.12. From the physical point of view, the chronological future of an event x consists
of all events that can be influenced by x by means of signals slower than light.

12



1.2 Lorentzian geometry

Definition 1.2.13. For x € M the set
J f” (x) :={x}uU { y € M | there are future-directed causal C'-curves from x to y}

is called the causal future of a point of x in M .

Here the signals may travel with the speed of light.

Definition 1.2.14. The chronological future of a subset A ¢ M is defined to be

ey =)o
X€EA
Similarly, the causal future of A C M is

My =,

X€EA

Remark 1.2.15. In a similar way, one defines the chronological and causal pasts of a point x or
asubset A € M. They are denoted by IM (x), IM (A), JM (x), and JM (A), respectively. We will
also use the notation JM (A) := JM (A) U JM (A).

//Ji‘ll(Ar\

A

M (A)
Causal and chronological future and past of subset A

Remark 1.2.16. The chronological and the causal futures have the following properties:
(i) IM (A) is always open;

(ii) IM (A) is the interior of JM (A);

13



1 Preliminaries

(i) JM(A) c IM(A).

Similar statements hold for the pasts.

Warning. In (iii) equality does not always hold, J i‘/’ (A) does not need to be closed, not even if
A is closed.

Example 1.2.18. Let A be the curve as shown in the picture below; it is closed as a subset and

asymptotic to a lightlike line in 2-dimensional Minkowski space. Its causal future JM (A) is the
open half plane bounded by this lightlike line.

K/ AP AV AV araY Ay Ay el
\/%// X() (time direction) 7

JM(A)

7

Causal future J J’rw (A) is open

Definition 1.2.19. A subset A C M is called past compact if A N JM (p) is compact for all
p € M. Similarly, one defines future compact subsets.

JM (p)

The subset A is past compact

14



1.2 Lorentzian geometry

Roughly speaking, past compact sets are possibly unbounded in the future, but bounded in the
past.

Lemma 1.2.20. Let M be a timeoriented Lorentzian manifold. Let A € M be a subset. If
for every x € M the intersection A N JM (x) is relatively compact in M, then A N JM (K) is
relatively compact for every compact subset K C M.

Similarly, if AN JM (x) is relatively compact for every x € M, then A N JM (K) is relatively
compact for every compact subset K C M.

Proof. 1t suffices to consider the first case. Let K € M be compact. The family of open sets
{IM(y) | y € M} is an open cover of M. Since K is compact it is covered by a finite number of
such sets, i.e. there exists a finite number of points yi, ..., yy € M such that

KciMypu---uiw).
We conclude
IMKY c IM (I u--u I () < I ) U UM ().
Since each A N JM (y ) is relatively compact and
AnIME)y c(AnsMGn)n...o(An M)

we have that A N JM (K) is relatively compact. O

Definition 1.2.21. An open subset @ C M in a time-oriented Lorentzian manifold is called
causally compatible if
) =iMx)nQ

holds for all points x € Q.

An open subset in a Lorentzian manifold is a Lorentzian manifold in its own right. If Q ¢ M is
causally compatible, then whenever two points in { can be joined by a causal curve in M this
can also be done inside Q.

IM(p)nQ=J2(p)

15



1 Preliminaries

Causally compatible subset

Domain which is not causally compatible

Remark 1.2.22. If Q c M is a causally compatible domain in a time-oriented Lorentzian
manifold then
J2A) =M AN

holds for arbitrary subsets A C Q.

Remark 1.2.23. Causal compatibility defines a transitive relation: If Q c Q' ¢ Q" are open
subsets, if Q is causally compatible in Q’, and if Q’ is causally compatible in Q" then so is Q in
Q.

1.2.2 Convexity

Using the Riemannian exponential map we can define starshaped and convex subsets of a semi-
Riemannian manifold.

Definition 1.2.24. A domain 2 C M in a Lorentzian manifold is called (geodesically) star-
shaped with respect to a fixed point x € Q if there exists an open subset Q' c T, M, starshaped
with respect to 0 in the usual sense, such that the Riemannian exponential map exp, maps Q’
diffeomorphically onto Q.

16



1.2 Lorentzian geometry

T M

(=

CXP

Q

=

M

Q is geodesically starshaped w. r. t. x

The line segments in Q” emanating from 0 are mapped by the Riemannian exponential map to
segments of geodesics in Q2.

Definition 1.2.25. A domain Q C M in a Lorentzian manifold is called (geodesically) convex
if it is geodesically starshaped with respect to all of its points.

In particular, for any two points in Q there is a unique geodesic segment in € connecting the
points.

Remark 1.2.26. If Q is starshaped with respect to x, then exp, (IiTxM O)nQH = Ifj(x).

Definition 1.2.27. Let Q be a starshaped with respect to x. We define the smooth positive
function p, : Q — R by
dvol = p1, - (exp')" (dz),

where dvol is the Lorentzian volume form and dz is the standard Euclidean volume form on
T,Q. We call u, the local density function.

In normal coordinates about x we have u, = /| det(g;;)]|.

Lemma 1.2.28. For each open covering of a Lorentzian manifold there exists a refinement
consisting of convex open subsets.

For a proof see e.g. [13, Chap. 5, Lemma 10].

17
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1.2.3 Cauchy hypersurfaces and global hyperbolicity

Definition 1.2.29. A domain Q is called causal if Q is contained in a convex domain Q" and
if for any x, y € Q the intersection J: ?' (x) N JY (y) is compact and contained in Q.

convex, but not causal causal

Convexity versus causality

Definition 1.2.30. A subset S of a connected time-oriented Lorentzian manifold is called
achronal if each timelike curve meets S at most once. It is called acausal if each causal curve
meets S at most once.

Every acausal subset is achronal, but the reverse implication does not hold.

Example 1.2.31. Let A be a segment of a lightlike line. Then A is achronal but not acausal.

Example 1.2.32. Let A be a segment of a spacelike line. Then A is achronal and acausal.

Definition 1.2.33. A subset S ¢ M of a connected time-oriented Lorentzian manifold M is a
Cauchy hypersurface if each inextendible timelike curve in M meets S at exactly one point.

Example 1.2.34. Let M be the Minkowski space. Then every spacelike hyperplane is a Cauchy
hypersurface. The hypersurface shown in the picture below is also a Cauchy hypersurface.

18



1.2 Lorentzian geometry

AN

Cauchy hypersurface with piece of the light cone
By definition, the following implications hold:

Cauchy hypersurface = achronal

m

acausal

No further implication holds true in general for these three notions.

Remark 1.2.35. We list some important facts about Cauchy hypersurfaces S:

(i) Every Cauchy hypersurface is a Lipschitz hypersurface, i.e. it can locally be written the
graph of a Lipschitz function.? In particular, it is a closed topological submanifold of
codimension 1.

(ii) The subset S is closed in M.
(iii) Every inextendible causal curve meets S.
(iv) Any two Cauchy hypersurfaces in M are homeomorphic.

(v) The causal future J i"’ (S) is past compact and the causal past JM (S) is future compact.

Definition 1.2.36. A Lorentzian manifold is said to satisfy the causality condition if it does
not contain any closed causal curve.

Remark 1.2.37. Physicists working in General Relativity prefer to work with spacetimes that
satisfy the causality condition. The reason is that the existence of closed causal curves means
that an event can affect itself. For example, you could change your own past, kill your grandfather
before he gets to know your grandmother and thus prevent that you would ever have come to
existence...

2This shows that Cauchy hypersurfaces are surprisingly regular. By Rademacher’s theorem a Cauchy hypersurface
is very close to a differentiable hypersurface.
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Example 1.2.38. The Minkowski space satisfies the causality condition. More generally, any
convex Lorentzian manifold satisfies the causality condition.

Every compact M does not satisfy the causality condition, because of the following Lemma:

Lemma 1.2.39. Let M be a compact time-oriented Lorentzian manifold. Then it contains a
closed causal curve.

Proof. The family {I Mp)y|lpeM } forms an open cover of M. Since M is compact, there is

a finite subcover {Iﬂ” (p1),.. .,Ifr"’ (pN)}. W.l.o.g. we can assume that If’ (p1) ¢ I (p;) for all
i = 2,...n; otherwise simply discard I(p;). Then p; ¢ I,(p;) for all i > 2 since otherwise
1, (p1) would have to be contained in /. (p; ), see the picture.

Di

M) c 1M (p)

Therefore p; € I.(p1),i.e. p; is contained in its own future. Thus there is a closed future-directed
timelike curve connecting p; to itself. O

Now we introduce the class of Lorentzian manifolds which will be suitable for the analysis of
wave equations.

Definition 1.2.40. A time-oriented Lorentzian manifold is called globally hyperbolic if it
satisfies the causality condition and if for all p,g € M the intersection JM (p) N JM (g)3is
compact.
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1.2 Lorentzian geometry

Example 1.2.41. Minkowski space is globally hyperbolic.

Example 1.2.42. Compact Lorentzian manifolds are never globally hyperbolic because the
causality condition fails by Lemma 1.2.39.

Example 1.2.43. If we remove one point from Minkowski space, the causality condition of
course still holds but compactness of the causal diamonds fails for some points p and g (namely
if p lies in the past of the “hole” and ¢ in its future). Thus the punctured Minkowski space is not
globally hyperbolic.

Remark 1.2.44. If M is a globally hyperbolic Lorentzian manifold, then a nonempty open
subset O c M is itself globally hyperbolic if and only if for any p,q € Q the intersection
Jf} (p) N J?(q) C Q is compact. Indeed non-existence of closed causal curves in M directly
implies non-existence of such curves in Q.

The following important structure theorem tells us that globally hyperbolic manifolds can be
characterized in several different ways.

Theorem 1.2.45 (Bernal-Sanchez). Let M be a time-oriented Lorentzian manifold. Then the
Jfollowing are equivalent:

(1) M is globally hyperbolic;
(2) There exists a Cauchy hypersurface in M;

(3) The manifold M is isometric to R x S with metric —N?dt*> + g, where N : M — R is a
smooth positive function?, g, is a Riemannian metric on S depending smoothly on t € R
and all sets {ty} X S are Cauchy hypersurfaces in M.

Proof. We first modify condition (1) to

(1°): M satisfies the strong causality condition® and the intersection J i"’ (p) N JM (q) is compact
forall p,g € M.

“(1’) = (3)” has been shown by Bernal and Sdnchez in [5, Thm. 1.1].

“(3) = (2)” is trivial.

“(2) = (1’)” is well known, see e.g. [13, Cor. 39, p. 422].

“(1’) & (1)” has been shown by Bernal and Sdnchez in [8, Thm. 3.2]. m|

3This intersection is sometimes called causal diamond of pand g

4N is known as the lapse function.

5 A Lorentzian manifold is said to satisfy the strong causality condition if there are no almost closed causal curves
in M. More precisely, for each point p € M and for each open neighborhood U of p there exists an open
neighborhood V c U of p such that each causal curve in M starting and ending in V is entirely contained in U.
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Example 1.2.46. Let M be the Minkowski space. Then M is globally hyperbolic. Every
spacelike hyperplane is a Cauchy hypersurface. We have M = R x § with § = R"~!, endowed
with the time-independet Euclidean metric. The lapse function is N = 1.

Example 1.2.47. Let (S, §) be a Riemannian manifold and / C R an interval. Let f : I — R
be a smooth positive function. The manifold M = I x S with the metric g = —df*> + f(1)> - &
is globally hyperbolic if and only if (S, §) is complete, see [3, Lem A.5.14]. This applies in
particular if S is compact.

For example the well-known Robertson-Walker spacetimes and, in particular, the Friedman
cosmological models are of this type.

Furthermore, the deSitter spacetime is of this type, where I = R, § = sn-1 g is the canonical
metric of $”~! of constant sectional curvature 1, and f(7) = cosh(z).

Example 1.2.48. One can show that the Anti-deSitter spacetime is not globally hyperbolic.

Example 1.2.49. The interior and exterior Schwarzschild solutions are globally hyperbolic:
Let m > 0 be a real number. The physical interpretation of this constant is the mass of a central
celestial body or a black hole. We set

Mexe = R X (2m, 00) X S,
My = R % (0,2m) x S2.

The metric is given by
1

_ 2
g =—-h(r)dt + e

dr? + rzgsz

with the function A(r) =1 — 27’"

For the exterior Schwarzschild spacetime we have Mg = R X § with S = (2m, 00) X S2. Here
N? = h and g = ﬁc]r2 + rzgsz does not depend on ¢. The level sets {tr = #p} X (2m, 00) X 52
are Cauchy hypersurfaces.

On the interior Schwarzschild spacetime the function / is negative. So in order to write Mj, as a
product as in (3) of Theorem 1.2.45 we have to rearrage the metric. Now ¢ is a spacelike function

and r is timelike. The sets R x {r = ro} X S? are Cauchy hypersurfaces.

Corollary 1.2.50. On every globally hyperbolic Lorentzian manifold M there exists a smooth
function h : M — R all of whose level sets are smooth spacelike Cauchy hypersurfaces.

Proof. Define h to be the composition # o ® where ® : M — R X § is the isometry given in
Theorem 1.2.45 and ¢ : R X § — R is the projection onto the first factor. |
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1.2 Lorentzian geometry

Lemma 1.2.51. The gradient vector field of a function as in Corollary 1.2.50 is timelike.

2 1

Proof. We choose local coordinates x-, ..., x" on § and complement them to coordinates x' =

h,x2,...,x" on M. In these coordinates the metric takes the form
-N> 0 --- 0 N2 0 0
0 * % % - * % %
&ij) =\ . and therefore (g") =
. Xk k %k %k %k Xk
0 % % * 0 * * %
We compute
oh 0 0 0 1 0
dh = Y T = ]]—.: ”—_———.
gt Z]: Oxt Ox) 2 ox/ % axt T N2on
Since | P |
dh,gradh)= —g|—,— | =—-—— <0
[
=—N2
the gradient grad 4 is timelike. O

Definition 1.2.52. A function / satisfying the properties given in Corollary 1.2.50 with past-
directed gradient is called a Cauchy time-function.

The condition that grad £ is past-directed can always be achieved by either reversing the time-
orientation or by replacing 4 by —A. Since the gradient is past-directed timelike we have for any
future-directed causal curve s — c(s)

0 )
ah (hoc) =g (gradh,c'(s)) > 0.

Hence & increases along each future-directed curve.
We quote an enhanced form of Theorem 1.2.45, which will be needed in the global theory of
wave equations.

Theorem 1.2.53 (Bernal-Sanchez). Let M be a globally hyperbolic manifold and S be a
spacelike smooth Cauchy hypersurface in M. Then there exists a Cauchy time-function
h: M — R such that S = h='({0}).

This result is also due to A. Bernal and M. Sanchez, see [7, Theorem 1.2].
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Remark 1.2.54. Any given smooth spacelike Cauchy hypersurface in a (necessarily globally
hyperbolic) Lorentzian manifold is therefore the leaf of a foliation by smooth spacelike Cauchy

hypersurfaces.

Lemma 1.2.55. Let M be a globally hyperbolic manifold. Then for every compact subset K
of M the subsets J fr” (K) and JM (K) are closed.

For a proof see [3, Lem. A.5.1].

Proposition 1.2.56. Let M be a globally hyperbolic manifold. Let S C M be a Cauchy
hypersurface in M, let K, K’ C M be compact subsets of M. Then we have:

(i) Ji"l (K) N S is compact.
(ii) Ji"l (K)n Ji"l (S) is compact

(iii) JM(K) N JM(K") is compact

For the proofs see [3, Cor. A.5.4 and Lem. A.5.7].
We illustrate these facts:

() Ji"’ (K) N S is compact

(i) J i"’ (K)n JQ” (S) is compact
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1.2 Lorentzian geometry

(i) JM(K) nJM(K’) is compact

Notation 1.2.57. For two points p, g € M, we define the relations

p<geqelX(p)
psqeqell(p).

Since timelike and causal curves can be concatenated these relations are transitive.

In Riemannian geometry the length of curves gives rise to a distance function on the manifold.
This metric is compatible with the given topology on the manifold. In Lorentzian geometry there
is no such metric but the following provides a weak replacement for it.
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Definition 1.2.58. Let ¢ : I — M be a piecewise C!-curve on a Lorentzian manifold M. The
length L[c] is defined by

b
Llc] 2=f Vige@), c(n)| dr.

Here we take the absolute value in order to assure positiveness under the square root. We do this
to avoid case distinctions by the causal type of c. We will really need the length only for causal
curves so we could have replaced the absolute value by a minus sign.

Definition 1.2.59. The time-separation on a Lorentzian manifold M is the function 7 :
M x M — R U {co} defined by

(p.q) == sup{L[c] | ¢ future directed causal curve from p to g, if p < g,
w4 = 0, otherwise,

for all p, g in M.

Observe that we take the supremum of all connecting causal curves whereas in Riemannian
geometry one take the infimum to define the distance function. To illustrate that this is reasonable
one can check that in Minkowski space the line segment connection two points with p < ¢ is the
longest causal curve connecting them. In fact, on convex subsets of a Lorentzian manifold or on
globally hyperbolic manifolds the supremum is always attained by a causal geodesic. This is an
analog to the Hopf-Rinow theorem for complete Riemannian manifolds.

N N time direction .
N 7
Ny /

N 7/

N /

N /

N /

N /
maximal length length = 0
N 7
N /

N 7
/

. 7EN ¢
7 N
4 N
7 N
7/ N

Proposition 1.2.60. Let M be a timeoriented Lorentzian manifold. Let p, q, andr € M. Then
1. 7(p,q) > 0ifand only if p < q.

2. The function T is lower semi-continuous on M xXM. If M is convex or globally hyperbolic,
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1.2 Lorentzian geometry

then 7 is finite and continuous.

3. The function T satisfies the inverse triangle inequality: If p < q < r, then

(p.r) 2 7(p.q) + (g, 7). (1.9)

Proof. See e. g. Lemmas 16, 17, and 21 from Chapter 14 in [13] for a proof. O

1.2.4 Compactness properties

We introduce more concepts of compactness for closed subsets of globally hyperbolic manifolds
and show their interrelation. We start by characterizing past-compact sets.

Lemma 1.2.61. Let M be globally hyperbolic. For any closed subset A C M the following
are equivalent:

(i) A is past compact;
(ii) there exists a smooth spacelike Cauchy hypersurface S C M such that A C J(S);

(iii) there exists a surjective Cauchy time function t : M — R which is bounded from below
on A.

Proof. “(ii) = (i)” Let A C J,(S) be aclosed subset, let x € M. Then ANJ_(x) C J.(S)NJ_(x).
We know by Proposition 1.2.56 that J,(S) N J_(x) is compact. Furthermore, A and J_(x) are
closed sets, hence A N J_(x) is closed. This shows that A N J_(x) is compact as closed subset
of a compact set for all x € M. Hence A is past compact.

“(i) = (ii)” Let A be past compact. Then J (A) is also past compact (and, in particular, closed).
Moreover, M’ := M \ J.(A) is an open subset of M with the property J_(M’) = M’. Hence M’
is globally hyperbolic itself (exercise). Let S be a smooth spacelike Cauchy hypersurface in M’.
Since A C J.(A) C J+(S) it remains to show that S is also a Cauchy hypersurface in M.

Let ¢ be an inextendible w.l.o.g. future-directed timelike curve in M. Once c has entered J, (A)
it remains in J, (A). Since J;(A) is past compact and ¢ is inextendible, ¢ must also meet M’.
Thus ¢ is the concatenation of an inextendible future-directed timelike curve ¢y in M’ and a
(possibly empty) curve c; in J+(A). Since ¢; meets S exactly once, so does c. This shows that S
is a Cauchy hypersurface in M as well.

“(iii) = (ii)” Choose T < inf(¢(A)). Then S := r~!(T') is a smooth spacelike Cauchy hypersurface
such that A c J,.(S).

“(ii) = (iii)” Let S be a smooth spacelike Cauchy hypersurface in M such that A ¢ J.(S). By
Theorem 1.2.53 there exists a Cauchy time function # : M — Rsuch that S = =1 ({0}) W.L.o.g. we
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can assume that ¢ is surjective (otherwise compose with orientation-preserving diffeomorphism).
Since A € J,(S) we have that r > 0 on A. m]

Reversing future and past, we see that a closed subset A ¢ M is future compact if and only if
A c J_(S) for some Cauchy hypersurface S ¢ M. This in turn is equivalent to the existence of
a surjective Cauchy time function ¢ : M — R which is bounded from above on A.

Remark 1.2.62. The proof of “(ii) = (i)” did not use that the Cauchy hypersurface is smooth
and spacelike. Therefore dropping the conditions “smooth and spacelike” in (ii) would yield
another equivalent characterization of past-compact sets.

Lemma 1.2.63. Let M be globally hyperbolic. For any past-compact subset A C M there
exists a past-compact subset A’ C M such that A is contained in the interior of A’.

Proof. Let A C M be past compact. Choose a Cauchy hypersurface S ¢ M such that A C J,(S).
Choose a second Cauchy hypersurface S” c I_(S). Then A’ := J, (S”) does the job. O

Analogous statements hold for future-compact sets and for temporally-compact sets as defined
here:

Definition 1.2.64. Let M be globally hyperbolic. We call a subset A ¢ M

(a) strictly past compact if it is closed and there is a compact subset K € M such that
A c J.(K).

(b) strictly future compact if it is closed and there is a compact subset K ¢ M such that
A c J_(K).

(c) spatially compact if A is closed and there exists a compact subset K ¢ M with A C J(K).

(d) temporally compact if A is past compact and future compact.
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N\

A

7

(a) strictly past compact (b) strictly future compact

7

7

N
QW I
N TR
A
NN
(c) spatially compact (d) temporally compact

Remark 1.2.65. By Lemma 1.2.61 for past and future-compact sets, A is temporally compact if
and only if A C J;(S1) N J_(S,) for some Cauchy hypersurfaces Sy, S, c M.

We have the following analog to Lemma 1.2.61:

Lemma 1.2.66. Let M be globally hyperbolic. For any closed subset A C M the following
holds:

(i) A is strictly past compact if and only if there exists a smooth spacelike Cauchy hypersur-
face S ¢ M and a compact subset Ks C S such that A C J,(Kg);

(ii) A is strictly future compact if and only if there exists a smooth spacelike Cauchy hyper-
surface S ¢ M and a compact subset Ks C S such that A C J_(Kg);

(iii) A is spatially compact if and only if for all smooth spacelike Cauchy hypersurfaces S ¢ M
there exists a compact subset Ks C S such that A C J(Kys).

Proof. (i) “&” is trivial: if A C J,(Kg), then A is strictly past compact by definition.
(i) “=" Let A be strictly past compact and let K C M be a compact subset such that A C J,(K).
Then choose a smooth spacelike Cauchy hypersurface S ¢ M such that K c J,(S) and put
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Ks := SN J_(K). Then Ky is compact by Proposotion 1.2.56 and

A C J(K) C Ji(J+(S) N J(K)) = J. (SN J_(K)) = J.(Ks).

(ii) The proof is analogous done by reversing future and past.

(iii) “«<” is trivial. If A is spatially compact and S € M a Cauchy hypersurface, then Kg :=
S N J(K) does the job.

(iii) “=" Let A be spatially compact and K a compact set such that A ¢ K. Let S ¢ M be a
smooth spacelike Cauchy hypersurface. Then S N J(K) is compact by Proposition 1.2.56. Since
K c J(Kg) we have J(K) c J(Kg). Hence since A c J(K) we found A C J(Kg).

We have the following diagram of implications of possible properties of a closed subset of a
globally hyperbolic manifold M:

spatially compact

strictly past compact strictly future compact
ﬂ \ compact /7 ﬂ
past compact ﬂ future compact

temporally compact

None of the reverse implications in the diagram holds in general.

Remark 1.2.67. The terminology “spatially compact” is justified by the following observation:
Let A C M be spatially compact and let S ¢ M be a Cauchy hypersurface. Then ANS c J(K)NS
which is compact by Proposition 1.2.56. Hence A N § is compact for any Cauchy hypersurface.

In a special case the diagram simplifies considerably, namely if M itself is spatially compact.
Recall that since all Cauchy hypersurfaces are homeomorphic they are all compact or all non-
compact.

Lemma 1.2.68. The globally hyperbolic manifold M is spatially compact if and only if it has
compact Cauchy hypersurfaces.

Proof. If the Cauchy hypersurfaces are compact, let S be one of them. Then M = J(S§), hence
M is spatially compact.

Conversely, if M is spatially compact, then Remark 1.2.67 with A = M shows that the Cauchy
hypersurfaces are compact. O
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Lemma 1.2.69. Let M be globally hyperbolic and spatially compact. Let A C M be closed.
Then the following are equivalent:

(i) A is strictly past compact;
(ii) A is past compact;
(iii) some Cauchy time function t : M — R attains its minimum on A;

(iv) all Cauchy time functions t : M — R attain their minima on A.

Proof. “(iv)=(iii)” is clear.

“(iii)=(ii)” Let t : M — R be a Cauchy time function which attains its minimum on A. By
composing with an orientation-preserving diffeomorphism #(M) — R, we may w.l.o.g. assume
that 7 is surjective. Now Lemma 1.2.61 shows that A is past compact.

“(ii))=(i)” Let A be past compact. Then Lemma 1.2.61 shows that A c J.(S) for a Cauchy
hypersurface S ¢ M. From Lemma 1.2.68 we know that S is compact and therefore A is strictly
past compact by Lemma 1.2.66 with Kg = S.

“(i)=(@{v)” Let A c J;(K) for some compact subset K C M and let ¢ be a Cauchy time function.
Choose T larger than the infimum of # on A. Since AN J_ (+~1(T)) is contained in the compact
set J.(K) Nt~ 1 ((=00,T]) = J.(K) N J_(t71(T)), the function ¢ attains its minimum #q on this
set. On the rest of A, the values of ¢ are even larger than T, hence 7y is the minimum of ¢ on all
of A.

Remark 1.2.70. If M is spatially compact, then every closed subset of A C M is spatially
compact. Moreover, if A is temporally compact then any Cauchy time function ¢ : M — R attains
its maximum s, and its minimum s_ by Lemma 1.2.69. Thus A C ({52, s4]) &~ S X [s—, 54]
where S = +~!(s_) is a Cauchy hypersurface. Since S is compact, so is A.

Summarizing, the diagram of implications for closed subsets simplifies as follows for spatially
compact M:

strictly past compact <= compact === strictly future compact

H | ﬂ

past compact < temporally compact ——=> future compact

We will need the following duality result:

Lemma 1.2.71. Let M be globally hyperbolic and let A C M be closed. Then the following
holds:
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(i) A is past compact if and only if A N B is compact for all strictly future compact sets B;
(ii) A is future compact if and only if A N B is compact for all strictly past compact sets B;
(iii) A is temporally compact if and only if A N B is compact for all spatially compact sets B;
(iv) A is strictly past compact if and only if A N B is compact for all future compact sets B;
(v) A is strictly future compact if and only if A N B is compact for all past compact sets B;

(vi) A is spatially compact if and only if AN B is compact for all temporally compact sets B.

Proof. (i) “<

If AN B is compact for every strictly future compact B, then, in particular, A N J_(x) is compact
for every x € M. Hence A is past compact.

@i “="

Let A be past compact and B be strictly future compact. Let S ¢ M be some Cauchy hypersurface
with A ¢ J.(S) and K ¢ M be some compact subset with B ¢ J_(K). Then AN B C
J+(S) N J_(K), hence A N B is contained in a compact set, hence compact itself.

(ii)

The proof is analogous.

(iii) “<”

If AN B is compact for every spatially compact B, then, in particular, A N J,.(x) and A N J_(x)
are compact for every x € M. Hence A is temporally compact.

(iii) “="

Let A be temporally compact and B be spatially compact. We choose a compact K ¢ M
with B ¢ J(K). By (i), AN J_(K) is compact and by (ii), A N J,(K) is compact. Thus
ANBCANJK)=(ANJi(K))U (AN J_(K)) is compact.

(iv) “=”

By (ii) the intersection of a strictly past compact set and a future compact set is compact.

(iv) “&”

Now assume A is not strictly past compact. We have to find a future compact set B such that
A N B is noncompact. Let K; € K; C K3 C --- C M be an exhaustion by compact subsets. We
choose the exhaustion such that every compact subset of M is contained in K; for sufficiently
large j. Since A is not strictly past compact there exists x; € A\ J.(K;) for every j. The set
B := {x1, x2, x3,...} is not compact because otherwise, for sufficiently large j, we would have
B c K; c J.(K;) contradicting the choice of the x;. But B is future compact. Namely, let
x € M. Then x € K; for j large and therefore BN J, (x) C BNJ,(K;) C {x1,...,x;_1} is finite,
hence compact. Now A N B = B is not compact which is what we wanted to show.

)

The proof is analogous.

(vi) “=”
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1.2 Lorentzian geometry

We know already by (iii) that the intersection of a temporally compact and a spatially compact
set is always compact.

(vi) “&”

If A is not spatially compact, then the same construction as in the proof of (iv) with J,(K})
replaced by J(K;) yields a noncompact set B C A which is temporally compact. This concludes
the proof. |

1.2.5 Gauss’ divergence theorem

We continue our collection of facts in Lorentzian Geometry by stating Gauss’ divergence theorem.
We turn our attention to the signs arising in the Lorentzian case.

Theorem 1.2.72 (Gauss’ divergence theorem). Let M be a Lorentzian manifold and let QO C
M be a domain with piecewise C'-boundary. We assume that the induced metric on the regular
part of the boundary of € is non-degenerate, i. e., it is either Riemannian or Lorentzian on
each connected component. Let n denote the exterior normal field along the regular part of
the boundary 0, 2, normalized to €,, := g (n,n) = £1.

Then for every C'-vector field X on M with supp(X) N Q compact we have

f div(X)dvol = f €ng (X, n) dA.

Q OregQ

Remark 1.2.73. The singular part of dQ forms a null set. Thus we may as well integrate over
all of 9Q in the right hand side of this formula. The function €, is locally constant with value
—1 on the Riemannian part of J,.€2 and value +1 on the Lorentzian part.

€, =—1
-— Q —
€, =1 time

T

The divergence theorem can easily be derived from the Stokes’ theorem which does not involve
any metric. One replaces the vector field by a dual (rn — 1)-form and expresses the divergence by
means of the exterior derivative.
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1 Preliminaries

Now we come back to the local density function u,. For the local calculation of solutions of
wave equations we need to know some derivatives of .

Lemma 1.2.74. Let Q C M be geodesically starshaped with respect to x € Q. Then the
function uy defined in (1.2.27) satisfies

1 1
Ux(x) =1, duxly =0, Hess(uy)ly = —gricx, (Opx)(x) = gscal(x),

where Hess denotes the Hessian, ° ric, the Ricci curvature considered as a bilinear form on
T, Q and scal is the scalar curvature.

For a proof see [3, Lem. 1.3.17] .

Corollary 1.2.75. Let Q C M be geodesically starshaped with respect to x € Q. For the
function u, we have
1
(o) () = —Zscal (x).

Proof. For C?-functions f : M — R and F : R — R a straightforward computation yields the
useful equation

O(F o f) = =(F" o f){df.df) + (F' o f)Of.

Using this with f = p, and F(¢) = ~'/? and Lemma 1.2.74 we compute

_ 1 -3 1
(O ) (x) =0 - 3 “HxC |y - Opxlx = —Escal(x). o

We continue our preparations with another function that we are going to need in connection to
Riesz-Distributions.

Definition 1.2.76. Let QO c M be open and geodesically starshaped with respect to x € Q.

We put
Iy ::yoexp;1 Q- R

where y : T, M — R is defined by y(X) = —g(X, X).

SFor a C2-function f the Hessian at x is the symmetric bilinear form Hess(f)|x : TxM X TxM —
R, Hess(f)|x(X,Y) := g (Vxgrad f,Y) . The d’Alembert operator can be written by Of := —tr(Hess(f))
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1.2 Lorentzian geometry

Lemma 1.2.77. Let Q C M be open and geodesically starshaped with respect to x € Q. Let
n = dim(M). Then the following holds on C):

1. g(gradTy, gradTy) = —4T,;

2. On If} (x) (or on I®(x)) the gradient grad I'y, is a past-directed (or future-directed, respec-
tively) timelike vector field;

3. oIy = 2n — g (grad Ty, grad (log(uy))).

The general proof can be found in [3, Lem. 1.3.19]. We do it here in the case that M is the
Minkowski space. Since M and T, M are canonically isometric via the exponential map there
is no essential difference between y and I' and we regard vy as a function on M. In standard
coordinates (x!, ..., x™) we have

g =—(dxH? + (dx®)? + ...+ (dx™)?,

and
y=xH2 =2 - = (™M

Moreover, note that

(") = N =

The gradient of y turns out to be

. dy 0
dy=> g -2
grady i g7 (x) o O
0 0 0
1 1 2 A2 nn
gl L 292 9 g L
§ xaxl & x(’)x2 & oxn

;0
:—ZZX A

This implies the first assertion:

0 0
g(grad%grady):g(—sz’ —ZZ ' )

axt’ - Y ox
=4 (=2 D2+ ()
= —4y.

Since y > 0 on 1. (0) equation (i) shows that grad y is timelike there. Since grad y is a negative
multiple of the position vector field it is past-directed on I, (0) and future-directed on I_(0).
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N time direction s ’
N Q 4
N I (x) L
N s
N s
N s
N 7
K y
N //
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v N
/
/ \,\
s
v AN
4 N
4 N
s
P N
v N,
red: xt %
blue:  gradvy

This proves the second statement. Finally, we verify the third assertion:

92 92 92
- + +...+
(0x1)?  (9x2)* (0x™)?
=24+2+...+2

=2n.

Oy = —

) ((xl)2 o (xn)2)

Since u, is constant the term —g (grad I'y, grad (log(u,))) vanishes which concludes the proof.

Remark 1.2.78. One can check that there is a connection between 7 and I', namely if Q2 is convex
and 7 is the time-separation function of ), then

pa) = { V(). ifp<gq,

0, otherwise.

So 7(p, g) is actually the length of the geodesic segment connecting p and g. The supremum is
attained and the geodesic segement is the longest causal curve.

1.3 Distributions

Wave equations will allow for very irregular solutions. There are no such nice features as elliptic
regularity theory for wave equations. Due to this fact we need distributions. They have the
advantage that, while possibly being very irregular, they can be differentiated arbitrarily often.

Roughly speaking, while functions can be evaluated at a point, distributions only have “smeared”
values. For this reason they are functionals on test functions. We imagine a test function as
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1.3 Distributions

having its support very close to the point. From the point of view of physics, this is a very
reasonable concept because measuring instruments are never able to measure a quantity exactly
at a given point.

1.3.1 Distributions on manifolds

Let M be a differentiable manifold with volume density du. Let E — M be a K-vector bundle
with K =R or C.

Notation 1.3.1. We denote the space of compactly supported smooth sections of E by

D(M,E) := CX(M, E).

The elements of D (M, E) are referred to as test sections in E.

Definition 1.3.2. Let £ € N be a positive number and K C M be a compact subset. Let V
denote connections on £ and 7*M and (-, -) positive definite fiberwise scalar products on E
and T*M. For u € D(M, E) we define the C¥-seminorm by

lullk,v,¢., 5,k := max max [|[V/u(x)]|.
j=0,...,k xeK

Remark 1.3.3. Note that VVu € C*(M,T*M ® --- ® T*M ®E). For ||V/u(x)|| to be defined we

J factors

need metrics on £ and 7" M. They induce metrics on all bundles T"M ® --- Q T*M ® E.
The seminorm || - ||x,v,(.,.), k is not a norm in general because in case supp uN K = @ the seminorm
llullk,v, (., .5, k vanishes although u need not be the zero section on all of M.

Different choices of the metrics and the connections yield equivalent seminorms for fixed k£ and
K. For this reason we will usually drop the metric and the connection in the notation and simply
write || - [|ck ky instead of || - [k, v.¢., ). k-

We define a notion of convergence of test sections.

Definition 1.3.4. Let ¢, ¢, € D(M, E). We say that the sequence (¢,,), converges to ¢ in
D(M, E) if the following two conditions hold:

1. There is a compact set K C M such that the supports of ¢ and all ¢,, are contained in K,
i. e., supp (¢), supp (¢,) C K for all n.
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1 Preliminaries

2. The sequence (¢,,), converges to ¢ in all C*-norms over K, i. e., for each k € Ny

n—o00
lle - ‘Pn”ck(K) — 0.

Remark 1.3.5. The first condition means that the sequence (¢, ), cannot converge to zero by its
supports escapting to infinity.

©n Pn+1

We fix a finite-dimensional K-vector space W. Recall that K = R or K = C depending on whether
E is real or complex.

Definition 1.3.6. A K-linear map T : D(M,E*) — W is called a distribution in E with
values in W if it is sequentially continuous, i.e., for all convergent sequences ¢, — ¢ in
D(M, E*) one has T[e,] — Tle]. We write D’(M, E, W) for the space of all W-valued
distributions in E. In the case W = K write D’(M, E).

Note that since W is finite-dimensional all norms on W yield the same topology on W. Hence
there is no need to specify a norm on W for Definition 1.3.6 to make sense.

Lemma 1.3.7. For T € D'(M,E,W) and K C M compact there is a nonnegative integer
k € Ng and a constant C > 0 such that for all ¢ € D(M, E*) with supp(¢) C K we have

ITlell < C- llellck k) - (1.10)
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1.3 Distributions

The smallest k£ for which inequality (1.10) holds is called the order of F over K.

Proof. Assume (1.10) does not hold for any pair of C and k. Then for every positive integer k
we can find a px € D(M, E*) with supp(¢x) C K and |T[¢r]l > k- ¢k |lcx. We define sections
PE mgok. Obviously, these ¢, satisfy supp(¥x) C K and

1 1
lWrller k) = m”90k||ck(1<) <z

Hence for j > k
iller iy < Msller ) < 3

Therefore the sequence (¢;)r converges to 0 in D(M,E*). Since T is a distribution we get

T[y;] — F[0] = 0 for j — oco. On the other hand, |F[y;]| = ‘mF[goj]‘ =1 for all j, which

yields a contradiction. |

Lemma 1.3.7 states that the restriction of any distribution to a (relatively) compact set is of finite
order. We say that a distribution F is of order k if k is the smallest integer such that for each
compact subset K C M there exists a constant C so that

IFlell < C - llgllcr k)

for all ¢ € D(M, E*) with supp(¢) C K. Such a distribution extends uniquely to a continuous
linear map on C*(M, E*), the space of C*-sections in E* with compact support.

Here, convergence in CX(M, E*) is defined similarly to that of test sections. We say that ¢,
converge to ¢ in CX (M, E*) if the supports of the ¢,, and ¢ are contained in a common compact
subset K ¢ M and ||¢ — ganllck(K) — 0asn — oo.

Next we give two important examples of distributions.

Example 1.3.8. Pick a bundle £ — M and a point x € M. The delta-distribution J, is an
E’;-valued distribution in E.
For ¢ € D(M, E*) it is defined by

oxle] = o(x).
The distribution d is of order 0, since we have |65 (¢)| = |¢(x)| < [l@llco(k) for all test functions
with support in K.

Example 1.3.9. Let f € L}OC(M, E) be a locally integrable section in E. We set for any
v € DM, E")

gl = [ o000,
M
Again, as a distribution, Ty is of order 0, since |Tr[¢]| < fK lellcoy | f()ldu < Cr(K) -

||90||c0( K)
One usually writes f[¢] instead of T¢[¢] and interpretes f itself as a K-valued distribution in E.
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Notation 1.3.10. Let E > M and F — N be K-vector bundles. Then £ ® F' denotes the
vector bundle over M x N whose fiber over (x,y) € M X N is given by E, ® F,.

Lemma 1.3.11. Let M and N be differentiable manifolds equipped with smooth volume den-
sities. Let E — M and F — N be vector bundles. Let K C N be compact and let
@ € CK(M x N, E ® F*) be such that supp(p) € M x K. Letm < k and let T € D'(N, F) be
a distribution of order m. Then the following statements hold:

1. The map

f:M—>E,
x> (idg, ®T) [e(x, )] =: Tle(x, )],

defines a C*=™-section in E.

2. The support of f is contained in the projection of supp () to the first factor, i. e., supp(f) C
{x e M | Ay € K such that (x,y) € supp(p)}.

3. If P is a linear differential operator of order < k — m acting on sections in E, then
Pf=T[Pxe(x,-)].

In other words, derivatives up to order k —m in directions tangent to M may be interchanged
with T.

For a proof see [3, Lem. 1.1.6].

Next we will see how differential operators act on distributional sections. Let P € @% (E,F)
be a linear differential operator. Then P extends uniquely to a continuous linear operator
P:D'(MEW)— D' (M,F,W) by

(PD)l¢]l :=T[P¢]

where ¢ € D(M, F*).
For this definition to be correct, we have to check:

* that P*(¢) is again a test section with compact support. This is clear because a differential
operator never enlarges the support of a section.

* that PT is again a distribution, i.e., it is sequentially continuous and linear. Since 7" and
P* are sequentially continuous and linear so is their composition. Therefore PT is again a
distribution.
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1.3 Distributions
1.3.12. Let f € C*(M, E) be asection and denote the associated distributionby 7y € D’'(M, E).
Show that for any linear differential operator P € @/(E, F) the following holds:
PTy = Tpy.

This means that applying P in the classical sense is the same thing as applying it in the distribu-
tional sense.

Definition 1.3.13. We equip the space D’(M, E, W) of distributions in E with the weak
topology. This means that 7, — T in D’(M, E, W) if and only if T,,[¢] — T[] for all
€ D(M,E").

Remark 1.3.14. Linear differential operators P are always continuous with respect to the weak
topology. Namely, if 7,, — T, then we have for every ¢ € D(M, E*)

PTule] = T,[P7¢] - T[P*¢] = PT¢].

Hence
PT, — PT.

Definition 1.3.15. The support of a distribution 7' € D’ (M, E, W) is defined as the set

supp(T) := {x € M |Y neighborhood U of x ¢ € D(M, E*) with
supp(¢) C U and T[¢] # 0}.

It follows from the definition that the support of 7 is a closed subset of M. In case T = Ty with
f € LllOC we have that supp(Ty) = ess — supp(f). Thus the concept of support for distributions
generalizes the usual support of sections.

Remark 1.3.16. If for ¢ € D(M,E*) and T € D’'(M,E, W) the supports of ¢ and T are
disjoint, then T[¢] = 0. Namely, for each x € supp(¢) there is a neighborhood U of x such that
T[¥] = 0 whenever supp(¥) € U. Cover the compact set supp(¢) by finitely many such open
sets Uy, ..., Uy. Using a partition of unity one can write ¢ = ¢; +-- -+ withy; € D(M,E™)
and supp(y;) C U;. Then

Tlel =Tl + -+l =Tl + -+ TYx] = 0.

Warning. Iit is not sufficient to assume that ¢ vanishes on supp(7’) in order to ensure T[¢] = 0.
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Example 1.3.18. Let M = R and E be the trivial K-line bundle. Let T € D’ (R, K) be given by
T[¢] = ¢’(0). Then supp(T) = {0} but T[¢] = ¢’(0) may well be nonzero while ¢(0) = 0. For
instance, if ¢(¢) = ¢ near 0, then ¢ does the job.

If a distribution has compact support then we can evaluate it even on “test sections” with non-
compact support. More generally, let T € D’'(M,E, W) and ¢ € C*(M, E*) with supp(T) N
supp(¢) compact. Pick a function o € D(M,R) that is constant 1 on a neighborhood of
supp(T) N supp(¢). Then we define the evalution T[¢] by

Tl¢] :=Tloe].
This definition is independent of the choice of o since for another choice o’ we have
Tlogl =Tlo'¢]l =T[(c —0")¢] =0

because supp((o — o’)¢) and supp(7T’) are disjoint.

Definition 1.3.19. LetT € D’(M, E, W) and let Q C M be an open subset. For ¢ € D(Q, E¥).
The extension of ¢ by 0 yields a test section exty; ¢ € D (M, E*). This defines an embedding
D, E*) Cc D(M, E*). We define the restriction of T to Q by

(Ta)le] := Tlextp ¢].

Definition 1.3.20. The singular support sing supp(7’) of a distribution 7 € D’(M, E, W) is
the set of points which do not have a neighborhood restricted to which 7 coincides with a
smooth section, i.e.

sing supp(7T") := {x € M |V neighborhood Q of x the restriction 7’| does not coincide
with a smooth section}.

By definition, the singular support is also a closed subset, just as for the support. Moreover, we
clearly have sing supp (T") c supp (7).

Example 1.3.21. For the delta-distribution ¢, we have supp (6,) = singsupp(dx) = {x}.

Lemma 1.3.22. Let T,,,T € C%(M, E) and suppose T, — T locally uniformly. Consider T,
and T as distributions.

Then T, — T in D'(M,E). In particular, for every linear differential operator P we have
PT,, — PT in the sense of distributions.
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Proof. Let ¢ € D(M, E*). Put K := supp (¢). We compute
lim 7,[p] = lim fM @©(x) (Tn(x)) du(x)
= lim fK o(x) (T (x)) du(x)
= L lim ¢ (x) (T (x)) dp(x)
= f o) (lim 7, () da(o)
K n—0oo
= fK @(x) (T'(x)) dp(x)

=Tlel.

which implies 7,, —» T in D’(M, E).
The limit may be interchanged with the integral by Lebesgue’s dominated convergence theorem.O

The following situation will arise frequently. Let E, F, and G be K-vector bundles over M. Let
e CK(M,E®F)and y € CX(M,F* ® G). We define ¢ - ¢ € C*(M, E ® G) by means of the
natural pairing F' ® F* — K. The pairing is given by evaluation of the second factor on the first
and yields a vector bundle homomorphism £ ® F ® F*® G — E ® G. Then ¢ - ¢ is the the
contraction F' ® F* — K applied to ¢ ® .7

Lemma 1.3.23. For all C*-sections ¢ in E ® F and  in F* ® G and all K ¢ M compact we
have

e - ¥llck k) < 2k lellcr k) - 1Y llex k-

Proof. We use induction on k.

The case k = 0 follows from the Cauchy-Schwarz inequality as follows: For fixed x € M
we choose an orthonormal frame fi,..., f, for Fy. Let f],...,f; be the dual frame for
FY. We write ¢(x) = }7_, e;(x) ® f;(x) and similarly ¥ (x) = X7 | f7(x) ® gi(x). Then
e(x) ¥ (x) = 2 ei(x) ® gi(x) and we see, using the Cauchy-Schwarz inequality twice:

.,

2
|Z€i ® gil
i=1

.
Z (e; ® gi,ej ® &)

ij=1

g - yl?

71f one identifies E ® F with Hom(E*, F) and F* ® G with Hom(F, G), then ¢ - ¢ corresponds to the composition
of ¢ and ¢.
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Now we perform the induction step.

IV (@ - W)lleoky < 1Y@ - W llex k)
=[[(Vo) - ¢ + ¢ - Vlicr k)
< Vo) - dller xy + e - Vller k)
< 2K IVelick k) - W ller ey + 25 - Neller ) - IV ller k)

25 leller iy - IWllers gy + 25 - N@llern gy - W llers k)

— 2k+1

Thus

lle - &llcrs k)

— 2k+l

This lemma allows us to estimate the C*-norm of products of sections in terms of the C*-norms
of the factors. The next lemma allows us to deal with compositions of functions. We recursively

define the following constants:

for j > k and for j < 0 and

: ||SD||Ck+I(K) . HJ/HC’”'(K)-

= max{ll¢ - Yllck &) IV (@ - W llco
< max{Zk . ||go||ck(,<) . IIwIICk(K),Zk+1 : ||90||ck+1(1<) : ||¢||ck+l(1<)}

a(k,0) =1,
a(k,j) =0

a(k + 1,j) = max{a(k, j), 2% - a(k, j — 1)}

if 1 < j < k. The precise values of the a(k, j) are not important. The definition is made in such

a way that the following lemma holds.
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Lemma 1.3.24. Let T be a real valued C*-function on a Lorentzian manifold M and let
o : R = R be a C*-function. Then for all K ¢ M compact, k € Ng and I C R such that
I'(K) c I we have

. Jj
lloo Vlix k) < Nlrllexry - max @tk DTl -

Proof. Again, we perform an induction on k. The case k = 0 is obvious. By Lemma 1.3.23
IV¥*! (0 o D)llcogky = IV¥I(0 o T) - VTllcok)
< ”(O', [¢] F) . VFHCk(K)
<28 llo” o Tllek (k) - IV llek k)

< 2K Nlo" o Tller k) - T llersi ()

k(o . AT . ,
<2 -|lo" ek jzr(r)}?)ika(k,J)IIFIICM(K) T ll ks iy
< 2K N llekst gy - max a(k, )T
= C @) =0,k ’ Ck+I(K)

J

=2k. - i— DT .
llollcrsr) j:{r}_a}jgﬁla(k,J Tl g

Hence

llo o Tllcks1 (k) = max{llo o Tlick g, IV (0 0 Dllco k)

< max{llollorry+ max ath DITy
2 llicray - _max @k, ] = DI )
< llollex+r -j:()r’r.1?§<+lmax{a(k,j),2koz(k,j - 1)}||r||ék+1(1<)
= lorlleray - max etk + LD :

1.3.2 Riesz distributions on Minkowski space

In this subsection we construct the basic building blocks for solutions of the d’Alembert equation
on Minkowski space. Let V be an n-dimensional R-vector space, let (-, -) be an inner product of
index 1 on V. Hence (V, (-, -)) is isometric to Minkowski space. Endow V with a time orientation
such that 7/, (0) and /_(0) are defined. Let y : V — R be the function y(X) := —(X, X) qw in
1.2.76.
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Definition 1.3.25. For any complex number « with R (@) > n let R, (a) and R_(«) be the
complex-valued continuous functions on V defined by

Cla,n)y(X)7", if X € J.(0),
0, otherwise,

Ri()(X) := {

2-n
where C(a, n) := % and z — (z — 1)! is the Gamma function.
2 ° 2 :

Remark 1.3.26. Note that the functions R. (@) are continuous because y vanishes on the bound-
ary of J.(0) and the exponent “5* is assumed to have positive real part. Indeed, if we increase
the real part of the exponent then the function vanishes to higher order along the boundary and
hence becomes more regular. Concretely, for R (a) > n + k we have R, (@) € Cckv,C).

Lemma 1.3.27. For all @ € C with R(a) > n we have
(1) vy -Ri(a) =a(d—n+2)R.(a+2)

(2) (grady) - Ri(a) = 2a grad Ri(a +2);

(3) OR.(a +2) = R.(a).

Moreover, the map « — R.(«a) extends uniquely to all of C as a holomorphic family of distri-
butions. This means that for each test function ¢ the function @ — R.(a)[¢] is holomorphic.

Proof. Identity (1) follows from

Coy 20 ¢
Cla+2,n)  20-a=2) (2 _ )1 (58] ‘

To show (2) we choose a Lorentzian orthonormal basis ey, . . ., ¢,, of V and we denote differenti-
ation in direction e; by d;. We fix a test function ¢ and integrate by parts:

C(a,n) ) y(X) T dry(X)(X) dX
J+(0)

2C a,n a-n+

_ @m0 ) e(X) dx

a+2—-n J.(0)

0iy - Ri(a)[yp]

= —2aC(a+2,n) y(X)“ 22 8,0(X) dX
J+(0)

= 2aR.(a+2)[0;¢]
= 2ad;Ri(a +2)[¢],
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which proves (2). Furthermore, it follows from (2) that

9?Re(a +2)

1
0; (Eai'y : R+(a/))

= (52, 5. _
T (ai)f Ri(a@) + 0;y (2(@’—2)&7 Ri(a 2)))
- L, _ 1 gaple=de-n
= zaai'y Ri(a)+4a/(a'—2)(aly) Ri(a)
_ )2
= (L527+u.@_7)).1gi(a),
4a y
so that
OR.(a@+2) = (3+“_”-4—7)Ri(oz)
a 4a 0%
= Ri(a).

To show the final assertion we first note that for fixed ¢ € D(V,C) the map {R(a) > n} — C,
a — R.(a)[¢], is holomorphic. For R (@) > n — 2 we set

R.(@) :=0OR.(a+2). (1.12)

This defines a distribution on V. The map a — R+(0/) is then holomorphic on {a € C | R(a) >
2}. By (3) we have R+(a/) R, (@) for R(@) > n, so that @ — Ri(a/) extends @ — R.(a)
holomorphlcally to{a € C| R(a) >n-2}.

@ N\

R(a) >n

N\

Proceeding inductively, we obtain a holomorphic extension of @ — R.(«) to all of C, which is
necessarily unique. O

Lemma 1.3.27 defines R. () for all @ € C, not as functions but as distributions.
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1 Preliminaries

Definition 1.3.28. We call R, (@) the advanced Riesz distribution and R_(«) the retarded
Riesz distribution on V for a € C.

We next want to collect more important facts on Riesz distributions. As preparation, we first
identify the set of all @ € C that lead to vanishing C(a, n).

2-n
2

Remark 1.3.29. We defined R.(a)(X) = C(a,n)y(X)“™" where C(a,n) = —2—oZ and

T (§-DIE)!
z — (z — 1)! is the Gamma function. The Gamma function has no zeros but simple poles at the

non-positive integers. For the two factors of the denominator of C(a,n) we have:
* (3 —-1D'hasapoleiff a € {0,-2,-4,...}
e (59! hasaiffa e {n-2,n-4,...}
Observe that there is a difference between even and odd dimensional V. In odd dimension, the

sets are disjoint and all negative numbers lead to vanishing C(a, n). In even dimension, the two
sets overlap and C(a, n) has zeros with double multiplicity.

To complete our preparations, we derive a more explicit formula for the Riesz distributions
evaluated on test functions of a particular form.
Introduce linear coordinates x', ..., x" on V such that y(x) = —(x1)? + (x*>)? + - - - + (x"*)? and
such that the x!-axis is future directed. Let f € D(R, C) and choose ¢ € D(R*~!,C) such that
¢ € D(R",C) defined by

e(x) = fxHy 3. XM (1.13)
satisfies @(x) = f(x!) on J,(0).

S
11
—_

=

L

=

=

supp(f)

Lemma 1.3.30. For such test functions and if R(a) > 1 then

(o)

fr“_lf(r)dr. (1.14)

0

Ri()]¢] =

1
(a—1)!
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1.3 Distributions

Proof. First we note that it suffices to show the formula for R(a) > n. Namely, since both
sides of the equation are holomorphic in @ for R (@) > 1 the identity theorem for holomorphic
functions will then imply that equation (1.14) holds for all @ with R (@) > 1. By continuity, we
then also get it for all @ with R(a) = 1.

Let therefore R (a) > n. We abbreviate £ = (x2,...,x"). We compute

Ri(a)[¢] = C(a,n) e(X)y(X)“T dX
J+(0)

C(a,n) f ) f e(xL, ) ((xH? = 12T d# dx!
{|%|<x!}
C(a, n)f f(x )f (x ) |x| ) T d% dx!
|x|<x

cam [ rah [ f,,““ - )" 0" 2dw do d,

where $"2 is the (n — 2)-dimensional round sphere and dw its standard volume element.

Renaming x! we get

Ry (a)[¢] = vol(§"7%) C(a, n) f f@r f (r* = 0*) 7 " 2do dr.
0 0

I

Using for(r2 - 0" 7 0" do = %r"‘l( e

ISnZ an,n%,
Ry (a)[¢] M )f f()“( ((BE)' " 4r

B 1 27-[(”_1)/2 21—11/7.[1—11/2 (%)1(}173)‘ 00 o
5(”—‘1—])1 '(a/2—1)!(u)!' =Y f fr)yr=dr

we obtain

B 21 -a ool
= (a/2—1)'(“1)' f fryr* " dr.
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1 Preliminaries

Legendre’s duplication formula (see [12, p. 218])

(%-1)!(“;1—1)z=21—“\/5(a—1)! (1.15)

yields the claim. |

Now we are ready to state and prove the following collection of important facts on Riesz
distributions:

Proposition 1.3.31. The following holds for all a € C:
l. v -Ri(a) =a(e—n+2)Ri(a+?2),
2. (grady)R.(a) = 2agrad (R.(a + 2)),
3. OR.(a +2) = R.(a),

4. Foreverya € C\ ({10,-2,-4,...} U{n—-2,n—4,...}), we have
supp (R+(@)) = J.(0) and sing supp (R.(@)) C 0J.(0).

5. Foreverya € {0,-2,-4,...}U{n—-2,n—4,...}, we have
supp (Rs(@)) = sing supp (R.(@)) € 9J.(0).

6. Forn >3 anda =n—-2,n—4,...,1 or2 respectively, we have
supp (R+(@)) = sing supp (R (@)) = 3J.(0).
7. R.(0) = 0.

8. For R(a) > 0 the order of R+ (@) is bounded from above by n + 1.

9. If @ € R, then R.(@) is real, i. e., R.(a)[¢] € R for all ¢ € D(V,R).

Proof. Assertions (1), (2), and (3) hold for R (a) > n by Lemma 1.3.27. Since, after insertion
of a fixed ¢ € D(V,C), all expressions in these equations are holomorphic in @ they hold for all
a.

Proof of (4). Let ¢ € D(V,C) with supp(¢) N J=(0) = 0. Since supp(R+(a)) C J.(0) for
R (@) > n, it follows for those « that

Ri(a)[¢] =0,

and then for all @ by holomorphicity. Therefore supp(R.(a)) C J.(0) for all a.

On the other hand, if X € 1.(0), then y(X) > 0 and the map @ — C(a, n)y(X)% is well
defined and holomorphic on all of C. Again by holomorphicity, we have for ¢ € D(V,C) with
supp(¢) € 1:(0)

Re(a)[¢] = f C(a,n)y(X) 7T o(X)dX
supp(¢)
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1.3 Distributions

for all « € C. Thus R.(w@) coincides on I.(0) with the smooth function C(«, n)y(-)%
and therefore sing supp(R.(@)) C C.(0). By Remark 1.3.29 the map @ — C(a,n) vanishes
only on {0,-2,-4,...} U{n—-2n—-4,...}, so we have 1.(0) C supp(R.(a)) for every a €
C\({0,-2,-4,.. }U{n—-2,n—4,...}). Thus supp(R.(@)) = J+(0). This proves (4).

Proof of (5). For @ € {0,-2,—4,...} U{n—-2,n—4,...} we have C(a,n) = 0 and therefore
Ri(@)1,0) = 0, so supp(R.(a)) C 0J.(0). Since singsupp(R.(a)) C supp(R.(@)) is clear,
it remains to show supp(R.(«)) C singsupp(R.()). Let X ¢ singsupp(R.(@)), X € 0J.(0).
Then there exits a neighboorhood U of X with R.(a)|y is smooth.

Since U \ 0J.(0) is dense in U continuity implies R.(@)|y = 0. Thus X ¢ supp(R.(@)). This
proves (5).
To show (6) recall first from (5) that we know already

sing supp (R (@)) = supp(R:(@)) € 9J:(0)

fora =n-2,n-4,...,2 or 1 respectively. Note also that the distribution R. (@) is invariant
under timeorientation-preserving Lorentz transformations, that is, for any such transformation A
of V we have

Ri(a)l¢o Al = R.(a)[¢]

for every test function ¢. Hence supp(R.(a)) as well as sing supp(R.(a)) are also invariant
under the group of those transformations. Under the action of this group the orbit decomposition
of 8J.(0) is given by

8J:(0) = {0} U (8J:(0) \ {0}).®

So supp(R.(a)) is made up of orbits. Thus supp(R.(a)) = sing supp(R.(a)) coincides either
with 0, {0}, dJ.(0) or a union of these components. Since the support is closed we have the
possibilities that supp(R.(a)) = sing supp(R.(a)) is 0, {0} or J.(0).

8To see that (8J4(0) \ {0}) is one orbit, look at Lorentz boosts and space rotations.
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1 Preliminaries

We now consider test functions ¢ as in (1.13). We showed that for such ¢

R, (a)[¢] = foo r* F(rydr 0
0

for suitable f € D(R,C). Simply choose f nonnegative everywhere and positive somewhere in
R*. This concludes the proof of (6).

Proof of (7). Fix a compact subset K C V. Let ox € D(V,R) be a compactly supported
function such that ok |, = 1. For any ¢ € D(V, C) with supp(¢) C K write

p(x) = 9(0) + > ¥ (x)
=1

J

with suitable smooth functions ¢;, see Exercise 1.3.32 below. Then

R+ (0)[¢] R.(0)[ok el

n

R.(O)(O)rk + Y ¥ oke;]

J=1

(0) Re (0)[ok]+ > (7 R.(0)) [0k ;1]
——— _ — e
=CK Jj=1 =0 by (2)
= cxp(0).

The constant ck actually does not depend on K because for K’ O K and supp(¢) C K(C K’),
ck¢(0) = R (0)[¢] = cx ¢(0),

so that cx = cx+ =: c¢. It remains to show ¢ = 1.
We again look at test functions ¢ as in (1.13) and compute, using (3),

c-¢(0)

R (0)[¢]
= (OR.(2)[¢]
= R.(2)[o¢]

= f‘” rf"(r)dr
0

This concludes the proof of (7).

Proof of (8). By its definition, the distribution R.(«) is a continuous function if R(a) > n,
therefore it is of order 0. Since O is a differential operator of order 2, the order of OR. () is at
most that of R. () plus 2. It then follows from (3) that:
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1.3 Distributions

e If n is even: for every @ with R(a) > 0 we have R(a) +n = R(a) +2- 5 > n, so that the

order of R. () is not greater than n (and so n + 1).

e If n is odd: for every @ with R(a) > 0 we have R(a) +n+1=R(a) +2- ”T“ > n, so that
the order of R.(«) is not greater than n + 1.

This concludes the proof of (8).

Assertion (9) is clear by definition whenever @ > n. For general @ € R choose k € N so large
that @ + 2k > n. Using (3) we get for any ¢ € D(V,R)

Re(@)g]l = O'Ri(@+2k)¢]l = Ru(a+2k)[cr¢leR

because 0% ¢ € D(V,R) as well. m|

1.3.32. Let ¢ : R” — R be a C¥-function, k > 1.
a) Show that there exist C¥~!-functions Ol ..., ¢n : R™ — R such that

p(x) = @(0) + D ¥ - g (x)
=1

J

for all x € R™.

b) Show that the ¢; need not have compact support even if ¢ does.

Shortly after the definition of distributions, we saw that a distribution extends uniquely to a
continuous linear map on the space of C*-sections in E with compact support, if the order is not
too high. For the Riesz distributions, in Proposition 1.3.31 (8) we found an upper bound for the
order. This leads us to a slight generalization of Lemma 1.3.27 that we will need later on.

Corollary 1.3.33. For ¢ € D¥(V,C) the map a — R.(a)[¢] defines a holomorphic function
on{a € C|R(a) >n-2[51}

Proof. Let¢ € DKV, C). On{R(a) > n}, by the definition of R.(a) the map @ — R.(a)[¢] =
C(a,n) f 7. y% wdX is clearly holomorphic . With (3) of Proposition 1.3.31 we have R, (a)[¢] =
OR. (a + Q)[go] = R.(a + 2)[O¢], so R.(a)[¢] is holomorphic for R (@) > n — 2 in case k > 2.
We iterate this argument [%]—times (to stay in the case of (8) of Proposition 1.3.31) and we get
the holomorphic extension to the set {R (@) > n — 2[%]}. ]

Remark 1.3.34. Combining (3) and (7) of Proposition 1.3.31 we find OR.(2) = R.(0) =
0o. We say that R.(2) are fundamental solutions for the d’Alembert operator on Minkowski
space, a concept we will study in detail. Using fundamental solutions, it is easy to solve the
inhomogeneous equation Ou = f arbitrary right side f by convolution.
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1 Preliminaries

There are qualitative differences in the properties of the solutions depending on the parity of the
dimension:

If n > 4 is even, we have supp (R+(2)) = dJ.(0). Interprete the right hand side of OR.(2) = &y
as point source at 0 of a signal that propagates with constant speed. Inside the future light
cone the solution is zero, the wave propagates strictly on the cone. An observer with timelike
world line would note the signal for just one moment as he crosses dJ.(0). This is known as
the Huygens property. It is familiar to us from light and sound waves propagating in 3 space
dimensions (hence n = 4 spacetime dimensions).

If n > 3 is odd then supp (R.(2)) = J.+(0) and the Huygens property does not hold. In this case,
the signal of a point source propagates also inside the light cone. For an observer, the wave is
noticable not only at a single moment but still after the signal has arrived. An example of such
waves are waves on 2-dimensional surfaces like water waves.

1.3.3 Riesz distributions on a domain

Riesz distributions have been defined on all spaces isometric to Minkowski space. They are
therefore defined on the tangent spaces at all points of a Lorentzian manifold. We now show
how to construct Riesz distributions defined in small open subsets of the Lorentzian manifold
itself. The passage from the tangent space to the manifold will be provided by the Riemannian
exponential map.

Let Q be a domain in a timeoriented n-dimensional Lorentzian manifold, n > 2. Suppose Q
is geodesically starshaped with respect to some point x € Q. In particular, the Riemannian
exponential function exp, restricts to a diffeomorphism Q" — Q where Q' is an open subset of
T M, starshaped with respect to 0. Let u, : Q — R be defined as in (1.2.27). We define for
every test function ¢ € D(Q, C),

R (e, x)[¢] := Ru(@)[(xp) o exp,].

Note that supp((ux¢) o exp,) is contained in Q. Extending the function (uy¢) o exp, by zero
we can regard it as a test function on 7 Q and thus apply R.(«) to it.

Definition 1.3.35. We call R*(«, x) the advanced Riesz distribution and R («, x) the re-
tarded Riesz distribution on Q at x for @ € C.

The relevant properties of the Riesz distributions are collected in the following proposition.

Proposition 1.3.36. The following holds for all @ € C and all x € Q.

1. If R(a) > n, then R (a, x) is the continuous function

Cla,mT,>  on J2(x),
0 elsewhere.

R&(a,x) = {

54



1.3 Distributions

. For every fixed test function ¢ the map a — R%(a, x)[¢] is holomorphic on C.
. Ty - R%(a,x) = a(@—n+2)R%(a +2,x)

. grad (Ty) - R®(a, x) = 2agrad R®(a + 2, x)

. Ifa #0, then oR (e +2.x) = (85522 + 1) R%(a. x)
. R0, x) = 6,
. Foreverya e C\ ({0,-2,-4,.. .} U{n—-2,n—4,...}) we have

. Foreverya € {0,-2,—4,.. .} U{n—2,n—4,...} we have

. Forn>3anda=n—-2,n—4,...,1 o0r2, respectively, we have
supp (R (e, x)) = sing supp (RE (e, x)) = C(x).
For R(a) > 0 we have ord(Riz(oz, x)) < n+ 1. Moreover, there exists a neighborhood U

10.

11.

12.

13.

14.

supp (Rf_}(a, x)) = Jf_}(x) and  sing supp (Rf_}(a, x)) C Cf_}(x).

supp (Rf(a, x)) = sing supp (Rf_}(a/, x)) C Cf_}(x).

of x and a constant C > 0 such that

IR2(@, x)[gll < C- liglicnsi o
forall g € D(Q,C) and all x’ € U.

IfU c Qs an open neighborhood of x such that Q is geodesically starshaped with respect
toall x' € U and if V € DU x Q,C), then the function U — C, x" — R%(a, x)[y
V(x',y)], is smooth.

IfU c Qs an open neighborhood of x such that Q is geodesically starshaped with respect
toall x’ € U, if R(e) > 0, and if V€ D" (U x Q,C), then the function U — C,
x’ = RE(a, x)[y - V(x',y)], is CK.

For every ¢ € DX(Q,C) the map a — R3(a, x)[¢] is a holomorphic function on {a €
C|R(a) >n-2[51}

If @ € R, then RS(O/, Xx) isreal i. e., RS(O/, x)[¢] € R for all p € D(,R).

Proof. Proof of (1). Let R(a) > n and ¢ € D(Q, C). Then

RE(a,x)[p] = RZ(a,0)[(ux - @) oexp,]
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YT (- ¢) oexp, dX
J2(0)

I
Q
PR
R

S

a—n

C(a,n) .2 -¢ dv.
J2(x)

Proof of (2). This follows directly from the definition of RS (a, x) and from Lemma 1.3.27.
Proof of (3). By (1) this obviously holds for R (@) > n since C(a,n) = a(a —n+2)C(a +2,n).
By analyticity of a — R%(«, x) it must hold for all a.

Proof of (4). Consider @ with R (@) > n. By (1) the function Rf(a +2,x)isthen C'. On Jf(x)
we compute

a+2-n
2agrad R2(a +2,x) = 2aC(a + 2, n)grad (rx 2 )

+2 - a-n
2aC(a + 2, n)% I',? gradTy

C(a,n)
= Rf(a/, x)grad I'y.

For arbitrary @ € C assertion (4) follows from analyticity of o — Rfj(a, X).

Proof of (5). Let @ € C with R(a) > n + 2. Since R®(a + 2, x) is then C?, we can compute
DRfj(oz +2, x) classically. This will show that (5) holds for all @ with R (@) > n+2. Analyticity
then implies (5) for all a.

OR(a + 2, x) = ~div (grad RE(ar +2,x))
1
= ——div (R2( x) - grad (Ty))
2a =

1
= — ol - R%(a, x) - 5 (grad Iy, grad R3(a, x))

2a
“ 1 1
D o ol - R (a, x) — I (grad Ty, grad T, - R%(a — 2, x))
1 1
Lemma 1:2771 _— o, - R?(CL’, x) + T, - Rf}(a -2,%)
2a = ala -2) =
1 -2)(a-
&) — ol - R%(a, x) + la-2(@=n) R (a, x)
2a = ala—-2) =
ry-2
= (M+I)R2(a,x).
a

Proof of (6). Let ¢ be a test function on Q. Then by Proposition 1.3.31 (7)

RE0,0[¢] = Re(0)[(uxp) o exp,]
= Ool(uxp) o exp,]
= ((uxp) cexp,)(0)
= ux(x)e(x)
= ¢(x)
= Oxlel
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The assertions (7), (8) and (9) follow directly from the corresponding properties of the Riesz
distributions on Minkowski space. Namely, exp, is a diffeomorphism and therefore maps
(singular) supports to (singular) supports. Moreover, i is a smooth positive function and hence
does not affect the (singular) supports.

Proof of (11). Let A(x, x”) : T,Q — T,»Q be a timeorientation preserving linear isometry. Then

Rf(a, X[V (x',) o A(x, x)]
= Ri(@)[(uy - V(x',)) o exp, 0A(x, x)]

R (a, X[V (x', )]

where R.(«) is, as before, the Riesz distribution on 7, Q. Hence if we choose A(x, x”) to depend
smoothly on x’, then (u - V(x’,y)) o exp,, cA(x, x") is smooth in x” and y and the assertion
follows from Lemma 1.3.11.

Proof of (10). Since ord(R+(a)) < n+1 by Proposition 1.3.31 (8) we have ord(RS(a/,x)) <n+l
as well. We now have to show that the constant C may be chosen locally uniformly in x. We
choose A(x, x’) as in the proof of (11) and consider the case V = ¢ independent of x’. We find

[RE(@) (1 - ) 0 exp,y 0Ax, )]
C ||(/lx/ . (p) [¢] expx/ OA()C, x,)]||cn+l
C'llellcn+

|RE (a2l

IA

IA

where C’ contains derivatives of y, exp and A up to order n + 1.

Proof of (12). By (10) we can apply Rf(a/, x") to V(x’,-). Now the same argument as for (11)
shows that the assertion follows from Lemma 1.3.11.

Assertion (13) is a consequence of Corollary 1.3.33. Furthermore, (14) follows from Proposi-
tion 1.3.31.9 because u, is real as well. |

Advanced and retarded Riesz distributions are related as follows.

Lemma 1.3.37. Let Q be a convex timeoriented Lorentzian manifold. Let @ € C. Then for all
ue DQxQ, C)we have

L R (@, x) [y = u(x, )] dV(x) = js; RE(a,y) [x = u(x, )] AV ().

Proof. The convexity condition for Q ensures that the Riesz distributions R%(«, x) are defined
for all x € Q. By Proposition 1.3.36.11 the integrands are smooth.
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Since u has compact support con-
tained in Q X Q the integrand
R%(a, x) [y = u(x,y)] (as a function
of x) has compact support contained

in Q. Namely, its support is contained Y|
in the projection m (suppu), which is
compact as continuous image of acom-
pact set. Here 1y : Q X Q — Q is the
projection to the first factor. X

A similar statement holds for the integrand of the right hand side. Hence the integrals exist. By
Proposition 1.3.36.13 they are holomorphic in @. Thus it suffices to show the equation for @ with
R(a) > n.

For such an a € C the Riesz distributions R, («, x) and R_(«, y) are continuous functions.
From the explicit formula (1) in Proposition 1.3.36 we see

R (@, x)(y) = R-(a,y)(x)

for all x, y € Q. We just have to check that I'y(y) = I (x).
This can be seen as follows:

We set X = exp;l(x) and Y := exp;l(y). By Def- ,’ -
inition 1.2.76 we then have I',(y) = —g|,(Y,Y) and Y ST

Iy (x) = —gly (X, X). The definition of the exponen- i

tial map then tells us that X is minus the vector Y
obtained by parallel transport from 7 Q to 7}, Q2 along
the unique geodesic connecting x and y. It follows
that g, (Y,Y) = gl, (X, X) and hence I', (y) = I'y (x). X

By Fubini’s theorem we then get

fQRgf(a,X) [y = ulx, y)] dV(x) L(L R (@, x)(y) u(x, y) dV(y)) dv(x)

f ( f R%(a, y)(x) u(x,y) dV(x)) dv(y)
Q Q

fg R%(a,y) [x > u(x, )] dV()

which concludes the proof. |

As a technical tool we will also need a version of Lemma 1.3.37 for certain nonsmooth sections.
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Lemma 1.3.38. Let Q be a causal domain in a timeoriented Lorentzian manifold of dimen-
sion n. _Letg%(a) > 0andlet k > n+ 1. Let K|, Ky be compact subsets of Q and let
u € CK(Q x Q,C) so that supp(u) C J*(Ky) x J4(K,). Then

L R} (@, x) [y = u(x, )] dV(x) = js; RE(a,y) [x = u(x, y)] dV ().

Proof. For fixed x, the support of the function y — u(x, y) is contained in J%(K,). Since Q
is causal, it follows from Lemma 1.2.20 (with A = J,(x)) that the subset J2(K>) N Jg(x) is
relatively compact in Q. So we have that supp(u(x,-)) N supp(Rf}(a, x)) is closed and contained
in a relatively compact set and therefore compact. By Proposition 1.3.36.10 one can then apply
Rf}(oz, x) to the CX-function y — u(x, y).

Furthermore, the support of the continuous function x +— Rf}(a/, x) [y > u(x, y)] is contained
in J2(K1) N J%(supp(y = u(x, ) € JE(K1) N JXIX(Ky)) = JE(K1) N JR(K), which is
relatively compact in Q, again by Lemma 1.2.20 (with A = J2(K>»)).

Hence the function x — R?(a, x) [y + u(x, y)] has compact support in Q, so that the left-hand-
side makes sense. Analogously the right-hand-side is well defined.

Our considerations also show that the integrals depend only on the values of u# on
(Jf}(Kl) N J?(Kg)) X (J?(Kl) N J?(Kz)) which is a relatively compact set. Applying a cut-off
function argument we may assume without loss of generality that u has compact support. Propo-
sition 1.3.36.13 says that the integrals depend holomorphically on a on the domain {R () > 0}.
Therefore it suffices to show the equality for @ with sufficiently large real part, which can be done
exactly as in the proof of Lemma 1.3.37. |

1.4 Sobolev spaces

Let N be a compact manifold without boundary of dim N = n. Let u be a positive volume
density. Moreover, let E — N be a Riemannian or Hermitian vector bundle. The L?-norm for
ueC”(N,E)is

w%=ijmeu)
N

where the norm |u(x)| is induced by the metrics on the fibers of E.

For a metric connection V on E, define A := V*V +id € @//2 (E, E). This elliptic operator
is formally selfadjoint by construction, moreover it is essentially selfadjoint. Hence we can use
spectral calculus to define any function of this operator.

Definition 1.4.1. The Sobolev norm for u € C*(N, E) and k € R is given by

2 k
|M@=Ww

0
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Remark 1.4.2. Here A is defined by spectral calculus. In case k € 2N this definition coincides
with the usual definition as composition and therefore yields a differential operator of order k in
that case.

Definition 1.4.3. The Sobolev space H* (N, E) for k € R is the completion of C*(N, E) with
respect to ||||x-

We collect some properties of Sobolev spaces. First we see that for growing k the spaces get
smaller.

Proposition 1.4.4. For k < [ there is a continuous embedding

H'(N,E) — H*(N,E).

Proof. For k < I we calculate |lully = [A%u||, = A" A%ul|, < [|AZu]|, = Ilull;. Note here that

k=L
2

the operator norm of A*T" is bounded by 1 because the function 4 — A7z is bounded by 1 on
[1, o0) and hence on the spectrum of A. O

The refined version of this is the Rellich-Kondrachov theorem.

Theorem 1.4.5 (Rellich-Kondrachov theorem). For k < [ the embedding H'(N,E) —
HX(N, E) is compact.

Remark 1.4.6. If the embedding is compact then any bounded sequence in H'(N, E) has a
subsequence that converges in H* (N, E). Note that the Rellich-Kondrachov embedding theorem
is not in general true for non-compact manifolds.

Sobolev sections can be considered as distributional sections, H* (N, E) c D’(N, E), via
_k 3 k _k
ulgl = @ Fwiater= | (abew) (a8uw) due
N

for ¢ € C°(N, E*). Note here that ASue L*(M, E) so that we already know how to consider
it as a distribution.
Every distributional section turns out to be of a certain Sobolev regularity. Namely, we have:
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1.5 Miscellanea

Proposition 1.4.7. The union of all Sobolev spaces equals the space of distributional sec-
tions,i.e.

U HY(N,E) = D'(N, E).

keR

Concerning the relation between the Ck-norms and the Sobolev norms, we first note that
CK(N,E) ¢ H*(N,E) for k € N because the Sobolev norm || - ||z can obviously be esti-
mated by || - ||c«. In the converse direction we need more Sobolev regularity to control classical
Ck-regularity.

Theorem 1.4.8 (Sobolev embedding theorem). There is a continuous embedding
H*(N,E) — C/(N,E)

fork >1+ 7.

In particular, this implies

Proposition 1.4.9. The intersection of all Sobolev spaces equals the space of all smooth
sections, i.e.

() HE(N, E) = C*(N, E).

keR

Finally we note:

Proposition 1.4.10. Any P € @7//7; (E, F) extends to a bounded linear map H¥(N,E) —
H*!(N, F).

Remark 1.4.11. For fixed k € R different choices of the volume density u, the metric on E and
the connection V on E give rise to equivalent ||-||;-norms. Hence the Sobolev spaces H kK(N,E)
are defined as topological vector spaces independently of those choices.

1.5 Miscellanea

Gronwall’s lemma is often very useful as it turns an implicit estimate into an explicit one.
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Lemma 1.5.1 (Gronwall’s inequality). Ler a, 8, h : [to,11] — [0, ) be continuous and let
a be monotonically increasing. If

h(t) < a(r) +f B(s)h(s)ds

holds for all t € [to, t] then so does

h(t) < a(t) - exp (ft ﬁ(s)ds).
to

Proof. We only need to prove the implication for ¢ = ¢;. Let & > 0. Then

h(t) < a(t)+e+ ft B(s)h(s)ds . (1.16)
to

By assumption on A(¢) and since a is monotonically increasing, we find for the time derivative
of the right hand side of (1.16):

% (01(11) +e +f ﬂ(S)h(S)dS) = B()h(1)
< B() (a/(t) +é& +f ﬂ(s)h(s)ds)
< B (a(ll) +e +f B(s)h(s)ds) )
to

Division by the strictly positive term a(t;) + € + fz :) B(s)h(s)ds yields for the logarithmic
derivative

%log (a(tl) +e+ ft ,B(S)h(s)ds) < B().
to

Integrating over [, 1] we get

log (a/(tl) +é& +f ] ,B(S)h(s)ds) —log (a(t)) +¢&) < f I B(s)ds.

Putting log (a(#1) + &) on the other side and exponentiating we find

a(t]) +¢ +f ] B(s)h(s) < (a(t)) +&) -exp (f I ,B(S)ds) .

to
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Hence by (1.16) for ¢ = #; we find that A(¢;) can be estimated
1]
h(t) <a(t) +e¢ +f B(s)h(s)
4]

< (a(t)) +¢)-exp (f ] ,B(S)ds) .

Letting £ — 0 then yields

h(t;) < a(ty) - exp (f I ,B(S)ds) . m]

Theorem 1.5.2 (Arzela-Ascoli theorem). Let X,Y be metric spaces and let X be compact.
We equip C(X,Y) with the metric d(u,v) = maxyex d” (u(x),v(x)), i.e. with the topology of
uniform convergence. Let F C C(X,Y). Then the following two statements are equivalent:

(i) F c C(X,Y) is relatively compact.

(ii) For all x € X the set {f(x) | f € F} C Y is relatively compact and the family of maps
F is equicontinuous.

1.6 Exercises

1.6.1. Let M be a manifold and let E and F be K-vector bundles over M, where K = R or C.
Let P € @%(E, F). Show that for any u € C*(M, E) and any smooth function f : M — K
one has the “Leibnitz rule”

P(fu) = o1(P,df)u + fPu.

1.6.2. Let M be a manifold and let E, F' and G be K-vector bundles over M, where K = R or C.
Let P € T, (E,F)and Q € Z7,(F,G). Show that for any ¢ € T*M

Tr+0(Q 0 P, &) = 0¢(Q. &) o ok (P, £).

1.6.3. Leta, b,c : R — C be smooth functions and let P = a(x)j—; + b(x)% + c¢(x). Here the
underlying manifold is M = R and £ = F = M x C is the trivial complex line bundle with the

usual Hermitian metric. Compute P’.

1.64. Let M =R/Z = S' and let E = F = M x C be the trivial complex line bundle with the
usual Hermitian metric. We consider functions on M as periodic functions on R.
Leta,b: M — C be smooth and let a(x) # O for all x. Let P = a(x)% + b(x).
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a) Show that dim(ker(P)) € {0, 1}.
b) Show by example that both cases in a) occur.
¢) Show that dim(ker(P)) = dim(ker(P?)).
1.6.5. Let M be a Lorentzian manifold and A ¢ M a subset. The Cauchy development D(A) of
A is the set of those points p in M for which all inextendible causal curves through p intersect A.

a) Show that the Cauchy development satisfies:

D(D(A)) = D(A).
b) Give an example where A is a closed subset of M but D(A) is not.

1.6.6. Two Lorentz metrics g and g on an manifold M are called conformally equivalent if there
is a smooth positive function f : M — R such that g = f2g.
Show that in this case (M, g) is globally hyperbolic if and only if (M, g) is.

1.6.7. We fix m > 0 and define the function ¢ : R = R, ¢(r) = (r — 2m) exp (ﬁ - 1).
a) Show that ¢ is a diffeomorphism from (0, o) onto (—2me™!, 00).

b) We consider M = {(u,v) € R | uv > —2me™"} %nd the function r : M — R*, r = ¢~ (uv).
The manifold M together with the metric g = 8% exp (1 - ﬁ) (du®dv +dv ®du) is called
the Kruskal plane. 1t is closely related to the Schwarzschild solution.

Indicate the two possible time-orientations in a drawing.

c¢) Find a smooth spacelike Cauchy hypersurface in the Kruskal plane.

1.6.8. Let M be a time-oriented Lorentzian manifold. Show that future-compact subsets of M
are closed.

1.6.9. Let M be a manifold equipped with a volume density and two vector bundles E, F — M.
Let P € T (E,F)and f € CK(M, E).

Show that the application of P to f in the classical sense coincides with the application in the
distributional sense.

1.6.10. Give an example of a distribution on R which does not have finite order.

1.6.11. For & > 0 we define the function u, € L (R,R) by

loc

1 if|t] > e,
ug (1) =

0, otherwise.
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a) Show that the limit

lim u
eN0

exists in D’ (R, R) but not in LllOC (R,R). This limit is called the principal value of % and often
denoted by PV(%).

b) Prove (log(| - 1))’ = PV(3).

1.6.12. OnR", n > 2, we define the funtion »(x) = ||x|| where || - || denotes the Euclidean norm.
We put for x € R™ \ {0} and constants ¢,

b s=log(r), ifn=2,
cnrz‘", ifn > 3.

Moreover, we set E(0) := 0.
a) Show that E is locally integrable on R" and hence defines a distribution.

b) Show that for suitable choice of ¢, the equation AE = §¢ holds in the distributional sense.
1.6.13. Let ¢ : R” — R be a C¥-function, k > 1.
a) Show that there exist CX~!-functions ¢y, . .., ¢, : R” — R such that

p(x) = @(0) + Y 3T - g (x)
=1

J

for all x € R™.

b) Show that the ¢; need not have compact support even if ¢ does.
1.6.14. Determine the support and the singular support of R, (e) for @ € {0,-2,-4,...}.

1.6.15. Show that the Riesz distributions R. (a) on Minkowski space are tempered distributions
(see e.g. [14, p. 134] for a definition).

Hint: Show it first for R («) sufficiently large and observe that holomorphicity of @ — R.(a@)[¢]
and R. (a + 2)[O¢] = R.(a)[¢] still hold true for test functions ¢ of Schwartz class.

1.6.16. Let M be the 1+ 1-dimensional Minkowski space. Check if A € M is compact, spatially
compact, future compact, strictly future compact, (strictly) past compact, or temporally compact
(no detailed proofs required) where

a) A={tx)|-1<t<1};

b) A={({tx)|-1<x<1};
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) A=J%(0);
d) A= M\ I (0);
e) A={(,x) 120k

f) A={(tx)|r=-4l)

1.6.17. Let M be a globally hyperbolic Lorentzian manifold. Let M’ C M be an open subset
with J=(M”) = M’. Show that M’ is itself globally hyperbolic.
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2 Linear wave equations - local theory

We now start to investigate the theory of linear wave equations. In particular, we will construct
fundamental solutions. We first do this in small domains of the manifold - this is what we mean
by the local theory.

2.1 Normally hyperbolic operators

We start by defining the type of differential operators which give rise to wave equations.

Definition 2.1.1. Let M be a Lorentzian manifold and let E — M be a real or complex vector
bundle. A linear differential operator P € @% (E, E) is called normally hyperbolic if its
principal symbol is given by the metric,

o2(P, &) = (£, &)

forall ¢ e T*M.

Remark 2.1.2. In other words, if we choose local coordinates x',...,x" on M and a local

trivialization of E, then a normally hyperbolic operator P is given by

n 3 82 n P
[ 1 . -
P==3"gl(x) axl.axj+j§:1AJ(x> o BI)

i,j=1

where A; and B are matrix-valued coefficients depending smoothly on x and (g);; is the
inverse matrix of (g;;);; with g;; = (%, %).

Remark 2.1.3. On a Riemannian manifold this type of operator would be called a Laplace-type
operator which would be an elliptic operator.

Example 2.1.4. Let E be the trivial line bundle so that sections in E are just functions. The
d’Alembert operator P = O is normally hyperbolic, see Example 1.1.18. Adding terms of order
zero yields two more examples which are of physical relevance:

For m > 0 the operator P = O + m? is normally hyperbolic; it is called the Klein-Gordon
operator with mass m. The operator P = O + m? + &scal for some constant & is normally
hyperbolic; it is called a covariant Klein-Gordon operator.
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2 Linear wave equations - local theory

Example 2.1.5. Let E be a vector bundle and let V be a connection on E. This connection
together with the Levi-Civita connection on 7*M induces a connection on 7*M ® E, again
denoted V. We define the connection-d’Alembert operator 0" by the following commutative
diagram:

C*(M, E) v C(M,T*M ® E)

—treidg

C°M,E) <———C"M,T"M T*"M QE)

where tr : T*M ® T*M — R denotes the metric trace, tr(¢ ® n7) = (£, 7).
We compute the principal symbol

oqv(§)s = oo(—(r®idg, &) oo (V,€) o 01(V, ) (s)
—(r®idp)(E®E® 5)
= —&&)s.

Hence 0V is normally hyperbolic.

Example 2.1.6. Let E = AXT*M be the bundle of k-forms. Exterior differentiation d :
C®(M,A*T*M) — C®(M,A**'T*M) increases the degree by one while the codifferential
§: C®(M,AT*M) — C®(M, A*='T* M) decreases the degree by one, see [6, p. 34] for details.
While d is independent of the metric, the codifferential ¢ does depend on the Lorentzian metric.
The operator P = d6 + dd is normally hyperbolic.

The following lemma says that each normally hyperbolic operator is a connection-d’Alembert
operator up to a term of order zero.

Lemma 2.1.7. Let P :€ @%(E, E) be a normally hyperbolic operator on a Lorentzian
manifold M. Then there exists a unique connection V on E and a unique endomorphism field
B € C*(M,End(E, E)) such that

P=0o"+B.

Proof. First we prove uniqueness of such a connection. Let V be an arbitrary connection on E.
For any section s € C*(M, E) and any function f € C*(M) we get

o' (f - s) ~(tr®idg) (V(V(f-)))
= —(r®idg) (V(df ®s+ f-Vs))
= —(tr®idg) (Vdf ® s +2df @ Vs + f - VVs)

= (@f) 5= 2Vguars + f - (@'9). 2.1
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Now suppose that V satisfies the condition in Lemma2.1.7. Then B = P—0" is an endomorphism
field and we obtain

f-(P(s)=a"s) =P(f-5)-a"(f - 9).
By (2.1) this yields
Varadfs = 5 {f - P(s) = P(f - 5) + (Of) - s}. (2.2)

At a given point x € M every tangent vector X € T, M can be written in the form X = grad , f
for some suitably chosen function f. Thus (2.2) shows that V is determined by P and O (which
is determined by the Lorentzian metric). Since V and hence OV is determined by P and the
Lorentzian metric, so is B.

To show existence one could use (2.2) to define a connection V as in the statement. We follow an
alternative path. Let V’ be some connection on E. Since P and 0" are both normally hyperbolic
operators acting on sections in E, the difference P — 0V is a differential operator of first order
and can therefore be written in the form

P-oY =A oV + B,

for some A’ € C*(M,Hom(T*M ® E, E)) and B’ € C*(M,Hom(E, E)). Set for every vector
field X on M and section s in E

1
Vs = Vs — 5A’(X"®s).

This defines a new connection V on E.

Let ey, ..., e, be alocal Lorentz orthonormal basis of TM , i.e. {e;,e;) = &;6;;. We assume it
to be V-synchronous at a given point p € M, i.e. we have Vye;|, = 0.

Then we compute at p

n
Dei{ -V, V. s+ AL @V, 5)
j=1

n

1 ’ 1 7
- Zgj{ ~ (Ve, + 54 (€ ® ) (Ve,s + 54 (€2 ®s5))
j=1

0Vs+A oV's

’ 1 ’ ’
+ A ®V,,s5) + 54 (&' ® A ®5))]

n
1 ’
= Zgj{ Ve, Ve, = 5Ve, (A () ®5))
j=1
+ lA’(eb ®V,.s)+ lA’(e*’ ® A () ® 5))}
2 J €j 4 J J

ei{A' () @ A'(eh ® ) —2(V,, AN (e} ® 5)},
j=1

Bl

=:0s
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2 Linear wave equations - local theory

where V in VejA’ stands for the induced connection on Hom(7T*M ® E, E).

We observe that Q(s) = 0% s + A’ o V/s — 0" s is of order zero. Hence
P=0" +A" oV +B =0"s+Q(s) + B'(s5)

is the desired expression with B = Q + B’. |

Definition 2.1.8. The connection in Lemma 2.1.7 will be called the P-compatible connection.

We shall henceforth always work with the P-compatible connection.
We restate (2.2) as a lemma.

Lemma 2.1.9. Let P = 0¥ + B be normally hyperbolic. For f € C®°(M) and s € C*(M, E)
one gets

P(f-s)=f-P(s)=2Vgars+0Of 5.

2.2 Fundamental solutions

Our next aim is to construct fundamental solutions in small domains of a Lorentzian manifold.

Definition 2.2.1. Let M be a timeoriented Lorentzian manifold, let E — M be a vector bundle
and let P € @% (E, E) be normally hyperbolic. Let x € M. A fundamental solution of P
at x is a distribution F € D’(M, E, E%) such that

PF =6,.
A fundamental solution F at x is called

an advanced fundamental solution if supp(F(x)) C JP (x)
a retarded fundamental solution if supp(F(x)) C JE(x)

Example 2.2.2. Let M be the Minkowski space. Then R,(2) is an advanced fundamental
solution and R_(2) is a retarded fundamental solution of P = O at x = 0.

In the following we will construct local fundamental solutions for an arbitrary normally hyperbolic
operator. The construction consists of three steps.
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2.2.1 Formal fundamental solutions

First we write down a formal series in Riesz distributions with unknown coefficients. We then
find recursive relations for these Hadamard coefficients known as transport equations. The
transport equations are singular ordinary differential equations of first order along geodesics. We
will see that they can be solved uniquely without the need to specify initial values. There is no
reason why the formal solution constructed in this way should be convergent.

Let Q be geodesically starshaped with respect to some fixed point x € Q so that the Riesz
distributions Rf_}(a, x) are defined. Let E — Q be a real or complex vector bundle and let P be
a normally hyperbolic operator acting on C* (€, E).

We make the following formal ansatz:

Ru(x) = ) VE R+ 2k, x)
k=0
where V)ﬁ‘ € C* (&, E ® EY) are smooth sections yet to be found.
For ¢ € D(Q, E*) the function Vf - is an E-valued test function and we have (Vf . RS(2 +
2k, x))[¢] = R(2+2k, x)[VK -] € E*. Hence each summand V¥ - R®(2+2k, x) is a distribution
in D'(Q, E, EY).
We want R..(x) to be a fundamental solution, i.e. we want
PR.(x) = 0y.

Here the application of P to the formal series R. (x) is to be understood termwise. By Proposi-
tion 1.3.31.6 5, = R%(0, x), so

PR.(x) = Z P(VER2(2 + 2k, x)) = RE(0, x).
k=0

This leads us to conditions on the V. Using Lemma 2.1.9 and properties (4) and (5) in
Proposition 1.3.31 we compute

R20,x) = ) P(VERZ(2+2k x))
k=0
= (Vi - OR2(Q2+ 2k, %) = 2V, gosai o) Ve + PVE - RE(2 + 2k, x))
k=0
= V2.oR% @2 x) -2V V0
- x O i( s X) grad R2(2,x) V' x

s 1
k [2P0xn Q 2 k
NS ( w Tt 1) Ry (2K, %) = 3% Veraar, R2Ckx) Ve
k=1

+PVE1 L RO (2k, x)}
= V- ORZ(2 %) =2V g0, 0 VY (2.3)

+ i S { (30Ty = 1+ 2k) VE = Vgruar, VE + 2k PVE RSk ). (2.4)

k=1
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Comparing the coefficients of R (2k, x) we get the conditions
2V Rg(z,x)vf —oR%(2,x) - V2 + R%(0,x) =0 for k = 0 and (2.5)

Veraar, Vi — (300x —n +2k) V= 2k PV for k > 1. (2.6)

We take a look at what condition (2.6) would mean for k = 0. We multiply this equation by
R%(a, x) and get
Vgradrx Rg(a,x)v)? - (%DFX - I’l) V)? ' RS(CK’ X) = 0.

By Proposition 1.3.36.4 and 5 we obtain
Vongrad R2(@s2.0) Ve = (@ORZ(@ +2,x) — aR (e, x)) V) = 0.
Division by « and the limit @ — 0 yield
2V g k2 VY — (ORE2, x) = R2(0,x)) V{ = 0.

Therefore we recover condition (2.5) if and only if V)E) (x) =idg, .
To get formal fundamental solutions R (x) for P we hence need Vf € C*(Q, E ® E}) satisfying

Veraar, V& = (300 — n +2k) VE = 2k PV 2.7)

for all & > 0 with “initial condition” V?(x) = idg, . In particular, we have the same conditions
on V¥ for R, (x) and for R_(x). Equations (2.7) are known as transport equations.

Definition 2.2.3. Let Q be timeoriented and geodesically starshaped with respect to x € Q.
Sections VX € C*(Q, E ® E?) are called Hadamard coefficients for P at x if they satisfy the
transport equations (2.7) for all £ > 0 and V,? (x) =idg,.

The transport equations (2.7) will allow us to solve for the Hadamard coefficients recursively.
First one solves for V0 where the right hand side in (2.7) vanishes. Then we proceed inductively,
given VX! we solve for V¥.

We observe that the transport equations are linear first order ordinary differential equations along
the integral curves of grad I'y. These integral curves are precisely the geodesics emanating from
x. Naively, one might now think that there is a unique solution for V¥ given some freely chosen
initial value at x. The problem is that the transport equations are singular at x because grad I'y
vanishes there. This is why the standard Picard-Lindelof theorem does not apply. Therefore we
have to analyze the transport equations in more detail.

For y € Q we denote the V-parallel translation along the (unique) geodesic from x to y by

I} :Ex — Ey.

We have IT} = idg, and (IT})™' = I 3.
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M/ G, -
* Q s-expy' ()

We define the map @ : Q x [0, 1] — Q, D(y, s) :=
exp, (s- exp;l (¥)). Note that it is well defined and
smooth since € is geodesically starshaped with
respect to x.

Proposition 2.2.4. Let Q be timeoriented and geodesically starshaped with respect to x € Q.
Let P be a normally hyperbolic operator acting on C*(Q, E). Then there exist unique
Hadamard coefficients V¥ for P at x. They are given by

V2(y) = 1 P01y 2.8)

and for k > 1

1
VEQD) = —k i () 1T fo w2 (@, )T IO(PVEDH O ) ds. (2.9)

Proof. a) Uniqueness.

We put p = V|T|. We then have I',(y) =
—&p?(y) where ¢ = —1 on If(x) and € = +1
on Q\ (Jff(x) U J?(x)). We will derive the for-
mulas for V¥ on Q\ (97%(x) U9J%(x)). This is
the region where p is smooth. By continuity, the
formulas will then hold on all of Q.

AJ2(x) U aJ(x)

Using the identities

%Drx —n= _% grad 'y log px = - grad ' 10g(,u}c/2)
from Lemma 1.2.77.3 and

k
agrad r, (log pk) = Eagrad r, log p2
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k
= 3 agrad Iy 10g(—8rx)

2
_ k(grad T, grad (—¢l'y))
) —el'y
= 2k

from Lemma 1.2.77.1 we find that the transport equation (2.7) is equivalent to

Voradr, ( 1/2 p Vk) _ 1/2 - p VgradF Vk+ﬂ;/2 0 (9gradr 1Og('u1/2 pk)v)f
= ﬂlc/z Y (Vgradl"xvx - (§DFx —l’l+2k) Vf)
@ “;/2 kL 2k - PVf—l. (2.10)

Now we want to reparametrize the geodesics starting at x such that I, is the velocity vector field.
Let y € Q and 7 € T,Q such that exp, (17) = y. Set c(t) := exp,(e* - ) which yields a
reparametrization of the geodesic B with B(s) = exp, (s - 77).

By Lemma 1.2.77 (1)

<2€2118'(62t)’ ZeQ’B(eZ’»
= 4M(B(e), Be)

= =4Ik (c()

= (gradly, gradI'y).

(€(0), ¢(0))

But we know that grad I, and ¢(¢) are parallel and point in the opposite directions. Therefore
¢(t) = —grad I'y.

For k = 0 we now see, that (2.10) says —Vé(,)(y;/zV)?) = 0. Hence ,ui/zV)? is V-parallel along c.
This is independent of the parametrization of ¢, hence

(W W) o) = 1y (L)) ()
= ¥ idg
= .

X

This shows (2.8).
Next we determine V¥ for k > 1. Let y € Q\ ((’)Jf}(x) uaJe (x)) be a point not on the light
cone of x. Equation (2.10) says

\Y
-— ('ui/z pk.V;c): 12k g pykel,

The relation between parallel transport and covariant derivative yields

_% (H;‘(z) (M;ﬁ ) pk . Vf) (C(,))) — H;(t) (’ui/z . pk 2k - Pv)f—l) (c(r))dt.

By the fundamental theorem of calculus and now have

0
~T3 (120 VE) 0 = f e (w2 p* - 2k PVE) (e, (2.11)
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2.2 Fundamental solutions

Note that the boundary term at r = —co vanishes because p* (x) = 0. We compute

Ty (c(1))F/?
= |y n)|F?
= le*y(n)
= My

Since y ¢ (aJil(x) U 319(x)) we can divide (2.11) by |y(;7)|¥/?> # 0. This yields

P (e(0)

|k/2

I (-0 VE) o = 2k | TS (w2 PYETY) (e

2k

1
09 (125 PV (@03, ) -ds

ot g

k fui”@(y, 5)) - s EOS PV @y, 5))ds
0

where we used the substitution s = ¢ and the fact that the point ¢(¢) on the geodesic connecting
x and y equals ®@(y, s). This yields (2.9).

b) Existence. To show existence we use formulas (2.8) and (2.9) as definitions. We observe that
this defines smooth sections V¥ € C®(Q, E®E?*). Forall k > 0 we have to check Equation (2.10)
from which (2.7) follows as we have already seen. Doing the calculations as in a) in reverse order
shows this. O

We have found formal fundamental solutions R..(x) for P at fixed x € Q.

Now we let x vary. Let U C  be an open subset such that Q is geodesically starshaped with
respect to every x € U. This ensures that the Riesz distributions RS («, x) are defined for all
x € U. We write Vi(x,y) := V)f (y) for the Hadamard coefficients at x. Thus Vi (x,y) €
E, ® E, = Hom(E,,E,). The explicit formulas (2.8) and (2.9) show that the Hadamard
coefficients Vj also depend smoothly on x, i. e.,

Vi e CP(UXQE"RE).

We have formal fundamental solutions for P at all x € U:

R, (x) = Z Vi (x, ) R2(2 + 2k, x).
k=0

The formulas for the Hadamard coefficients become particularly simple along the diagonal, i. e.,
for x = y. We have for any normally hyperbolic operator P

Vo(x, x) = e ()" VI = idg, .
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2 Linear wave equations - local theory

For k > 1 we get

1
Vi, x) = —kpi?(x)-1- TIF sKUE (Poy Vi) (3, x) 3 (x)ds
N—_—— \,d_/ 0 \,d_/
:] =1 =1

—(P2)Vi—1)(x, x)

where P(») denotes the action of P on the second variable of Vi _;. Note that this does not give us
a recursive formula to calculate Vi (x, x) from Vi_;(x, x). In order to do this, one needs to know
the Hadamard coefficients for x and y independently.

We compute Vi (x, x) for P = o’ + B. By (2.9) and Lemma 2.1.9 we have

Vi(x, x) —(PoyWVo) (x, x)
—P (P (x)

= = P PALD@) + 2graq () 110 (0 = @) (0 - id,
N———

0

~@" + B)(ITY)(x) — (Ou; ) (x) - idg,

X

= -Bl, - (") (x) - idg, .

From Corollary 1.2.75 we conclude

|
salt) s, Bl

Vi(x,x) =

2.2.2 Approximate fundamental solutions

We want to make the series convergent by introducing certain cut-off functions. Since there are
error terms produced by the cut-off functions the result is convergent but no longer solves the
wave equation. We call it an approximate fundamental solution.

Assume that Q' C M is a geodesically convex open subset. We then have the Hadamard
coefficients V; € C*(Q' x Q’, E* ® E) and for all x € Q' the formal fundamental solutions

Ru(x) = Y V;(x,) RE (2 +2j, %).
j=0

Fix an integer N > 5 where n is the dimension of the manifold M. Then for all j > N

the distribution R% (2 + 2j, x) is a continuous function on Q’. Hence we can split the formal
fundamental solutions

N-1 )
Ru(x) = D V(6 ) REQ+2j,x) + Y Vi) RE 2 +2),%)
j=0 j=N

where Z;.V:Bl Vi(x,-) Rf'(Z + 2j,x) is a well-defined E7-valued distribution in E over Q' and
Z;‘; N Vi(x) RS' (2 +2j,x) is a formal sum of continuous sections, V;(x,-) RS' 2+2j,x) €
C'(Q,E:®E)forj>N.
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2.2 Fundamental solutions

Using suitable cut-offs we will now replace the infinite formal part of the series by a convergent
series. We need the following elementary lemma.

Lemma 2.2.5. Let o : R — R be a smooth function vanishing outside [—1, 1], such that o = 1
on [—%, %] and 0 < o < 1 everywhere. For every |l € N and every > | + 1 there exists a
constant c(l, B) such that for all 0 < & < 1 we have

)
W(a'(t/s)t'g) < e, B) lollergy-

‘ d

CO'®)

Proof. The generalized Leibniz rule yields

d' 5
— (o (t/e)t
H dt! (o/e) )HCO(R)

<

= ( ) BB=1) - (B=1+m+ P |t/e)P ™ )e)||

gima(m(t/g) BB =1 (B=1+m+ 1)Plm

CO®)

!

m com®’
m=0

Now o) (t/&) vanishes for [t|/& > 1 and thus [|(t/£)™™* o™ (t/&)llcow) < Il llcog)-

Moreover, 8 —1 > 1, hence Bl < &. Therefore

l
SSZ(l)'ﬂ(ﬁ—l)---(ﬁ—l+m+I)H‘T(m)HcO(R)

COR) o\

<ecl, ) llollc g)- ”

dl
Hﬁ(cr(t/«e)tﬁ)

We define I' € C*(Q" x Q’,R) by I'(x,y) := I'y(y). Note that I'(x, y) = 0 if and only if the
geodesic joining x and y in Q’ is lightlike.

We now shrink Q' slightly and replace it by a relatively compact open subset Q cc Q’. This
will ensure that the Hadamard coefficients are bounded on Q.
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2 Linear wave equations - local theory

Lemma 2.2.6. Let Q cc Q' be a relatively compact open subset. Then there exists a sequence
of e; € (0,1], j > N, such that for each k > 0 the series

(o0

(xy) P > o Y)/enV;(ny) RE 2 +2j,0()
Jj=N+k

_ [ Z5nak €@+ 2j,m)o (T y)/e)Vi(x, T y) 72 ify € I (x)
0 otherwise

converges in Ck (ﬁ XQE'RE ). In particular, the series

(o)

(13) o Y o0 y)/e))V; (6 ) RE 2 +2), 1))
Jj=N

defines a continuous section over Q x Q and a smooth section over (Q x Q) \ I"1(0).

Proof. For j > N > % the exponent in I'(x, y)/*!="/2 is positive. Therefore the piecewise
definition of the j-th summand yields a continuous section over Q.
The factor o-(I'(x, y)/&;) vanishes whenever I'(x, y) > &;. Henceforj > N > Zand0 < g; < 1

|Cx.3) = @@ /e Vi ) RE @+ 2).00) o 5.5
CQ2+2j.m) Willcogg & "

< CQR+2jm) Wil &7-

IA

A

Hence if we choose ¢; € (0, 1] such that
CQ+2j.m) WVillcoea &5 <27,

then the series converges absolutely in the C%-norm and therefore defines a continuous section.

. n
Fork >0and j > N +k > 5 + k the function I/*1=2 vanishes to (k + 1)-st order along '~ (0).
Thus the j-th summand in the series is of regularity C*. Writing o) = o-(t/sj)tj H1=n/2 we
know from Lemma 2.2.5 that

lojllcxmy < &5 - cr(k, j,n) - llollcr gy

where here and henceforth cy, o, . .. denote certain universal positive constants whose precise
values are of no importance.
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2.2 Fundamental solutions

Using Lemmas 1.3.23 and 1.3.24 we obtain

e 3) > () /) Vi () RE @+ 2500

s C@+2mlite; o) Viller @)
< akjn -lloj o Tl g - 1Villcr @)
j €
s atkinlolers - max Mg 1Viller @
] t
< alkjn) g llollor g - max ||r||Ck(ﬁxﬁ) NVller .-

Hence if we add the (finitely many) conditions on & that
caCk, jun) - &) - 1V llow ey < 277
for all k < j — N, then we have for fixed k&

|G 3) > o (T )78V (x,3) RE 2+ 2j, ) (0))

Ck(QxQ)
-J . AP ¢t _
< 2 ||0'||CI»(R) [:I(I){E.l_)ik ”rHCk(QxQ)
for all j > N + k. Thus the series
(y) b > o) e)Vi(xy) RE (2 +2),x)()
J=N+k

converges absolutely in ck (ﬁ x QF* R E). All summands o(I'(x,y)/g;)V;(x,y) Rfj' 2+
27, x)(y) are smooth on QxQ\r! (0), thus

(o9

(x,3) = ) o (T y)/e))V;(x6y) RE 2 +2), ()
j=N
N+k-1

= D o y)/enVixy) RE 2 +2), 1)()
j=N

+ Y o) eV y) RY (2 +2j,2)(y)
j=N+k

is C* for all k, hence smooth on (5 X ﬁ) \ I 1(0). m|

Define distributions ﬁJ,(x) and ﬁ_(x) by

N-1 )
R, (x) = Z Vi(x,) RY (2 +2),x) + Z o (T(x,)/e)Vj(x,) RY (2 +2j, x).
j=0 j=N

The factor o(I'(x, -)/£;) in the infinite part does not vanish for I'(x, -) < &;. So the support of
each summand in this series is given by points y close to the light cone.
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2 Linear wave equations - local theory

time direction :
\\ //
\\ //
N /1

\\ //
\\ //
N~ _

supp (o ()

=

// \\
// \\
/ N

By Lemma 2.2.6 and the properties of Riesz distributions we know that
supp(R4 (x)) € J¥ (x) and (2.12)
sing supp(R. (x)) € 8J% (x). (2.13)

Moreover, ord(ﬁi (x)) < n+ 1 because the infinite part of the series is continuous and hence of
order 0 and for the finite part we have that in every summand « is positive.

Lemma 2.2.7. The &; in Lemma 2.2.6 can be chosen such that in addition to the assertion in
Lemma 2.2.6 we have on Q

PR+ (x) = 6x + Ke(x,) (2.14)
with smooth K. € C”(ﬁ x Q, E*® E).

Proof. We apply P to the finite sum and the infinite sum separately. From properties (2.5) and
(2.6) of the Hadamard coeflicients we know

N-1
P (Z Vi(x,-) Rf_}/(2 + 2/, x)) =0x + (Po)Vn-1(x, '))RS,QN, X). (2.15)
=0

Moreover, by Lemma 1.3.22, we may interchange P with the infinite sum and we get

Pe) (Z o (T(x, ) /e))V;(x, ) R (2 +2j, x))

j=N

s

~
I
Z

Pay ((T(x, ) /e))V;(x, ) RY (242, %))

s

~
I
Z

(B (@@ ) /e)V; (6 IRT 2+ 20 =2V ey rey (Vi ORE (242, 2)
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2.2 Fundamental solutions

+0 (D (x, ) /&) Py (V; (x, ) RE (2 + 2/, X))

Here and in the following Oy, grad (), and V@ indicate that the operators are applied with
respect to the y-variable just as for P(7). Abbreviating

21 = D(2)(O‘(r(x,')/3j))vj(xa )RS,(2+2]’ x) and

j=N
= -2 iv Vinad oo, ey (Vi (8 ORE (24 2/, 1))
=
we have
Pa) i o (T(x,)/e))V; (%) RE (2 + 2], x)
j=N

T+ + )y o (T(x,)/g;)Pay(Vi(x, )RY (2 + 2j, x))

j=N

— . ) Ay . (04 : _v® .

= Tn ) ol 112 (P Vj (6 NRE Q42,20 =2V0) oy Vi)

]:
+V;(x, )00 RE (2 + 2/, %)).
Properties (2.5) and (2.6) of the Hadamard coefficients tell us
(x, - o P x) —2v®@ (x.) = — . HRY ;

Vi )0 R @+ 2).0) =2V Vi) = =Py (Vi () RE 2+ 2).00)
and hence

Poy| D o (T(x,)/8)V;(x, ) RE (2 +2j, x)

j=N

Ti+ I+ ) o (T(x)/e) ((PoyVi(x )RE 2 +2),x) - Py Vi1 RE (2), %))
j=N

21+ 3 - o (T(x,-)/en) Py V-1 RE (2N, x)

+ > (o) e) = (Tx ) e1)) (P V(6 NRE (2 +2), %)
j=N

Putting X3 := ¥y (0(T(x, ) /&;) — o (T(x, ) /£j41)) (PyVj (x, ) RE (2 + 2/, x) and combin-
ing with (2.15) yields

P(Z)ﬁi(x) ~ 6 =(1-0(T(x,)/en-1))P2)Vn-1(x, )R¥ 2N, x) + Zj + Ty + 23

Ko (x,0). (2.16)
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2 Linear wave equations - local theory

It remains to show that K, and K_ are smooth. Since

C(2N,n) Poy)Vn-1(x, y) T(x, DN 2, if y € J&¥ (x)

PoyVn-1(x, )R 2N, x)(y) = { 0 otherwise

is smooth on (Q’ x Q) \ I'"!(0) and since 1 — o (I'(x, -)/&;) vanishes on a neighborhood of
I'~!(0) we have that

(x,y) = (1= (C(x, )/€,)) - PayV-1(x, »)RE (2N, x) ()

is smooth. Similarly, the individual terms in the three infinite sums are smooth sections because
o(I/e)) = (T/gj11), grad (0 0 1), and Oz (070 =) all vanish on a neighborhood of I~ (0).

It remains to be shown that the three series in (2.16) converge in all C k_norms.
We start with Zp. Let S; := {(x,y) € Q' x Q'] %’ < I'(x,yl < g}

time direction

Section of §; for fixed x

Since grad (2)(o o g) vanishes outside the “strips” S}, there exist constants ¢ (k, n), c2(k, n) and
J
c3(k, n, j) such that

2 ' j
vO (Vi) RE@+2)0)
grad (o) (oo P ) Ck(OxQ)
2 ' 1
v® T (Vj(-, Y RY (2 + 2, -))
grad @) (0'08]_ ) Cck (5)(5051‘)

r Q .
< . . . . . -
< alkn) ’O-O £j Ck+1(@xANS;) HVJ(’ )R (2+2), )”Ck’f'((szmSj)
< alkn) ellcrg - max ||—5Fj I

0,...k+1 Ck+1(QxQNS;)

Q ;
Willek @dans;) - 1R 2+ 27 licrs @ans,)
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2.2 Fundamental solutions

4
< . . . _
< alkn) 3?“ ||0'||ck+l(R) g=or,r_1,2_l§<+1 ”rHCk’f'(QxQ)
Qf .
”‘/]Hckﬂ(ﬁxﬁ) : ”Ri (2 + 2]a ')||ck+l(§><§ﬁsj)
1
/ — . g
< etkon )7 - lrllcen, - max T

0,....k+1 Ck+1(QxQ)
J

. — — . ||THn/2 — _
'”V]HckH(QXQ) ”r ”Ck”(QXQﬂSj)'

By Lemma 1.3.24 we have

1+j-n/2 _
”F ”Ck+1 (QXQﬂSj)

) 1+j-n/2 ) ¢
S C4(k) ”t =t ||Ck+]([8j/2,8j]) {:OI’lla’)}(+l ”FHCkJrl(ﬁXﬁﬂSJ)
< R S ¢
== CS(k’]’”) ‘9] [:({r.l.z.l’)%(_{_] ”rHCkH(QXQﬂSj).
Thus
2 / .
v (Vi) RE@+240))
nd ) og) ct @)

2
. ¢ i2k-n/2-1
< colk, jon) - |lollersigy - (t’—oma)§<+1 ”FHckH(ﬁxﬁ)) MVillcrs @ug) 'Ej-
. 20
< colk, jon) - lollorsi g, s _nax ||F||Ck+l(5><§) WVillcks axg) - €5

if j > 2k + n/2 + 2. Hence if we require the (finitely many) conditions
Cﬁ(kaja n) : ||V]||ck+l(§><§) *Ej < Z_J

on g; forall k < j/2 —n/4 — 1, then almost all j-th terms of the series X, are bounded in the

C*-norm by 277 - ||o || ck+1 (m) - MaX =, . k+1 ”F”éiu@xﬁ)‘ Thus X, converges in the C¥-norm

for any k and defines a smooth section in E* ® E over Q X Q.
The series X is treated similarly. To examine X3 we observe that for j > k + 5

H(((ro ) (e )) ~(PoyV)) - RE (2 +2j, .)‘

£i+l Ck (QxQ)
. r r 1+j-n/2
< . 1y 2 H]. A
< el -|(@o ) -@e k) vy T
< akjn-|(@e L - o) |
U J* Ck(QxQ)
. . . j—k—-n/2
”P(Z)VJ”Ck @xQ) HF Hck @xQ)
< cg(k, j,n)- Ho-oL .k +Ho’oL .kl
8k J.m) (( 81') Ck(QxQ) ( ‘91“) Ck(QxQ)
) _ Ni-k-n/2
”P(Z)VJ”Ck ) HF Hck QxQ) (2.17)
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2 Linear wave equations - local theory

Putting o (1) 1= o (t/&}) -t**1 we have (o o —) k= ojoTI. Hence by Lemmas 1.3.24 and
2.2.5

Iy . 7k+1 — . o
H(O- ° gj) r Ck(ﬁxﬁ) ||O—J © r”Ck(QXQ)
< colkn) - ”O-J'Hck(R) A Ir Hck (©x0)
< cokm - lolice - max Tl g -
Plugging this into (2.17) yields
< Cn(k,J,n) . (8j +&i11) - lollek gy -f_r(r)lax I\ ”ck(QxQ)
. . N|pi-k—n/2
||P(2)VJ||Ck QxQ) ” ”Ck @xQ)
Hence if we add the conditions on &; that
SN _ Nlyi—k-n/2 —j-1
cii(k, j,n) - &; ||P(2)VJ”C’<(§><5) HF Hck(ﬁxﬁ) <2
forall k < j -5 and
- j—1—k-n/2 -j-2
ci(k,j—1n)-&;- ”P(z)vf‘l”ck(ﬁxﬁ) ' ”FJ " ”ck(ﬁxﬁ) <27

for all k < j — 1~ 7, then we have that almost all j-th terms in X3 are bounded in the C k_norm

-j ¢
by 27 - [[oll ¢k ry - MaXe=o,...k IT HCk(Q ) Thus X5 defines a smooth section as well. m]

Lemma 2.2.8. The &; in Lemmas 2.2.6 and 2.2.7 can be chosen such that in addition there is

a constant C > 0 so that _
IR ()]l < C - llellcn+i(q)

for all x € Q and all ¢ € D(Q E). In particular, ﬁ(x) is of order at most n + 1. Moreover,
for every fixed ¢ € D(Q, E*), the map x — R (x)[¢] is a smooth section in E7,

R. ()¢l € C*(Q E).

We know already that for each x € Q the distributionjé (x) is of order at most n + 1. The point
of the lemma is that the constant C in the estimate |R.(x)[¢]| < C - [l¢llcn+1(q) can be chosen
independently of x.

Proof. Recall the definition of ﬁi (x),

N-1 00
Ro(x) = Y Vi(x ) RE 2 +2j,0 + ) o(T(x,)/e))Vj(x,) RE 2+ 2j, ).
Jj=0 Jj=N
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2.2 Fundamental solutions

By Proposition 1.3.36 (10) there are constants C; > 0 such that IRS'(2 +2j,0)[ell < Cj -
ll¢llcn+1(q) for all ¢ and all x € Q. Thus there is a constant C’ > 0 such that

N-1

Vi) RE 242, 0[] < C - llgllcniq)
=0

for all ¢ and all x € Q. The remainder term TN (T y)/€)Vi(x, ) R (2 +2j,x)(y) =
f(x,y) is a continuous section, hence

(9]

Do) enVitn ) RE Q2+ 21,009l < I fllco@a) - vl - ll¢llco
j=N

IA

£ llcog, - vol(Q) - ligllensi(q)

for all ¢ and all x € Q. Therefore C := C’ + IIf ||C0(§X5) . Vol(ﬁ) does the job.
To see smoothness in x we fix k£ > 0 and we write

N-1 N+k-1
Ro(0lpl = > Vi) REQ@+2j,0[pl+ )| o(T(x)/e)V;(x ) RE 2+ 2j, 0)l¢]
Jj=0 j=N

+ ) o )/e)Vi(x ) RE (2 +2), )[g).
Jj=N+k

By Proposition 1.3.36  (11) the summands V;(x,-) Rf_}l(2 + 2j,x)[¢] and
o(T(x,-)/ej)V;(x, -)RS'(Z + 2j, x)[¢] depend smoothly on x. By Lemma 2.2.6 the re-
mainder 3% o (T(x,-)/g/)V;(x,-) R¥ (2 +2j,x)[¢] is C¥. Thus x = R.(x)[¢] is C* for
every k, hence smooth. |

Definition 2.2.9. If M is a timeoriented Lorentzian manifold, then we call a subset S ¢ M xX M
future-stretched with respect to M if y € JM (x) whenever (x, y) € S. Analogously, we define
past-stretched subsets.

We summarize the results obtained so far.

Proposition 2.2.10. Let M be an n-dimensional timeoriented Lorentzian manifold and let P
be a normally hyperbolic operator acting on sections in a vector bundle E over M. Let Q' ¢ M
be a convex open subset. Fix an integer N > % and fix a smooth function o : R — R satisfying
o = 1 outside [-1,1], c =0 on [—%, %], and 0 < o < 1 everywhere.

Then for every relatively compact open subset Q CC Q' there exists a sequence £; > 0, j > N,
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2 Linear wave equations - local theory

such that for every x € Q

N-1 (o)
R (x) = Z Vi(x,) REQ2 +2j,x) + Z o (T(x,)/€,)Vi(x,-) RE2 +2j, x)
j=0 j=N

defines a distribution on CQ satisfying

~

. supp(R=(x)) € J2(x),

2. sing supp(ﬁi(x)) C Cf(x),

3. PoyRe(x) = 6 + Ky (x,-) with smooth K. € C*(Qx Q E* R E),

supp(K. ) is future-stretched and supp(K_) is past-stretched with respect to ',

71_, (x)[¢] depends smoothly on x for every fixed ¢ € D(Q, E*),

S A

there is a constant C > 0 such that |§i(x)[go]| < C - llelign+q) for all x € Q and all
p € D(Q,EY).

Proof. The only thing that remains to be shown is the statement (4). Recall from (2.16) that in
the notation of the proof of Lemma 2.2.7

K:(x,y) = (1 =T (xy)/en-1)) - PoyVn-1(x,y) - RE 2N, x)(y) + Z; + 2y + 3.

The first term as well as all summands in the three infinite series X, X,, and X3 contain a
factor Rf’(Zj, x)(y) for some j > N. Hence if K,(x,y) # 0O, then y € supp(RS(Zj, x)) C
Jf(x). In other words, {(x,y) € Q X Q|K,(x,y) # 0} is future-stretched with respect
to Q’. Since Q' is geodesically convex causal futures are closed. Hence supp(K;) =
{(x,y) € QX Q| K, (x,y) # 0} is future-stretched with respect to Q" as well. In the same way
one sees that supp(K_) is past-stretched. |

Definition 2.2.11. If the &; are chosen as in Proposition 2.2.10, then we call

N-1 o
Ro(x) = D Vi) RE 2 +2j,) + ) o (T(x)/e)Vi(x ) RE (2 +2), %)
J=0 Jj=N

an approximate advanced or retarded fundamental solution, respectively.

2.2.3 True fundamental solutions

Thirdly, we turn the approximate fundamental solution into a true one using certain integral
operators.
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2.2 Fundamental solutions

We fix approximate fundamental solutions ﬁi (x),i.e. wefixasequence {&;}j=n, n+1,.... Forany
smaller open subset Q; C Q these same &; will still yield approximate fundamental solutions.
We use the corresponding K. as an integral kernel to define an integral operator. Set for
ueCUQE)and x € Q

(Keu)(x) 2= fglﬁ(x,y)u(y) dv(y). (2.18)

Since K, is C* so is Kiu, i. e., Kou € C*(Q, E*).

Lemma 2.2.12. Let Q cc Q' be so small that
vol(ﬁ) . ||K¢||Co(§><§) < 1. (2.19)
Then the following holds:

(a) The map . .
id+K,.: CMQ E") - CKQ EY)

is an isomorphism with bounded inverse for all k = 0,1,2, . .. and the inverse is given by
the series

(d+7) ™" = ) (<K
j=0

which converges in all C*-operator norms.

(b) The operator (id i‘?ﬂ)‘l o K has a smooth integral kernel with future-stretched support
(with respect to Q). The operator (id _-1-7(_)_1 o K_ has a smooth integral kernel with
past-stretched support (with respect to Q).

Proof. (a) The operator K. is @unded as an operator Co(ﬁ, E*) - C* (ﬁ, E*). Thus id +K.
defines a bounded operator C*(Q, E*) — CK(Q, E*) for all k. Now

IA

||7(iu||c0(§) VO](E) ' ||K¢||C0(§X§) : ”uHcO(ﬁ)

(=) llleo

where p := 1 — Vol(ﬁ) . ”Ki”co(ﬁxﬁ) > (. Hence the Co—operator norm of ¥, is less than 1 so
that the Neumann series Z;’;O(—Wi)j converges in the C%-operator norm and gives the inverse
of id +%. on CO(Q, E"). B

Next we replace the C¥-norm | - ”Ck(ﬁ) on C*(Q, E*) as defined in (1.3.2) by the equivalent

norm
n

2vol(Q)||K .

|||”|||Ck(§) = ||M||co(§) + ”””Ck(ﬁ)'

llck @xq) + 1
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2 Linear wave equations - local theory

Then
|||(Ki”|||ck(§)
n
= Ko, + = 1Kl or
@ 2l @K r gy + 1 @
]7 J—
< =) -lullcog + = VOl Kt |l ok iy 1l co
@ 2ol @ 1K llr gy + 1 @@
n
< (1 - E)Hu”CO(ﬁ)
n
< (I- E) | |||ck(§) .
This shows that with respect to ||| - [[| -« g, the Ck-operator norm of %K is less than 1. Thus the

Neumann series Zj‘;o(—‘Ki )/ converges in all C*-operator norms and id +%; is an isomorphism
with bounded inverse on all C¥ (ﬁ, E*).

(b) The operator (id +K,) ' oK, = - 3 (=%.)’ has integral kernel Y (—1)/ Kfrj)(x, y), where
j=1 j=1

KD (xy) = fﬁ fﬁ Ko(x 20K (21, 22) - K (zj-1, ) dV(21) -~ - dV(zj_1).

By Proposition 2.2.10.4 the integral can be non-vanishing only if z; € J.(x), z2 € J=(z1),...,y €
J:(zj-1) and hence y € J. (x). Thus supp(KY) € {(x.y) € @xQ|y € J2(x)} and

j-1 Jj-2
Ck @) - vol(Q) I|K+||CO(Q )

(1=1)"% - vol(Q) - [IKII2

Kl o K.

(QxQ) <

IA

Ck(QxQ)”

Hence the series .
D=k
j=1

converges absolutely in all C¥(Q x Q, E* ® E). Since this series yields the integral kernel of
(id +K.)~! o K, it is smooth and its support is contained in {(x, y) € QAxQ| y € Jf(x)}. |

Corollary 2.2.13. Let Q cC Q' be as in Lemma 2.2.12. Then for each u € C°(Q, E)

supp((id +%.) " u) ¢ I (supp(u)).

Proof. From u = (id +K.)u — K. u it follows that

(d+K) " u = u — (id +5K) " K.
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2.2 Fundamental solutions

So (id +K.)'u(x) # 0 implies u(x) # 0 or (id+%K.)"'K.u(x) # 0. Let S, be the inte-
gral kernel of (id+%.) 'K, which has future-stretched resp. past streched support. Then
(id +K) ' Kou(x) = f S+ (x, y)u(y)dy. The integrand vanishes at y unless y € supp(u) and
y € J.(x). Since the integral is non-zero we have supp (#)NJ.(x) # 0. Hence x € Jx(supp(u)).0

The integral operator K. now allows to construct true fundamental solutions. Fix ¢ € D(Q, E¥).
Then x — R.(x)[¢] defines a smooth section in E* over Q. Hence

FEO)le] = (id +K) ™ (R ()g]) (2.20)

defines a smooth section in E*.

Lemma 2.2.14. For each x € Q the map D(L E*) — E}, ¢ — Ffz(x)[go], is an advanced
fundamental solution at x on Q and ¢ — F(x)[¢] is a retarded fundamental solution at x on
Q.

Proof. We first check that ¢ — F(x)[¢] defines a distribution for any fixed x € Q. Let
©m = @in D(Q, E*). Then ¢,, — ¢ in C"*1(Q, E*) and by the last point of Proposition 2.2.10
Re()em] = Re()[e]in CO(Q, E). Since (id +%.) " is bounded on C° we have F2(-)[@m] —
F2()lelin C°. In particular, F{*(x)[¢m] = F(0)[¢].

Next we check that F f(x) are fundamental solutions. We compute

PoFOlel = F2OPl
= (d+%) T (Re()LPgD)
= (id+K) " (PoyRL(e])
CID (44507 (0 + Teg)
= Q.
Thus for fixed x € Q,
PFE(x0)[¢] = ¢(x) = 6x[¢].

Finally, we want to show that supp(Fi2 (x)) c Jf(x).

We have
supp (F2O)l¢l) = supp ((id+K.) ™ (R.()[¢D)
c J¢ (supp (ﬁi(')[‘p]))
c JE (J=(supp(p))
= J2(supp(p)).
So for any ¢ € D(Q, E*) such that supp(¢) N J*(x) = 0 we find that F*[¢] = 0. o
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2 Linear wave equations - local theory

‘We summarize the results.

Proposition 2.2.15. Let M be a timeoriented Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M. Let Q cC M be a
relatively compact causal domain. Suppose that Q is sufficiently small in the sense that (2.19)
holds.

Then for each x € Q

1. the distributions F fz (x) and F(x) defined in (2.20) are fundamental solutions for P at x
over Q,

2. supp(F5X(x)) € J(x),

3. for each ¢ € D(Q, E*) the maps x’ > Ff(x’)[go] are smooth sections in E* over Q. O

Corollary 2.2.16. Let M be a timeoriented Lorentzian manifold. Let P be a normally hyper-
bolic operator acting on sections in a vector bundle E over M.

Then each point in M possesses an arbitrarily small causal neighborhood € such that for each
x € Q there exist fundamental solutions F(x) for P over Q at x. They satisfy

1. supp(F2(x)) c J2(x),

2. for each ¢ € D(, E*) the maps x — F f(x)[cp] are smooth sections in E*. O

2.2.4 The formal fundamental solution is asymptotic

Finally, we show that the formal fundamental solution constructed in Section 2.2.1 is asymptotic
to the true fundamental solution. This implies that the singularity structure of the fundamental
solution is completely determined by the Hadamard coefficients which are in turn determined by
the geometry of the manifold and the coefficients of the operator.

Let M be a timeoriented Lorentzian manifold. Let P be a normally hyperbolic operator acting
on sections in a vector bundle E over M. Let Q" C M be a convex domain and let Q C Q" be a
relatively compact causal domain with Q c Q. Weassume that Q is so small that Corollary 2.2.16
applies. Using Riesz distributions and Hadamard coefficients we have constructed the formal
fundamental solutions at x € Q

Ra(x) = > Vi(x,) RE (2 +2j, %),
j=0
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2.2 Fundamental solutions

the approximate fundamental solutions

N-1 00
Ro(x) = ) Vi(x ) RE 2 +2j,x) + ) o (L(x,)/e)Vj(x, ) RE (2 + 2, x),
Jj=0 Jj=N

where N > 7 is fixed, and the true fundamental solutions F. f (x),

FEOIe] = (d+K) ™ (R ().

The purpose of this section is to show that, in a suitable sense, the formal fundamental solution
is an asymptotic expansion of the true fundamental solution. For k& > O we define the truncated
formal fundamental solution

N-1+k
R ()= 3 Vi) RE (2 +2),%).
7=0

Hence we cut the formal fundamental solution at the (N + k)-th term. The truncated formal
fundamental solution is a well-defined distribution on Q’, RN**(x) € D'(Q', E, E*). We will
show that the true fundamental solution coincides with the truncated formal fundamental solution
up to an error term which is very regular along the light cone. The larger k is, the more regular
is the error term.

Proposition 2.2.17. For every k € N and every x € Q the difference of distributions F(x) —
RY*K(x) is a C*-section in E. In fact,

(%)) = (F2(x) = RY™ () ()

is of regularity C* on Q x Q.

Proof. We write
(F20) = RY*(x)) () = (F2(x) = Re (@) () + (Re(x) = RY (1)) ()
and we show that (R (x) — RY** (x)) () and (F2(x) = R.(x)) () are both C* in (x, y). Now

N+k-1

(Rer) =RY* () 0) = D (@ 3)/8)) = 1) V;(x,3) RE 2+ 2/, x)(y)
j=N

+ Y o) /E)Vi(xy) RE 2+ 2/, x)().
Jj=N+k

From Lemma 22.6 we know that the infinite  part (x,y) -
S Nk O ) /8))Vi () RE (2 + 2j,x)(y) is C*. The finite part (x,y)
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2 Linear wave equations - local theory

TN (o (T y)/87) = 1) Vi(x, y) RE (2+2), x)(y) is actually smooth since o (I'/&;) ~ 1 van-
ishes on a neighborhood of I'~'(0) which is precisely the locus where (x, y) — RS' 2+2j,x)(y)
is nonsmooth. Furthermore,

F2Olel - ReOlel = ((d+%K)™" - id) (R ()[e])

— ((d+%) ™" 0 K ) (R ().

By Lemma 2.2.12 the operator — ((id +K.) o 7@) has a smooth integral kernel L. (x, y) whose
support is future or past-stretched respectively. Hence

FR(0)[e] - Re(0)[¢]
_ f L. (x, )R- (y)[e] dV(y)

Q
N-1
= 3 [ Lo RE @ 2t av)
=0
N+k-1 )
) [ Lo V) RE @4 27 0kl VO

j=N
+ j; - Li(x,y)f(y,2)¢(z) dV(z) dV(y)
where f(y,z) = Z;‘;NH( oy, 2)/e))Vi(y,2) RY (2 +2j,y)(z) is C¥ by Lemma 2.2.6. Thus

(x,2) > [5Le(x,y)f(y.2) dV(y) is a C*-section. Write V;(y,2) := V;(y,z) if j < N — 1 and
\7j(y, 2) =0T (y,2)/g;)V;(y,z)if j = N. It follows from Lemma 1.3.38

fﬁ La(x )V, () RE 2 + 2j, )] dV()

= fﬁR‘f@ + 2, [z Le(x )V (v, 2)¢(2)] dV(y)

fﬁR‘fQ +2j, 29[y P La(x, y)V; (3, 2)¢(2)] dV(z)

faRS’(z +2j, 2y = Le(x, »)V; (v, 2)1p(z) dV(2)

fa W;(x 2)e(2) dV(2)

where W;(x,z) = R¥(2 + 2j,2)[y = Li(x,y)V;(y,2)] is smooth in (x,z) by Proposi-
tion 1.3.36 (11). Hence

N+k-1
(PR -Re0) @ = D) Wiir2)+ [ Lae)f(n2) V)
=0
is C* in (x, 2). O
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2.2 Fundamental solutions

The following theorem tells us that the formal fundamental solutions are asymptotic expansions
of the true fundamental solutions near the light cone.

Theorem 2.2.18. Let M be a timeoriented Lorentzian manifold. Let P be a normally hyper-
bolic operator acting on sections in a vector bundle E. Let Q C M be a relatively compact
causal domain and let x € Q. Let F* denote the fundamental solutions of P at x and RY % (x)
the truncated formal fundamental solutions.

Then for each k € N there exists a constant Cy such that

[(F200) = RY () ()| < G - P,

for all (x,y) € Qx Q.

Here || - || denotes an auxiliary norm on E* ® E. The proof requires some preparation.

Lemma 2.2.19. Let M be a smooth manifold. Let Hy, Hy C M be two smooth hypersurfaces
globally defined by the equations ¢; = 0 and ¢, = 0 respectively, where @1, ¢y : M — R are
smooth functions on M satisfying dp; # 0 for every x € H;, i = 1,2. We assume that H, and
H, intersect transversally.

Let f : M — R be a C*-function on M, k € N. Let ki, ky € N such that ky + ky < k. We
assume that f vanishes to order k; along H;, i. e., in local coordinates %‘zlf (x) = 0 for every
x € H; and every multi-index a with |a| < k; — 1.

Then there exists a continuous function F : M — R such that

ki k
f= %1%2}?.

Proof of Lemma 2.2.19.. We first prove the existence of a C*~%1-function F; : M — R such that
f= sﬂlf] F.

This is equivalent to saying that the function f/ go’f‘ being well-defined and C* on M \ H, extends
to a Ck=%1_function F; on M. Since it suffices to prove this locally, we introduce local coordinates

x!',...,x" so that ¢; (x) = x'. Hence in this local chart H; = {x' = 0}.
Since (0, X2, .. LX) = %(O, X2, .. ., x") =0 for any (xz, ...,x")yand j < k; — 1 we obtain

from the Taylor expansion of f in the x!-direction to the order k; — 1 with integral remainder

term ]
X 1 k-1 k
1 .2 ny _ (x _t)l 0 lf 2 n
f(x, x5 ..., x )—j(; =Dl aGhh (t,x5,...,x")dt.
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2 Linear wave equations - local theory

In particular, for x! # 0

x! 1 k=1 k
1 X —t o f
1.2 ny o _ 1k -1 2 n
flx,x5 . X" = (x) j; (kl—l)!( o ) a(xl)kl(t,x,...,x )dt

(xhHki=t -l bt ONF

m (1-w)""x Fahh (x'u,x,...,x")du

_(hR ki

Y ( w)ki- 13( {kl( s xXM)du.
Now Fi(x!,...,x") = (k1 ) fo (1 —u)ki- 16( Da (x'u, x2, ..., x™)du yields a C*=%1_function
because oty is Ck~%1_ Moreover, we have

a(xl)lq
f - (Xl)kl 'Fl — SDkl 'Fl-

On M \ H| we have F| = f/(,oll<1 and so F| vanishes to the order k; on H, \ H; because f
does. Since H; and H; intersect transversally the subset H, \ H; is dense in H,. Therefore the
function F| vanishes to the order k; on all of H,. Applying the considerations above to F; yields
a Ck=k1=k2_function F : M — R such that F = goé‘z - F. This concludes the proof. |

Lemma 2.2.20. Let f : R" — R a C3**_function. We equip R™ with its standard Minkowski
product (-, -) and we assume that f vanishes on all spacelike vectors.
Then there exists a continuous function h : R"™ — R such that

f=hy

where y(x) = —(x, x).

Proof of Lemma 2.2.20. The problem here is that the hypersurface {y = 0} is the light cone
which contains 0 as a singular point so that Lemma 2.2.19 does not apply directly. We will get
around this difficulty by resolving the singularity.

Letm: M := Rx S""! — R” be the map defined by 7 (¢, x) := tx. It is smooth on M = R x §"~!
and outside 771 ({0}) = {0} x $"~! it is a two-fold covering of R" \ {0}.
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2.2 Fundamental solutions

The function f:: fon: M — Ris C¥** since f is.

Consider the functions y : M — R, ¥(t,x) := y(x), and 711 : M — R, my(t,x) := t. These
functions are smooth and have only regular points on M. For % this follows from d,y # 0 for
every x € §"~!. Therefore C(0) := 7' ({0}) and {0} x $"~! = 77! ({0}) are smooth embedded
hypersurfaces. Since the differentials of ¥ and of 7 are linearly independent the hypersurfaces
intersect transversally. Furthermore, one obviously has n(@ (0)) = C(0) and 7 ({0} xS" 1) = {0}.

Since f is C3**! and vanishes on all spacelike vectors f vanishes to the order 3k +2 along C(0)
(and in particular at 0). Hence f vanishes to the order 3k + 2 along C (0) and along {0} x S"~ L

Applying Lemma 2.2.19 to f @1 := m and ¢, := ¥, with ky := 2k + 1 and k; := k, yields a
continuous function F : R x $"~! — R such that

f=nkl gk F. 2.21)

For y € R" we set

Iyl - F(liyll, 2 ify#0
h(y) 1= [
) { 0 ify =0,

where || - || is the standard Euclidean norm on R”. The function /4 is obviously continuous on
R™. It remains to show f = y* - h. For y € R" \ {0} we have

(-2
Pl |)

k
2.21H y
= ||y||2"+‘-y(—) (||y|| )
Iyl TR

k
Iyl -y (i)  h(y)
Iyl

y»M* - ().

For y = 0 the equation f(y) = y(y)* - h(y) holds trivially. O

S
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2 Linear wave equations - local theory

Proof of Theorem 2.2.18. Repeatedly using Proposition 1.3.36 (3) we find constants C J’ such that

(F2x) - RY* () ()
N+3k

= (Flo =RV )+ D Vi y) - REQ+2j,0()
Jj=N+k
N+3k

= (F20 =R 0) )+ Y Vi) - €T k- RE @ +2( - 0, 0)().
Jj=N+k

Now hj(x,y) := C]’. -Vilx,y) - Rf/(Z + 2(j — k), x)(y) is continuous since 2 + 2(j — k) >
2+ 2N > 2+ n > n. By Proposition 2.2.17 the section (x, y) (Ff(x) — RIN+3k+1 (x)) (v) is

of regularity C3**!. Moreover, we know supp(F2(x) — RN +3k+1(x)) c J&(x). Hence we may
apply Lemma 2.2.20 in normal coordinates and we obtain a continuous section £ such that

(F2) - RY (1) () = T )k - h(x, y).

This shows
N+3k
(F2e0) - RY™* () () = |G y) + D hj(xy) |Tx k.
Jj=N+k
Now Cy := [|h + SI0%, hjllco g, does the job. O

2.3 Solving the inhomogeneous equation on small domains

We want to solve the inhomogeneous equation Pu = v for given v with small support.

Let Q c M satisfy the hypotheses of Lemma 2.2.12. In particular, Q is relatively compact,
causal, and has “small volume”. Such domains will be referred to as RCCSV (for “Relatively
Compact Causal with Small Volume”). Note that each point in a Lorentzian manifold possesses
RCCSV-neighborhoods.

Let F2(x) be the corresponding fundamental solutions for P at x € Q over Q. Recall that for
¢ € D(Q E*) the maps x — F2(x)[¢] are smooth sections in E*. Using the natural pairing
Ei®E, - K, {®er {-e, we obtain a smooth K-valued function x — F. f(x)[go] - v(x) with
compact support.

We put

us[p] = fQFf(X)[sD]-V(X) dv(x). (2.22)

Lemma 2.3.1. The u. defined in (2.22) are distributions satisfying

Pu, =v
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2.3 Solving the inhomogeneous equation on small domains

and
supp(u) € J2(supp(v)).

Proof. (a) We show that u, are distributions. Let ¢ € D(Q, E*). By Lemma 2.2.8 and (2.20):

luz[e]] < vol(Q) - max [FL(x)[@]] - [[Vlico < C"- llgllcn+q) -

x€eQ

This proves that u. depend continuously on ¢ with respect to the C"*!-norm and hence also with
respect to the topology of D(Q, E™).
(b) We show Pu. = v. Let ¢ € D(Q, E*). We compute

Pu.le] = uL[P"¢]
= f FE(x)[P o] - v(x) dV(x)
Q

_ f Py FE0)le] - v(x) dV(x)
QE/—/

=5
- fQ () - v(x) dV(x)
= v[gl

(c) It remains to show the assertions about the supports of u.. Let ¢ € D(Q, E*) and assume
supp(e)N Jf(supp(v)) = (. In case of J; this means that there is no future-directed curve starting
in supp(v) and ending in supp(¢). In other words, there is no past-directed curve starting in
supp(¢) and ending in supp(v). Hence supp(v) N JS(supp(go)) = (. Since JS(supp(go)) contains
the support of x — F. f(x)[ga] we have supp(v) N supp(F. i9(-)[(,0]) = (. Hence the integrand in
(2.22) vanishes identically and therefore u.[¢] = 0. This proves supp(u.) C ij(supp(v)). ]

Next we show that the distributions u, and u_ are actually smooth sections. For this, we need
the following lemma.

Lemma 2.3.2. Let Q C M be an RCCSV-domain. Let K C Q be a compact subset. LetV €
C®(QxQ E*RE). Let® € C"*'(Q, E*) and ¥ € C"*'(Q, E) be such that supp(®) C J2(K)
and supp(‘P) c JE(K).

Then forall j >0

[ (veorg@+2in) @1 ¥ ave) = [ 00)- (VEnRT@+2)0) 141 V).
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2 Linear wave equations - local theory

Proof. Since Q is a causal domain and therefore globally hyperbolic, we know that J (x)NJ2(K)
is compact, see Proposition 1.2.56.

Hence supp(Rf'(Z +2j,x)) N supp(P) C Jf(x) N JE(K) is compact. Since the distribution
RY (242, x) is of order < n+1 we may apply V (x, -) R (2+2j, x) to ®. By Proposition 1.3.36.12
the section x — V (x, -)Rfj' (2+2j, x)[D] is continuous. Hence the left hand side is well defined.
Similarly, the integral on the right hand side is well-defined. By Lemma 1.3.37

fg (VxR 2+ 2/, %)) [®] - ¥(x) dV(x)
= fg RE2+2j,0)[y = V(xy) ' ®(y)] - ¥(x) dV(x)
= fg RY (2+2), 1)y = OV (x, )P(x)] dV(x)
= fg RE (242, y)[x > @)V (x, »)¥(x)] dV(y)

- [0 (venrE@+2i009) @V, 0
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Lemma 2.3.3. Let Q C M be an RCCSV-domain.
Then the distributions u.. defined in (2.22) are smooth sections in E, i. e., u. € C*(Q, E).

Proof. Let ¢ € D(Q, E*). Put K := supp(¢) U supp(v). Let L. € C°°(§ xQ E*® E) be the
smooth integral kernel of (id +%. )~ o K. We recall from (2.20)

FE2Olel = (d+K) ™ (Re(lg]) = Re (D] - (id +Ke) ' Ke (Re () [0]).

Therefore

us[] fg F2(0)[g] - v(x) dV(x)

fg R (0[] - v(x) dV(x) - fQ fQ Li(y,x) - Re(0)[@] - v(y) dV(x) dV(y)

fg R (0[] - w(x) dV(x)

Z f Vi(x, )RE 2+ 2/, 0[] - w(x) dV(x)
j=07¢

where we again wrote Vj(y,z) =Vi(y,z)if j < N -1 and \7j(y, 2) =o'y 2)/ej)Vi(y,2) if
Jj > Nand w(x) :=v(x) = [,v(y) - Ls(y,x) dV(y) € E,. Note that w € C*(Q, E).

By Lemma 2.2.12, supp(L+) C {(y,x) € aAxQ |x € Jg(y)}. Hence supp(w) C Jg(supp(v)).
We may therefore apply Lemma 2.3.2 with ® = ¢ and ¥ = w.
For the j-th summand we then find

fg V(xR 2 + 2j, 0[] - w(x) dV (x) = fg oV )RE (2 + 2j. y)w] dV(y)

Summation over j yields

uale] fQ R.(0e] - w(x) dV (x)

>, [ e nRE @+ 2 il V().
=0

Thus

(9]

ua(y) = ) (Vi RE 2 +2),7)) [l

Jj=0
Proposition 1.3.36.11 shows that all summands are smooth in y. By the choice of the g; the
series converges in all Ck-norms. Hence u. is smooth. |

‘We summarize
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2 Linear wave equations - local theory

Theorem 2.3.4. Let M be a timeoriented Lorentzian manifold. Let P be a normally hyperbolic
operator acting on sections in a vector bundle E over M. Let Q ¢ M be an RCCSV-domain.
Then for each v € D(Q, E) there exist u. € C* (L, E) satisfying

L [, ¢(x) - us(x) dV = [ F(x)[¢] - v(x) dV for each ¢ € D(QE”),
2. Pu, =v,

3. supp(us) C J(supp(v)). O

2.4 The Cauchy problem

Next we prove existence of solutions to the Cauchy problem on small domains. Let Q C M be
an RCCSV-domain. Since causal domains are contained in convex domains by definition and
convex domains are contractible, the vector bundle £ is trivial over any RCCSV-domain Q.

Proposition 2.4.1. Let M be a timeoriented Lorentzian manifold and let S C M be a spacelike
smooth hypersurface. Let P be a normally hyperbolic operator acting on sections in a vector
bundle E over M. Let 1t be the future directed timelike unit normal field along S and let V be
the P-compatible connection.

Then for each RCCSV-domain Q C M such that S N Q is a (spacelike) Cauchy hypersurface
in Q, the following holds:

Foreveryuy,u; € D(SNQ, E) and for every f € D(Q, E) there exists a solutionu € C*(Q, E)
of the Cauchy problem

u uy along SN Q,

{Pu = f onQ,
Vau = u; along SNQ.

Moreover, supp(u) C JM (K) where K = supp(up) U supp(u;) U supp(f).

Proof. Since causal domains are globally hyperbolic we may apply Theorem 1.2.53 and find an
isometry Q = R X (S N Q) where the metric takes the form —N 2dt* + g;. Here N is smooth, each
{t} x (S N Q) is a smooth spacelike Cauchy hypersurface in Q, and (S N Q) = +~1(0). Note that
the future-directed unit normal vector field n along {f} X (S N Q) is given by n = —# gradt.

We trivialize the bundle E over Q and identify sections in E with K" -valued functions where r
is the rank of E.

Assume for a moment that # were a solution to the Cauchy problem of the form

u(t,x) = Z tjllj (x)

J=0

100



2.4 The Cauchy problem

where x € SN Q. On S N Q we have that iy = ug, H; = —Nu;. Write P = #g—; +Y where Y is
a differential operator containing 7-derivatives only up to order 1. Equation
1 & IR I
f=Pu= m@ﬁuyu:mzjg—l)z i +Yu (2.23)
j=2

evaluated at r = 0 gives
2N72(0, x)ita (x) = =Y (il + tii1 ) (0, x) + £ (0, x)

for every x € SNQ. Thus i, is determined by iy, i, and f|g. Differentiating (2.23) with respect
to % and repeating the procedure shows that each i; is recursively determined by iy, . .., %
and the normal derivatives of f along S.

Now we drop the assumption that we have a t-power series u solving the problem but we define the
iij, j > 2, by these recursive relations. In general, the so constructed series will be nonconvergent
and we will now use a cut-off function o as before to make it convergent.

Let o : R — R be a smooth function such that o|_1/2,1/2; = 1 and o = 0 outside [-1,1]. We
claim that we can find a sequence of &; € (0, 1) such that

At x) :== y o(t/eptiij(x) (2.24)
j=0

defines a smooth section that can be differentiated termwise.
By Lemma 1.3.23 we have for j > k

1x) > o t/e)r i (Dl < (k) - [[e 0 o /ent|| ) - Nillercs)-

Here and in the following c¢(k), ¢’(k, j), and ¢”’(k, j) denote universal constants depending only
on k and j. By Lemma 2.2.5 we have for/ < kand 0 < g; < 1

l .
— (o (t/ep)t))

J :
’ - < g lollct gy

COR)

thus, taking the maximum

1, %) > o (t/e))P (D ek < &5 ¢ (K, ) llollen g 1yl s).

Now we choose 0 < g; < 1 so that &; ¢”(k, j) o llck gy 1) llck sy < 27J for all k < j. This
can be done since here we have only finitely many conditions on each &;. Then the series (2.24)
defining #i converges absolutely in the C*-norm for all k. Hence 7 is a smooth section with
compact support and can be differentiated termwise.

From the construction we have that supp(ii;) C supp(iip) U supp(iiy) U (supp(f) N S) for all j.
Since supp(iip) U supp(ii;) U (supp(f) N S) € S N K, we see that supp(it) C R X (S N K).
Applying P to & will no longer give f because of errors introduced by the cut-off-function o.
We have to correct this in the following.
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2 Linear wave equations - local theory

First we see that  still fulfills the initial conditions. This is because o = 1 on a neighborhood of
{t = 0}, hence at t = 0 the cut-off is irrelevant.
By the choice of the ii; the section Pii — f vanishes to infinite order along S. Therefore

(Pii— )(t,x), on{r>0}=J,(SNQ),

wit,x) = { 0, on {1 < 0},

defines a smooth section. Moreover, supp(w) C (SN K) x [0, 1] and hence has compact support.
By Theorem 2.3.4 we can solve the equation Pii = w with a smooth section & and supp(it) C
J2(supp(w)) € JAS N Q) N JHK). Now u, := i — i is a smooth section such that Pu, =
Pi—-Pi=w+f-w=fonJ3(SNQ).

Since @i = 0 on I*(S) the section u, coincides with i to infinite order along S. In particular,
uyls = ils = up and Vyu, = Vil = u;. Moreover, supp(uy) C supp(id) U supp(id) C JM(K).
Thus u, has all the required properties on JM (S).

Similarly, one constructs u_ on JM (S). Since both u, and u_ coincide to infinite order with i
along S we obtain the smooth solution u with supp(u) ¢ J%(K) by setting

o [0 20,
Uik x) == u_(t,x), ift <0.

2.5 Exercises

2.5.1. Let M be a Lorentzian manifold and E — M a vector bundle with a fiberwise inner
product (-, -). Let P be a normally hyperbolic operator acting on sections of E. Write P = 0" + B
for the P-compatible connection V.

Show that P is formally selfadjoint if and only if V is metric w.r.t. {-,-) and B is pointwise
selfadjoint.

2.5.2. Let X be a smooth vector field and V a smooth function on a Lorentzian manifold. We
consider the normally hyperbolic operator P = 0O + dx + V acting on functions.
Determine the P-compatible connection V and the potential B in P = 0" + B.

2.5.3. Compute the Hadamard coefficients of the Klein-Gordon operator P = O + m2, m >0,
on Minkowski space.

2.5.4. Let (X, h) be a Riemannian manifold and equip M = R X X with the Lorentzian metric
g = —dt?> + h where ¢ denotes the standard coordinate in R.

a) Show that if x', ..., x" ! are normal coordinates around £ on X, then 7, x',...,x""! are
normal coordinates around (0, X) on M.

b) What is the relation between the volume distortion functions u on X and p, %) on M?
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2.5.5. In addition to the notation in Exercise 2.5.4, let E be a vector bundle over X. The bundle
pulled back to M via the projection M — X is also denoted by E.

a) Show that a differential operator L € @%(E, E) on X is of Laplace type if and only if
P = 5’—:2 + L is normally hyperbolic on M.

b) Show that the Hadamard coefficients of P are parallel along the curves c(t) = (¢, ) where
X € X is constant.

2.5.6. Show that the distributions (%)"Ri (2) on Minkowski space have order k — 2 at least,
k=273,...

2.5.7. Define the derivative of the Riesz distributions with respect to a by

OR. 0
oo (@0lgl = =] (Ru(a)lg]).

a) Show that u = y - (%If; ) - %(O)) is a nontrivial solution of Ou = 0 on n-dimensional

Minkowski space, provided n > 3.

b) What if n = 2?
2.5.8. Show that the formal fundamental solution

Ri= ) (-1)/m Ru(2+2))
j=0

of the Klein-Gordon operator P = 0O + m? on Minkowski space M (cf. Exercise 2.5.3) converges
in D’(M) and hence defines a true fundamental solution at x = 0.

Hint: Show that for sufficiently large N the series Zj‘; N (=1 Y m* R.(2+2j) converges uniformly
on compact subsets of M.

2.5.9. Show that the &; in Lemma 2.2.7 can be chosen such that the sum
%=y Op(cT/e) V; RE(2+2),)
j=N
converges absolutely in C* (QxQ E*RE) forall k € N.

2.5.10. Show that every C2-solution u of Ou = 0 on the 2-dimensional Minkowski space is

uniquely determined by uy and u; where ug(x) = u(0, x) and u; (x) = ‘?9—';(0, X).

Hint: Observe 0 = (& + 2)(& - Z).

2.5.11. Consider the situation in Proposition 2.4.1 except that V is an arbitrary connection on
the vector bundle on which P acts.
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2 Linear wave equations - local theory

a) Show that Proposition 2.4.1 still holds.

b) Show that if uniqueness of u holds for the P-compatible connection then it also holds for V.

2.5.12. Let ug, u;, and f be as in Proposition 2.4.1 and let u be the solution of the Cauchy
problem constructed in the proof. The statement on the support of u# can be improved to

supp(u) € J(supp(ug) Usupp(u1)) U J (supp(f) N IS N Q) U JE (supp(f) N IS N Q) .
a) Illustrate by example or drawing that this improves the statement in Proposition 2.4.1.

b) Explain how the proof of Proposition 2.4.1 needs to be refined in order to yield this version
of the support estimate.
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3 Linear wave equations - global theory

Our aim in the next chapter is to study fundamental solutions, solutions to inhomogeneous
equations and the Cauchy problem on arbitrary globally hyperbolic manifolds.

3.1 Uniqueness of the fundamental solution

To motivate the line of the argument in the following we first give an incorrect proof of the
following false statement:

Let P be a normally hyperbolic operator on a Lorentzian manifold M. Then every solution of
Pu = 0is trivial, i.e., u = 0.

Incorrect proof. Let x € M. We choose an RCCSV-neighboorhood €2 of x and we want to show
ul¢] = 0 for all test sections ¢ € C(Q, E*). By Theorem 2.3.4 we can solve P*y = ¢ in Q.

Now we compute
@)

ul¢] =ulPy] = _Pu_[¢]=0.
=0
Hence u = 0 on  and since x was arbitrary . = 0 on M. m|

We know that the statement we just “proved” is false. For instance, constant functions u = ¢
satisfy Ou = O without being trivial. Where did the proof fail?

The problem is that equation () is not justified because ¢ does not have compact support and
hence is not a test section. Nevertheless, the argument can be rectified under suitable assumptions
on supp(u). We show uniqueness of solutions to the wave equation with future or past-compact
support.

Theorem 3.1.1. Let M be a globally hyperbolic Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections of a vector bundle E over M.

Then any distribution u € D' (M, E) with past or future compact support solving the equation
Pu = 0 must vanish identically on M,

0.

u

Proof. Without loss of generality let A := supp(u) be future compact. We will show that A is
empty. Assume the contrary and consider some x € A. Then the set B := JM (x) N A is compact.
By Proposition 1.2.60 the map y +— 7(x, y) is finite and continuous on a globally hyperbolic
manifold. Therefore y — 7(x, y) attains its maximum on B at some point z € B.
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3 Linear wave equations - global theory

>

On a globally hyperbolic manifold the relation “<” is closed. Moreover, the implication “u < v
and v < u = u = v” holds because there are no causal loops. The relation “<” now turns B into
a partially ordered set.

We check that Zorn’s lemma can be applied to (B, <). Let B’ be a totally ordered subset of B.
Choose! a countable dense subset B”” C B’. Then B” is totally ordered as well and can be written
as B” = {{1, {2, {3, .. .}. Let z; be the largest element in {{] . . ., {;}. This yields a monotonically
increasing sequence (z;); which eventually becomes at least as large as any given ¢ € B”.

By compactness of B a subsequence of (z;); converges to some z” € B as i — oo. Since the
relation “<” is closed one easily sees that z” is an upper bound for B”. Since B” c B’ is dense
and “<” is closed, z’ is also an upper bound for B’. Hence Zorn’s lemma applies and yields
a maximal element zg € B. Replacing z by zo we may therefore assume that 7(y, -) attains its
maximum at z and that A N JM (2) = {z}.

We fix an RCCSV-neighborhood Q ¢ M of z. Let p; be a sequence of points such that p; — z.
Claim: For i sufficiently large we have JM (p;) N A c Q.

Suppose the contrary. Then there is for each i a point ¢; € JM (p;) N A such that ¢; ¢ Q. Since
gi € JM(x) N A for all i and JM (x) N A is compact we have, after passing to a subsequence,
that g; — g € JM (x) n A. From ¢; > pi, ¢; — q, pi — 2, and the fact that “<” is closed we

lEvery (infinite) subset of a manifold has a countable dense subset. This follows from existence of a countable basis
of the topology.
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3.1 Uniqueness of the fundamental solution

conclude ¢ > z. Thus ¢ € JM(z) N A, hence ¢ = z. On the other hand, ¢ ¢ Q since all ¢; ¢ Q,
a contradiction. v

For p; € I (z) with JM (p))Nn A c Q we put Q := QN IM (p;) and note that Q is an open
neighborhood of z.

We choose a cut-off function € D(Q,R) such that 1|, M(p)nA = 1.

Now we consider some arbitrary ¢ € D(Q, E*). We will show that ule] = 0. This then proves
that u|g = 0, in particular, z ¢ A = supp(u), the desired contradiction.

By the choice of 2 we can solve the inhomogeneous equation P*y = ¢ on Q withy € C*(Q, E*)
and supp(y) C JiX(supp(¢)) € JM (p;) N Q. Then supp(u) Nsupp(y) € AN JM (p) N Q =
AN Ji"’ (pi). Hence 1supp(u)nsupps) = 1. Thus

ule) = ulP Y] = ulP*(ny)] = (Pu)[ny] = 0. O

Corollary 3.1.2. Let M be a globally hyperbolic Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M.
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3 Linear wave equations - global theory

Then for every x € M there exists at most one advanced and at most one retarded fundamental
solution for P at x.

Proof. Let F; and F, be two advanced fundamental solutions at x. Then u = F; — F, is
a solution for Pu = 0. Since F| and F, are advanced solutions we know that supp(u) C
supp(F1) U supp(F2) € J4+(x). On a globally hyperbolic manifold J, (x) is past compact. Then
Theorem 3.1.1 shows that u = 0 and hence F; = F>. O

3.2 The Cauchy problem

We start by identifying the divergence term that appears when one compares the operator P with
its formal adjoint P.

Lemma 3.2.1. Let E be a vector bundle over the timeoriented Lorentzian manifold M. Let
P be a normally hyperbolic operator acting on sections in E. Let V be the P-compatible

connection on E.
Then for every y € C*(M,E*) and v € C* (M, E),

Y- (Pv) = (P*y) - v = div (W),
where the vector field W € C*(M,TM ®g K) is characterized by

W, X) = (Vx¢p) -v =y - (Vxv)

forall X € C*(M,TM).

Proof. The Levi-Civita connection on TM and the P-compatible connection V on E induce
connections on 7*M ® E and on T*M ® E* which we also denote by V for simplicity. We define
a linear differential operator L : C*(M,T*M ® E*) — C*(M, E*) of first order by

n

Ls:=— Z €j(Ve,;5)(ej)

J=1
whereey, . . ., e, isalocal Lorentz orthonormal frame of TM and €; = {ej, e;). Itis easily checked
that this definition does not depend on the choice of orthonormal frame. Write e}‘, ..., e, for the

dual frame of 7* M. The metric (-, -) on TM and the natural pairing E*Q E > K,y Qv > ¢ - v,
induce a pairing (T*M ® E*) ® (T*M ® E) — K which we again denote by (-,-). For all
Yy e CP(M,E*) and s € C*(M,T*M ® E) we obtain

n

(Vu,s) = D (€ @V, e ®s(er))

jok=1
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3.2 The Cauchy problem

e ) (Vo) - s(ex)
J.k=1

= > &j(Ve,) - s(e))

j=1
= > 8 (0,0 - s(e)) =W - (Vey5)(e)) =¥ - 5(Ve )
j=1

n

U (Ls)+ ) e (0, - s(e)) —w - 5(Vese))). 3.1)

j=1

Let Vi be the unique K-valued vector field characterized by (Vi, X) = ¢ - s(X) for every
X € C®(M,TM). Then

n

D €iVe, i, ep)

j=1

D€ (e, Vi €5y = Vi, Veye))

j=1

D€ (9o, - se)) = - 5(Vesep)) -

J=1

div (V1)

Plugging this into (3.1) yields
(Y, sy =y - Ls + div (V).
In particular, if v € C*(M, E) we getfor s := Vv € C*(M,T"M ® E)
(Vy, Vv) = - LVv +div (V}) = ¢ - O + div (),

hence
w-a%v = (Vy, V) —div (V) (3.2)

where (V}, X) = ¢ - Vxv forall X € C*(M,TM). Similarly, by interchanging the role of ¢ and
v we obtain
@y) - v = (Y, Vv) — div (V)

where V; is the vector field characterized by (V,, X) = (Vxy) - vforall X € C*(M,TM). Thus
comparing leads to
Y -0%v — (@) - v = div (W) (3.3)

where W = V, — V. Since V is the P-compatible connection on E we have P = o’ + B for some
B € C*(M,End(E)), see Lemma 2.1.7. Thus

Y- Pv=y -0+ By = (@) v+div(W) + (B*Y) - v.

If ¢ or v has compact support, then we can integrate ¢ - Pv and the divergence term vanishes:
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3 Linear wave equations - global theory

fz//-Pv dV:f (@) v+ (By)-v) dV.
M M

Therefore 0¥ + B* = P* and ¢ - Pv — P*y - v = div (W) as claimed. |

This now yields a local formula allowing us to control a solution of Pu = 0 in terms of its Cauchy
data.

Lemma 3.2.2. Let E be a vector bundle over a timeoriented Lorentzian manifold M and let
P be a normally hyperbolic operator acting on sections in E. Let V be the P-compatible
connection on E. Let Q C M be an RCCSV-domain. Let S be a smooth spacelike Cauchy
hypersurface in Q. Denote by n the future directed (timelike) unit normal vector field along
S. For every x € Q let F*(x) be the fundamental solution for P* at x with support in J(x)
constructed in Proposition 2.2.15. Define FQ[cp] = Ff(-)[cp] - F?(')[QD] € C*(Q, EY).

For every smooth solution u € C*(Q, E) of Pu =0 on Q

ulg) = [ ((Fu(FUeD) 1= (PO 1) da

where ug := u|g and uy := Vyu.

Proof. Fix ¢ € D, E*). We consider the distribution ¢ defined by ¢[w] := fQ o(x) -
Ff(x)[w] dV for every w € D(Q, E). By Theorem 2.3.4 we know that ¢ € C* (€, E*), has its
support contained in J(supp(¢)) and satisfies P*ys = ¢.

Let W be the vector field from Lemma 3.2.1 with u instead of v.

JE(supp(¢)) N JE(S

Since by Proposition 1.2.56 the subset Jf(supp(go)) N J2(S) of Qis compact, Theorem 1.2.72
applies to D := I*(S) and the vector field W:

f ((P*Y) -u—y - (Pu)) dV —f div (W) dV
D D

—{(m,n) (W, n)dA
~—~—JoD

110



3.2 The Cauchy problem

(W, m)dA

oS

L (Vo) - u—y - (Vo)) dA.

On the other hand,

fD«P*w-u—wPu)) dV:f,gz(sf(Z‘“'”“”'( Pu ))dV=f o1 dv.

=0 I12(5)

Thus
f p-udv = f (Vo) - u—y - (Vo)) dA. (3.4)
I9(S) S

Similarly, using D = If}(S) and ¥'[w] := fQ o(x) - FE(x)[w] dV for any w € D(LQ, E) one gets
f o udv = f W' - (Vau) = (Vo) - ) dA. (3.5)
I2(S) s

The different sign is caused by the fact that n is the interior unit normal to I? (S). Adding (3.4)
and (3.5) we get

fgwdv=fs((vnw—w’))-u—(w—w')-(Vnm)dA

which is the desired result. |

Corollary 3.2.3. Let Q, u, uy, and u; be as in Lemma 3.2.2. Then
supp(u) € J*(K)

where K = supp(up) U supp(uy).

Proof. Let ¢ € D(Q, E*) with supp(¢) N JEK) = 0. We will show that u[¢] = 0. Since
supp(@)NJA(K) = 0 implies J2(suppe)NK = 0 and supp(F2[e])NK < J?(suppe)NK we find
that supp(F®[¢]) N K = 0. By Lemma 3.2.2 ulg] = [, ((Va(F2[gD) - tp — (F[g]) - u1) dA.
But the support of the integrand of the right hand side is given exactly by the empty set
supp(FQ[go]) N K. Hence u[¢] = 0. m]

These local considerations already suffice to establish uniqueness of solutions to the Cauchy
problem on general globally hyperbolic manifolds.
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3 Linear wave equations - global theory

Corollary 3.2.4. Let E be a vector bundle over a globally hyperbolic Lorentzian manifold M.
Let V be a connection on E and let P = 0" + B be a normally hyperbolic operator acting on
sections in E. Let S be a smooth spacelike Cauchy hypersurface in M, and let n be the future
directed (timelike) unit normal vector field along S.

Ifu e C(M,E) solves

Pu = 0 onM,
u = 0 alongsS,
Vau = 0 along S,

thenu =0on M.

Proof. By Theorem 1.2.53 there is a Cauchy time function  : M — R and a foliation of M by
spacelike smooth Cauchy hypersurfaces such that S = ¢~ (0). Extend n smoothly to all of M
such that ng is the unit future directed (timelike) normal vector field on S, for every € R. Let
p € M. We show that u(p) = 0.

Without loss of generality let #(p) > 0 and let p be in the chronological future of S. Set

to := sup {T € [0,¢(p)] |u vanishes on JM (p)Nn{0<t< T}}.

A4 — Si(p) =1t = t(p)}
JM (p)
D Sl‘() = {t = tO}

— So={r=0}

We will show that ty = #(p) which implies in particular u(p) = 0.

The initial data on S;, N JM (p) vanishes, i.e. for uy := Uls,, and u; := (Vnu)|st0, we have that
up =0and u; = 0on S, N JM (p) because u = 0on JM (p) N {0 <t < 1}).

For each x € JM (p) N S,, we may choose an RCCSV-neighborhood Q of x such that S,, N Q is
a Cauchy hypersurface of Q.

By Proposition 1.2.56 the intersection S;, N JM (p) is compact. Hence it can be covered by
finitely many open subsets Q;, 1 <i < N, satisfying these conditions.

112



3.2 The Cauchy problem

4 — Sip) =t =t(p)}

D St() = {t = tO}
M(p)

— So={r=0}

By assumption u, is a solution for the Cauchy problem Pu = 0 with certain initial data on

Q; N S;,. We know, that the initial data can be nonvanishing only outside S;, N JM (p). Hence
Corollary 3.2.3 implies supp(ubj) NJM(p) c J% (supp(u) NS N Q) nJM(p)=0.

Q.
JM(p) N I, (Siy N QY

This implies that u vanishes identically on (Q; U---UQpn) N JM (p).
Since (Q; U --- U Qp) N JM(p) is an open neighborhood of the compact set Sto N JM (p) in
JM (p) there exists an & > 0 such that S, N JM (p) € Q; U --- U Qy for every t € [to, o + €).

— Sipy =t =t(p)}

/ St, t € [to, to +8)

— 8, ={t =10}

Hence u vanishes on S; N JM (p) for all ¢ € [to, tg + £). This is a contradiction to the maximality
of ty unless t9 = t(p). m]
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3 Linear wave equations - global theory

In order to show existence of solutions to the Cauchy problem on globally hyperbolic manifolds
we need some preparation. Let M be globally hyperbolic. We consider a Cauchy time function
t: M — R. W.Lo.g. let ¢ be surjective so that M = Rx S and the metric is of the form — N2dt*+g;.
In particular, M is foliated by the smooth spacelike Cauchy hypersurfaces {to} x S =: §;, where
to € R.

Let p € M. For any r > 0 we denote by B, (p) the open ball of radius r about p in the Riemannian
manifold S; (p) with respect to the Riemannian metric g;(,) on S;(p), i.e.

B, (p) :={q € S;(py | dist®* P (p,q) < r}.

Then B, (p) is open as a subset of S; (p) but not as a subset of M.
Recall from the exercises that D(A) denotes the Cauchy development?of a subset A of M.
We define the function p : M — (0, oo] by

p(p) :=sup{r > 0| D(B,(p)) is an RCCSV domain}.

D(B,(p))

St(p)

B, (p)

Lemma 3.2.5. The function p is lower semi-continuous on M.

Proof. First note that p is well defined since every point has a RCCSV-neighborhood. Let € > 0.
Let p € M and r > 0 be such that p(p) > r and r > p(p) — 5. We want to show p(p’) > r —€
for all p’ in a neighborhood of p.

For any point p’ € D(B, (p)) consider

A(p") :=sup{r’ > 0| B (p") € D(B,(p))}.

Claim: There exists a neighborhood V of p such that for every p’ € V one has A(p’) > r — €.

2The Cauchy development of a subset S of a timeoriented Lorentzian manifold M is the set D(S) of points of M
through which every inextendible causal curve in M meets S.
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3.2 The Cauchy problem

D(B:(p)) DB, (v'))

Let us assume the claim for a moment. Let p’ € V. Pick ' with r — e < ' < A(p’).
Hence B, (p’) € D(B,(p)). It follows from the definition of the Cauchy development that
D(B,(p’)) € D(B,(p)). Since D(B,(p)) is RCCSV the subset D(B,/(p’)) is RCCSV as well.
Thus p(p’) 2 r' >r—€ = p(p) — %e. This then concludes the proof.

It remains to show the claim. Assume the claim is false. Then there is a sequence (p;); of
points in M converging to p such that A(p;) < r — € for all i. Hence for ry := r — €/2 we have
By (pi) € D(B,(p)). Choose x; € By (pi) \ D(Br(p)).

The closed set B, (p) is contained in the compact set D(B,(p)) and therefore compact itself.
Thus [-1, 1] X Er (p) is compact. For i sufficiently large B, (p;) C [-1,1] X Er (p) and therefore
x; € [-1,1] x Er(p). We pass to a convergent subsequence x; — x. Since p; — p and
X; € E,O (p;) we have x € Ero (p). Hence x € B, (p). Since D(B,(p)) is an open neighborhood
of x we must have x; € D(B, (p)) for sufficiently large i. This contradicts the choice of the x;.00

For every r > 0and ¢ € M = R x S consider

6,(q) :=sup{n > 01 JM (B, 2(¢)) N ([to — 1,10 + N1 X S) € D(B, ()}
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D(B,(¢))

JM(E% (@) N ([t = 1. g + 7] XS

{to+n} xS
{to} x S
{to—n} xS

Bz (q)

Remark 3.2.6. There exist 7 > 0 with JM (B, 2(q)) N ([to — 1,0 + 71X S) € D(B,(g)). Hence
0r(q) > 0. .

One can see this as follows. If no such 7 existed, then there would be points x; € J™ (B, 2(@)N
(Ito — 1,10 + 11x S) but x; ¢ D(B,(q)), i € N. All x; lie in the compact set JM (B, »(g)) N
([to — 1,10 + 1] X S). Hence we may pass to a convergent subsequence x; — x. Then x €
JM (Er/g @) N {tg} x8) = Er/z (¢). Since D(B,(q)) is an open neighborhood of Er/z (q) we
must have x; € D(B,(qp)) for sufficiently large i in contradiction to the choice of the x;.

Lemma 3.2.7. The function 0, : M — (0, o] is lower semi-continuous.

Proof. Fix g € M. Let € > 0. We need to find a neighborhood U of ¢ such that for all ¢’ € U
we have 0, (¢") > 0, (q) — €.

Put n := 6,(q) and choose let ty = 7(q). Assume no such neighborhood U exists. Then
there is a sequence (¢g;); in M such that ¢; — ¢ and 6,(g;) < n — € for all i. We know
that JM(Er/z(qi)) N(t;i—n+eti+n—€]xS) ¢ D(B,(q;)). Hence we can choose x; €
JM(Br2(gi)) N ([t =0 + & 1; + 17— €] X S) but x; ¢ D(B-(¢:)).

But this implies that x; — x withx € JM(Br/Q(q))ﬂ([t,- -n+eti+n—€e]lxS)andt(x) =1(q)
for reasons of continuity. We obtain x € E% (9) C D(E%r (¢)). Since x; ¢ D(B,(q;)) we get

that x; ¢ D(B (¢)) for all i > 0. But contradicts x € B:(q) C D(E% (@)).

We are now ready to reach a first global existence result. We first globalize in the spatial direction.

Lemma 3.2.8. For each compact subset K C M there exists 6 > 0 such that for each t € R
and any ug,uy € D(S;, E) with supp(u;) C K, j = 1,2, there is a smooth solution u of
Pu = 0 defined on (t — 0,t + 0) X § satisfying uls, = uo and Vyuls, = uy. Moreover,
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supp(u) ¢ JM(K N S,).

Proof. By Lemma 3.2.5 the function p admits a minimum on the compact set K. Hence there is
a constant ry > 0 such that p(q) > 2r¢ for all ¢ € K. Likewise, by Lemma 3.2.7 the function 65,
admits a minimum on the compact set K. Therefore we can choose 6 > 0 such that 6>,,(q) > ¢
forall g € K.

Now fix r € R. Cover the compact set S; N K by finitely many balls B, (q1),..., B, (gn),
q; € S;NK.

Let ug, u; € D(S;, E) with supp(u;) C K. Using a partition of unity write ug = ug,1 + ... +uon
with supp(uo, ;) C B,(g;) and similarly u; = u; 1 + ... +u; n. The set D(B,,(g;)) is RCCSV.
By Proposition 2.4.1 we can find a solution w; of Pw; = 0 on D(By,,(gq;)) with w;|s, = ug ; and
Vuwjls, = u1, ;. Moreover, supp(w;) € JM (B,,(g;)). From JM (B, (g;)) N (t — 6,1 +5) X S C
D(By,,(q;)) we see that w; is defined on JM (Bry(gj)) N (=0, +6)XS.

Extend w; smoothly by zero to all of (# — 6,7 +6) X S. Now u := wy + ...+ wpy is a solution
defined on (¢ — 9,1 + ) X § as required. m|

Now we are ready for the main theorem of this section.

Theorem 3.2.9. Let M be a globally hyperbolic Lorentzian manifold and let S ¢ M be a
spacelike Cauchy hypersurface. Let n be the future directed timelike unit normal field along
S. Let E be a vector bundle over M and let P be a normally hyperbolic operator acting on
sections in E.

Then for each uy, u; € D(S, E) and for each f € D(M, E) there exists a unique u € C*(M, E)
satisfying

u = uy alongs,
Vau = u; along S,

{Pu = f onM,

Moreover, supp(u) C JM (K) where K = supp(up) U supp(u;) U supp(f).
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Proof. Uniqueness of the solution follows directly from Corollary 3.2.4.

The existence proof is done in two steps. First we use the local result for RCCSV-domains to
obtain a solution on a spacelike strip (—¢, €) X S. In the second step we use Lemma 3.2.8 to show
that this solution can be extended in time direction to all times ¢.

Step 1: We may w.l.o.g. assume that K C Q where Q is an RCCSV domain: Namely, let
ug,u; € D(S,E) and f € D(M,E). Using a partition of unity (x;);=1,...m We can write
Uy = ug1 + ... tUom, U1 = U1t ...+ ULM and f = f] + ... +fm where uop,j = Xxjuo,
uy; = xjur, and f; = x;f. We may assume that each y; (and hence each u;; and f;)
have support in an RCCSV-domain Q;. If we can solve the Cauchy problem on M for the
data (ug,j,u j, fj), then we can add these solutions to obtain one for ug, u;, and f. Hence
we can without loss of generality assume that there is an Q as in Proposition 2.4.1 such that
K := supp(uo) U supp(u1) U supp(f) C Q.

By Theorem 1.2.53 the spacetime M is isometric to R X S with a Lorentzian metric of the form
-N2%dr* + g: where S corresponds to {0} X S, and each S, := {f} X § is a spacelike Cauchy
hypersurface in M. Let u be the solution on Q as asserted by Proposition 2.4.1. In particular,
supp(u) € JM (K). By choosing the partition of unity ( y 7); appropriately we can assume that K
is so small that there exists an & > 0 such that ((—g,&) X S)NJM(K) c Qand K C (-¢,&) X S.

Hence we can extend u by 0 to a smooth solution on all of (—¢, &) X S.

Step 2: Let u; be an extension of u to a smooth solution on (—¢, T;) X S with support contained
in JM (K). First we see that if we have two extensions #; and u, for T} < T», then the restriction
of up to (—&,T7) x S must coincide with ;. This follows by uniqueness since both solve Pu; = f
on (—¢&,T1) X S and have the same initial data for a # < 7 Note here that Corollary 3.2.4 applies
because (—¢,77) X S is a globally hyperbolic manifold in its own right.

Now let T be the supremum of all 7T for which u can be extended to a smooth solution on
(—&,T) x S with support contained in JM (K). If we show T, = co we obtain a solution on
(—&,00) x S. Similarly considering the corresponding infimum 7_ then yields a solution on all
of M =R X S.

Assume that 7, < +0. Put K := ([T, 1xS) NJM(K). By Proposition 1.2.56 K is compact.
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3.2 The Cauchy problem

Apply Lemma 3.2.8 to K and get 6 > 0 such that for each 7 € R there is a smooth solution w of
Pw = 0 defined on (t — 6,¢ + 0) X § satisfying w|g, = uls, and V,wl|s, = Vauls,. Fixt < T,
such that T, —¢ < § and still K C (—¢,1) X S.

{t+5}xSf\/\

Q
{t} x§ (e} x S
{t—-nixS$
{0} xS
{—e} xS

On (t — n,t + 6) x S the section f vanishes with 7 > 0 small enough.

Thus w coincides withu on (r—n, t)XS. Here again, Corollary 3.2.4 applies because (-7, t+95) XS
is a globally hyperbolic manifold in its own right. Hence w extends the solution # smoothly to
(—&,t + 8) x S. The support of this extension is still contained in J¥ (K) because

supp (Wlir.r+eyxs) € JM (supp(uls,) U supp(Vyauls,)) € JM(KnS;) c IM (UM (K)) = JY (K).

Since T, < t + ¢ this contradicts the maximality of 7',. Therefore 7, = +oo. Similarly, one sees
T_ = —oo which concludes the proof. O

Next we see that the solution to the Cauchy problem depends continuously on the data.

Theorem 3.2.10. Let M be a globally hyperbolic Lorentzian manifold and let S € M be a
spacelike Cauchy hypersurface. Letn be the future directed timelike unit normal field along S.
Let E be vector bundle over M and let P be a normally hyperbolic operator acting on sections
in E.
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Then the map ® : D(M,E) ® D(S,E) & D(S,E) —» C®(M,E) sending (f,ug,uy) to the
unique solution u of the Cauchy problem Pu = f, u|s = ulo, Vou = uy is linear continuous.

Proof. First we look at the opposite direction and see that the map

P:.C°(M,E) > C(M,E)® C*(S,E) ® C*(S,E),

ur (PM,M|S, Vﬂu)’

is obviously linear and continuous. We want to use the open mapping theorem but for this we
need a linear bijection between Fréchet spaces. To obtain this we first fix a compact subset
K C M and set

D (M,E) :={f € D(M,E) | supp(f) C K},
Dk (S, E) :={veD(SE)|supp(v) c KNS}, and
Vi =P U D (M,E) ® Dk (S,E) ® Dk (S, E)).

Since D (M,E) c C(M,E) and Dk (S, E) c C*(S, E) are closed subsets they are Fréchet
spaces and therefore Dg (M, E) & Dk (S, E) ® Dk (S, E) is a Fréchet space as well. Hence
Vi is a Fréchet space as the preimage under the continuous map ¥. Thus P : Vg —
Dk (M,E) ® Dk (S, E) ® Dk (S, E) is a linear, continuous and bijective map between Fréchet
spaces. By the open mapping theorem [14, Thm. V.6, p. 132] the inverse mapping P! :
Dxk(M,E) ® Dk (S,E)® Dk (S,E) > Vg c C*(M,E) is continuous as well.

Now let (fj,uo j,u1,;) — (f,up,ur) in D(M,E) & D(S,E) ® D(S, E). Then we can choose
a compact subset K C M such that (f;,uo j,u1;) — (f,ug,u1) in Dg (M, E) ® Dk (S, E) &
Dk (S, E) (up to finitely many members of the sequence). Hence we see

D(fj,uo 1) = P (fjouo,jsur ;) — P (fougsur) = D(f, uo, ur)

which yields the continuity of ®. O

3.3 Fundamental solutions

Using the knowledge about the Cauchy problem which we obtained in the previous section it is
now not hard to find global fundamental solutions on a globally hyperbolic manifold.

Theorem 3.3.1. Let M be a globally hyperbolic Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M.

Then for every x € M there is exactly one fundamental solution F.(x) for P at x with past
compact support and exactly one fundamental solution F_(x) for P at x with future compact
support. They satisfy

1. supp(F:(x)) C J¥ (x),

120
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2. for each ¢ € D(M, E*) the maps x — F.(x)[¢] are smooth sections in E* satisfying
the differential equation P*(F.(-)[¢]) = ¢.

Proof. Uniqueness of the fundamental solutions is a consequence of Corollary 3.1.2. To show
existence fix a foliation of M by spacelike Cauchy hypersurfaces S;, t € R as in Theorem 1.2.45.
Let n be the future directed unit normal field along the leaves S;. Let ¢ € D(M, E*). Choose ¢
so large that supp(¢) c IM (S,). By Theorem 3.2.9 there exists a unique Xo € C¥(M, E¥) such
that P* y, = ¢ and x,ls, = (Vixe)ls, = 0. By Theorem 3.2.10 y,, depends continuously on ¢.

We check that y, does not depend on the choice
of t. Lett < t' be such that supp(¢) C
M(S;) c IM(Sy). Let x, and x|, be the
corresponding solutions. Choose - < ¢ so
that still supp(¢) ¢ IM(S;.). The open sub-
set M := {J,~, Sr C M is a globally hyperbolic
Lorentzian manifold itself. Now y,, satisfies
P*x, = 0 on M with vanishing Cauchy data
on S;. By Corollary 3.2.4 x/ = 0 on M. In
particular, y, has vanishing Cauchy data on S,
as well. Thus y, — x,, has vanishing Cauchy
data on S; and solves P*(x, — x;,) = 0 on all
of M. Again by Corollary 3.2.4 we conclude
Xo— Xo =0o0nM.

Fix x € M. We define F, (x) as the composition

D(M,E*) - C*(M,E*) - E},
P Xp P Xp(X).
We already noted that y, depends continuously on ¢. The evaluation map C*(M, E) — E, is
continuous too, hence the map D(M,E*) — E}, ¢ = x,(x), is also continuous. Thus F, (x)
defines a distribution. By definition P*(Fy (-)[¢]) = P* x, = ¢.

Now P* yp+, = P*p, hence P*(yp+, — ¢) = 0. Since both yp:, and ¢ vanish along S, we
conclude from Corollary 3.2.4 yp+, = ¢. Thus

(PF.(x))[¢] = FL(0)[P @] = xprp(x) = ¢(x) = 5x[¢].

Hence F, (x) is a fundamental solution of P at x.
It remains to show supp(F;(x)) C Ji"’ (x). Lety e M\ Ji"’ (x). We have to construct a
neighborhood of y such that for each test section ¢ € D (M, E*) whose support is contained in
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this neighborhood we have Fy (x)[¢] = x,(x) = 0. Since M is globally hyperbolic J fr"’ (x) is
closed and therefore JM (x)NJM (y") = 0 for all y’ sufficiently close to y. We choose y’ € IM (y)
and y” € IM (y) so close that JM (x) N JM(y") = 0 and (Ji”(y”) N Ur<e S,) NJMx) =0
where ¢ € R is such that y’ € S,.

IM"Y N (U< Se)

Sl’

Now K := JM(y") n JM(y") is a compact neighborhood of y. Let ¢ € D(M,E*) be such
that supp(¢) € K. By Theorem 3.2.9 supp(x,) C JMKYU IM(K) c JM(y")yu JM ().
By the independence of y, of the choice of + > ¢’ we have that y, vanishes on (J,~, S;.
Hence supp(x,) C (Ji"’ ") N Us<s St) U JM (y") and is therefore disjoint from J™ (x). Thus
Fo.(x)[¢] = xo(x) =0 as required. ]

3.4 Green’s operators

Now we want to find “solution operators” for a given normally hyperbolic operator P. More
precisely, we want to find operators which are inverses of P when restricted to suitable spaces of
sections. We will see that existence of such operators is basically equivalent to the existence of
fundamental solutions.

Definition 3.4.1. Let M be atimeoriented connected Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M. A linear map G, :
D(M,E) - C*(M, E) satisfying

(i) PoGy =idpwm,E),
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(ii)) G+ o Plpm,E) = idpm, E),
(iii) supp(G+¢) C JY (supp(y)) for all ¢ € D(M, E),

is called an advanced Green’s operator for P. Similarly, a linear map G_ : D(M,E) —
C®(M, E) satisfying (i), (ii), and

(iii’) supp(G_¢) c JM (supp(y)) for all ¢ € D(M, E)

instead of (iii) is called a retarded Green’s operator for P.

Fundamental solutions and Green’s operators are closely related.

Proposition 3.4.2. Let M be a timeoriented connected Lorentzian manifold. Let P be a
normally hyperbolic operator acting on sections in a vector bundle E over M.

If F.(x) is a family of advanced or retarded fundamental solutions for the adjoint operator
P* and if F.(x) depend smoothly on x in the sense that x — F.(x)[¢] is smooth for each test
section ¢ and satisfies the differential equation P(F+(-)[¢]) = ¢, then

(G29)(x) == Fz(x)[¢] (3.6)

defines advanced or retarded Green’s operators for P respectively. Conversely, given Green’s
operators G for P, then (3.6) defines fundamental solutions for P* depending smoothly on x
and satisfying P(F.(-)[¢]) = @ for each test section .

Proof. Let F.(x) be a family of advanced and retarded fundamental solutions for the adjoint
operator P* respectively. Let F.(x) depend smoothly on x and suppose the differential equation
P(F+(-)[¢]) = ¢ holds. By definition we have

P(G.p) = P(F=()l¢D = ¢
thus showing (i). Assertion (ii) follows from the fact that the F. (x) are fundamental solutions,
G+ (Pp)(x) = Fr(x)[Py] = P"Fx(x)[¢] = dx[¢] = ¢(x).

To show (iii) let x € M such that (G,¢)(x) # 0. Since supp(F_(x)) c JM (x) the support of
¢ must hit JM (x). Hence x € JM (supp(¢)) and therefore supp(G,¢) € JM (supp(¢)). The
argument for G_ is analogous.

The converse is similar. ]

Theorem 3.3.1 immediately yields
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Corollary 3.4.3. Let M be a globally hyperbolic Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M.

Then there exist unique advanced and retarded Green’s operators G : D(M,E) — C*(M, E)
for P. O

Lemma 3.4.4. Let M be a globally hyperbolic Lorentzian manifold. Let P be a normally
hyperbolic operator acting on sections in a vector bundle E over M. Let G be the Green’s
operators for P and G, the Green’s operators for the adjoint operator P*. Then

f (Gio) ¥ dV=f ¢ (Gsy) dV (3.7)
M M

holds for all p € D(M, E*) and Y € D(M, E).

Proof. For the Green’s operators we have PG, = idpy, ) and P*G%. = idpum, g+) and hence

f (Gg) ¥ dV f (G¢) - (PGx) dV
M M

f (P"GLe) - (Gzy) dV
M

f ¢ (Gzy) dV.
M

Notice that supp(G.¢) N supp(Gzyr) C Ji"’ (supp(¢)) N JQ” (supp(¥)) is compact in a globally
hyperbolic manifold so that the partial integration in the second equation is justified. O

3.5 Support systems

In the following, let M always be globally hyperbolic and £ — M be a K-vector bundle with
K=RorC.

For a closed subset A ¢ M denote by C’(M, E) the space of all smooth sections f of E with
suppf C A. Then Cy(M,E) is a closed subspace of C*(M, E). Moreover, if A; C A; then
Cj\"l (M, E) is a closed subspace of Cj\"z(M, E).

We denote by Cy, the set of all closed subsets of M.

Definition 3.5.1. A subset A C Cyy is called a support system on M if the following holds:

(i) Forany A, A’ € A we have AU A’ € A;

(ii) For any A € A there is an A" € A such that A is contained in the interior of A”;
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(iii) If A € A and A’ C A is a closed subset, then A’ € A.

The first condition implies that A is a directed system with respect to inclusion. The third
condition is harmless; if ‘A satisfies (i) and (ii), then adding all closed subsets of the members of
A to A will give a support system.

Given a support system on M we define

CS(M,E) := U C (M, E).
AeA
Due to (i) C;(M, E) is a subspace of C*(M, E). The topology on C;’{(M, E) is induced by its
open convex subsets where a convex subset O C C%5 (M, E) is open by definition if and only if
ONCY(M,E) isopen for all A € A. Note that C;’{(M, E) is not a closed subspace of C*(M, E)
in general.

Definition 3.5.2. We call a support system essentially countable if there is a sequence
Ay, Az, Az, ... € A such that each A; C A;;; and for any A € A there exists a j with
A C Aj. Such asequence Aj C A, C A3 C --- is called a basic chain of A.

Lemma 3.5.3. Let A be an essentially countable support system on M. If V. C CZ(M,E) is
a bounded subset3then there exists an A € A such that V. C C3 (M, E). In particular, for any
convergent sequence f; € C5(M, E) there exists an A € A such that f; € C3 (M, E) for all
Jj.

This shows that a sequence (f;) converges in C7 (M, E) if and only if there exists an A € A
such that f; € CY(M, E) for all j and (f;) converges in C7 (M, E).

Proof of Lemma 3.5.3. Consider a basic chain Ay C A, Cc A3 C.... LetV C C;’{(M, E)bea
subset not contained in any C? (M, E). We have to show that V' is not bounded. Pick points
J

Xj € M\ Aj and sections f; € V with f;(x;) # 0. Define the convex set

(s
W= {f € CR(M,E)||f(x)| < lf’(_f)l forallj}.
J

Each A € A contains only finitely many x;. Thus W N CY(M,E) = {f € CY(M,E) |
I/ ix; 0 < 1fj(x;)1/7} is open in CYy(M,E). Therefore W is an open neighborhood of 0 in
CH(M,E).

Forany T > 0 we have T - W = {f € CZ(M,E) | |f(x;)| < %lfj(xj)l for all j} and hence
fi € TWfor j > T. Thus V is not contained in any 7W and is therefore not bounded. m|

3 A subset V is bounded if for any open neighborhood U of O there exists a7 > Osuchthat V c T -U
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Example 3.5.4. The system A = Cy, of all closed subsets is an essentially countable support
system on M. A basic chain is given by the constant sequence M ¢ M c M C ---. Clearly,
Ce,,(ME) = C*(M,E).

Example 3.5.5. Let A = c where c is the set of all compact subsets of M. A basic chain can be
constructed as follows: Provide M with a complete Riemannian metric y. Fix a point x € M.
Now let A; be the closed ball centered at x with radius j with respect to y.

Then C°(M, E) is the space of compactly supported smooth sections.

Example 3.5.6. Let A = sc be the set of all spatially compact subsets of M. If K; C K, C
K3 C --- isabasic chain of ¢, then J(K;) C J(K3) € J(K3) C --- is a basic chain of sc. Hence
sc is essentially countable.

Now Cg,.(M, E) is the space of smooth sections with spatially compact support.

Example 3.5.7. Let A = spc be the set of all strictly past compact subsets of M. As in the
previous example we see that spc is essentially countable. Now Cg,.(M, E) is the space of
smooth sections with strictly past-compact support.

Similarly, one can define the space C;’?C (M, E) of smooth sections with strictly future-compact
support.

Example 3.5.8. Let A = pc be the set of all past-compact subsets. If M is spatially compact
then pc = spc by 1.2.69 but in general pc is strictly larger than spc. We obtain the space
Cpo (M, E) of smooth sections with past-compact support.

In general, the support system pc is not essentially countable. The following example was
communicated to me by Miguel Sdnchez. Let M be the (1 + 1)-dimensional Minkowski space.
LetA; Cc A C A3 C --- C M be achain of past-compact subsets. Look at the “future-diverging”
sequence of points (n,0) € M and choose points* p, € M \ (A, U J_(n,0)). By construction,
A :={p1, p2, p3, . . .} is not contained in any A,, but A is past compact. Namely, let x € M. Then
there exists an n such that x € J_(n,0). Now J_(x) N A c J_(n,0) N A is finite and hence
compact. Thus no chain in pc captures all elements of pc, so pc is not essentially countable.

Example 3.5.9. A similar discussion as in the previous example yields the space C]‘i‘; (M, E) of
smooth sections with future-compact support and the space C;; (M, E) of smooth sections with
temporally-compact support. Both support systems are not essentially countable in general. But
again, if M is spatially compact, they are because then fc = sfc and tc = ¢ by 1.2.70.

If A c A’, then CZ(M,E) c C%,(M, E) and the inclusion map is continuous. Hence we obtain
the following diagram of continuously embedded spaces:

4 Note that M \ I~ (n,0) is not past compact so that A, U J_(n,0) cannot be all of M.
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C\ o (M, E)Y——— C5,. (M, E)

L

S (M, EY———= C5.(M, E)

Remark 3.5.10. Concerning the continuity of the maps, let X be a locally convex topological
vector space. Then a linear map f : CZ(M,E) — X is continuous if and only if the maps
fless (. ) are continuous for all A € A.

Namely, f is continuous if and only if f~'(Q) is open in C%(M,E) for all open convex
neighborhoods O at 0 in X. But this is equivalent to the fact that for all O the set f~1(O) N
Cy (M, E) is open in C (M, E) for all A € A. This just means that fIC:(M,E) is continuous for
all A € A.

In particular, choosing f = id shows that the embedding C(M, E) — C7 (M, E) is continuous
for every A € A.

Moreover, all embeddings in the diagram have dense image. Namely, we have

Lemma 3.5.11. Let A be a support system on M such that c C A, i.e., each compact set is
contained in A. Then C2(M, E) is a dense subspace of C;’I(M, E).

Proof. Let f € C%(M,E) and let O be a convex open neighborhood of f in CH(M,E). Let
A € A with f € CY(M,E). Since O N CY (M, E) is open in Cy (M, E) there exists an € > 0
and a seminorm || - ||k, such that

(g € CY(ME) | If —gllk,m < €} cONCYL(M,E).

Pick a cutoff function y € CZ(M,R) with y = 1 on K. Then for g := y - f € CZ°(M,E) we
find that || f - gllk,m = lx - f = fllk,m = 0. Thus g € O NCT (M, E). O

Definition 3.5.12. Two support systems A and B be on M are said to be in duality if for any
CeCy:

(i) C € A if and only if C N B is compact for all B € B;

(i) C € B if and only if C N A is compact for all A € A.
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Example 3.5.13. Here are some examples of support systems A and B in duality. The last
column contains a justification of this fact.

A B why?

Cum c obvious

pc | sfc | Lemma 1.2.71 (i) and (v)

fc | spc | Lemma 1.2.71 (ii) and (iv)
tc sc | Lemma 1.2.71 (iii) and (vi)

Support systems in duality

Now we turn to distributional sections with support in a support system.

Lemma 3.5.14. Let A and B be two support systems on M in duality. Then a distributional
section f € D'(M, E) has support contained in A if and only if f extends to a continuous
linear functional on CZ (M, E™).

Proof. a) Suppose first that suppf € A. Let B € B. Since suppf N B is compact there is a
cutoff function y € C°(M,R) with y = 1 on a neighborhood of suppf N B. We extend f to a
linear functional Fg on Cy (M, E*) by

Fplgl := flxol

This extension is independent of the choice of y because for another choice y’, f and y¢ — xy’¢
have disjoint supports. If ¢; — 0 in Cz(M,E"), then y¢; — 0 in CZ(M,E*) and hence
Fglé;jl = flx¢;1 = 0. Thus Fp is continuous.
Doing this for every B € B we obtain an extension F of f to a linear functional on C (M, E*)
with Fp being the restriction of F to Cz'(M, E*). Continuity of F holds because each Fp is
continuous.
b) Conversely, assume that f extends to a continuous linear functional F on Cﬁ’ﬁf’(M, E*). We
check that suppf € A by showing that supp f N B is compact for every B € 8.
Let B € B. Choose B’ € 8B such that B is contained in the interior of B’. Since the restriction
Fpr of F to Cp, (M, E™) is linear and continuous, there exists a seminorm || - ||, ,, and a constant
C > 0 such that

|Fe (o]l < C- lIgllk,m
for all ¢ € Cp,(M, E™). In particular, Fp/[¢] = 0 if supp(¢) and K are disjoint.
Claim: BN (M \ K) ¢ M \ supp(F).
Namely, let x € BN (M \ K). Then x lies in the interior of B’. Hence there is an open
neighborhood U of x entirely contained in B’. Since x ¢ K we may assume that U and K are
disjoint. Now we know that for all ¢ € C°(M, E*) with supp(¢) C U we have F[¢] = 0. Thus

x ¢ supp(F). v
The claim implies supp(F) ¢ (M \B)UK and hence supp(F)NB C K. Therefore the intersection
supp(F) N B is compact. m|
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3.5 Support systems

Notation 3.5.15. Let A C M be a closed subset and A be a support system on M. We define
D, (M E) :={f € D'(M,E) | supp(f) C A}

and
DYy(M,E) := |_] D} (M, E)
AeA

For A being one of the support systems C, pc, fc, tc, sc, spc, sfc, or ¢ we equip the spaces
D, (M, E) with the weak*-topology. This means that a sequence f; € D7, (M, E) converges if
and only if f;[#] converges for every fixed ¢ € CiZ (M, E*), where B is the dual support system
as in the table.

Note that if A C B for two support systems A and B we obtain a continuous embedding
CH(M,E") — Cz(M,E").

For the dual spaces we obtain a continuous linear embedding
Dy(M,E) & DL (M,E).

Now Dualizing the diagram for smooth sections, our list of support systems in duality and Lemma
3.5.14 yield the following diagram of continuous embeddings of several spaces of distributions,
characterized by different support properties:

D} (M, E) <————D/, (M, E)

D' (M,E) <—D!.(M,E) D, . (M,E)y <—D/(M,E)

~, =,

D;pc(M’ E) Q@;‘pc (Ma E)

Lemma 3.5.16. Let A be one of the support systems C, pc, fc, tc, sc, spc, sfc, or c. Then
CZ (M, E) is a dense subspace of D (M, E).

Proof. Let B be the dual support system to A as in the table. Let u € D, (M,E). Put
A := supp(u), hence u € D', (M, E). It is well known that C°(M, E) is dense in D'(M, E).
Hence there is a sequence u; € C°(M, E) withu; — uin D'(M, E).

Choose A’ € A such that A is contained in the interior of A’. Let y € C*(M,R) be a function
such that y = 1 on A and suppy C A’.
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Let¢ € C; (M, E*) where B € B. Since A’ N B is compact, the section y ¢ has compact support.
Therefore

(xuj)o] = uj[x¢l = ulx¢l = (xu)lo] = ulg].

Thus the compactly supported sections yu; converge to u in D, (M, E). O

3.6 Green-hyperbolic operators

We will now enlarge the class of differential operator significantly, from normally hyperbolic
operator to Green-hyperbolic operators Let Ej, E; — M be vector bundles over a globally
hyperbolic manifold. Let P : C*(M, E;) — C*(M, E,) be a linear differential operator.

Definition 3.6.1. An advanced Green’s operator of P is a linear map G, : C°(M, E;) —
C>(M, E1) such that

(i) GLPf = fforall f e C°(M,E);
(ii)) PG, f = fforall f e CX(M, Ey);
(iii) supp(G+f) C Ji(suppf) for all f € C°(M, E»).

A linear map G_ : C°(M, Ey) — C*(M, E)) is called a retarded Green’s operator of P if
(i), (ii) hold and

(iii)> supp(G-f) c J_(suppf) holds for every f € C(M, E,).

Definition 3.6.2. The operator P is called Green hyperbolic if P and P* have advanced and
retarded Green’s operators.

Example 3.6.3. Normally hyperbolic operators are Green hyperbolic by Corollary 3.4.3. Note
here that the formal dual of a normally hyperbolic operator is again normally hyperbolic.

Example 3.6.4. Let E = T*M and m > 0. Then P = 6d + m? is the Proca operator. The
Proca operator is not normally hyperbolic but it is Green hyperbolic. To see this, we look at
P := dé + 6d + m?, which is a normally hyperbolic operator and hence has Green’s operators
G.. We set Q := m™2dé + id and check that G, := Q o G, are Green’s operators of P. First
note that PQ = QP = P. In particular QP = QPQ = PQ, so Q commutes with P. Hence it also
commutes with the G.. (Exercise). Now we calculate

G.,P=0G,P=G,0P=G.P=id
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3.6 Green-hyperbolic operators

and
PG. = POG, = PG, =id.

Since the differential operator Q does not enlarge the supports, the support properties of G
directly pass to G.. Hence the G. are Green’s operators of P. Similarly, one gets Green’s
operators for P*.

Green hyperbolicity persists under restriction to suitable subregions of the manifold M.

Lemma 3.6.5. Let M be globally hyperbolic and let N C M be an open subset which is
causally compatible and globally hyperbolic. Then the restriction of P to N is again Green
hyperbolic.

Proof. We construct an advanced Green’s operator for the restriction P|y of P to N. The
construction of the retarded Green’s operator and the ones for P* are analogous. Denote by
ext : CO(N, Ez|ly) — C2 (M, E,) the extension-by-zero operator and by res : C*(M, E;) —
C*(N, E1|n) the restriction operator. Let G, : C°(M, Ey) — C*(M, E;) be the advanced
Green’s operator of P. We claim that

GY :=reso G, oext: CZX(N,Ez|ln) = C*(N, E1ln)

is an advanced Green’s operator of P|y. Since differential operators commute with restrictions
and extensions we easily check for f € CX(N, E;|n):

P|N(G41Yf) =resoPoG,oextf =resoextf = f
and
G+N(P|Nf) =resoG oextoreso Poextf =reso G, o Poextf =resoextf = f.
This shows (i) and (ii) in Definition 3.6.1. As to (iii) we see

supp(Gin) = supp(res o G, oextf) = supp(G; oextf) NN
c JY (supp(extf)) N N = J¥ (suppf) N N = J} (supp ).

In the last equality we used that N is causally compatible. O

Definition 3.6.6. Let G. be advanced and retarded Green’s operators of P. Then
G:=G,-G_:C>(M,E;) » C*(M,E))

is called the causal propagator.
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From the support properties for the advanced and retarded Green’s operators ((iii) and (iii)’ in
Definition 3.6.1), namely

supp(G+ f) C Jy(suppf)
supp(G_f) € J_(suppf)

for all f € CZ(M, E;) we see that the Green’s operators of P give rise to linear maps

G+ . CSO(M,EZ) - C;;?C(M’El)’

G- : CZ (M, E) — Cg3 (M, Ey),
G:CX(M,Ey) - Coo(M,Ey).

This motivates the following extensions:

Theorem 3.6.7. There are unique linear extensions
G :Cp(M,Ey) > Cp(M,Ey) and  G_:Cji(M,Ey) — Ci.(M, Ey)
of G, and G_ respectively, such that
(i) G,Pf = f forall f € Cy.(M, Ey);
(ii) PG.f = f forall f € Cx.(M, Ey);
(iii) supp(G+f) C J.(suppf) for all f € Cy. (M, Ey);

and similarly for G_.

Proof. We only consider G, the proof for G_ being analogous.

a) Let f € C;’;’C(M.E). Given x € M we define (5+f)(x) as follows: Since J_(x) N suppf
is compact we can choose a cutoff function y € C°(M,R) with y = 1 on a neighborhood of
J_(x) Nsuppf. Now we put

(G )(%) := (G (X )(X). (3.8)

b) The definition in (3.8) is independent of the choice of y. Namely, let y’ be another such
cutoff function. It suffices to show x ¢ supp(G+((x — x")f)). If x € supp(G+((x — x)f)) C
Jo(supp((x — x')f)) then there would be a causal curve from supp((x¥ — x’)f) to x. Hence
supp((x — x)f) N J-(x) would be nonempty. On the other hand,

supp((x — x")f) N J-(x) = supp(x — x) Nsuppf N J_(x)
csupp(x —x)H)Nix=x'=1)
= Q),

a contradiction.
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3.6 Green-hyperbolic operators

¢) The section G, f is smooth. Namely, a cutoff function y for x € M also works forall x” € J_(x)
simply because J_(x’) € J_(x). In particular, on the open set I~ (x) we have G, f=G.(xf)
for a fixed y. Hence G, f is smooth on /™ (x). Since any point in M is contained in /™ (x) for
some x, G, f is smooth on M.

d) The operator 5+ is linear. The only issue here is additivity. Let f1, f» € C I‘;"C (M, E>). Then
supp(f1) N J-(x) and supp(f2) N J-(x) are both compact and we may choose the cutoft function
x such that y = 1 on neighborhoods of both supp(f1) N J-(x) and supp(f>) N J_(x). Then
X = 1 on a neighborhood of supp(f; + f2) N J_(x) and we get

(G+(f1 + f2)(x) = (G (x 1 + x[2)(x)
= (G+(x f1)(X) + (G4 (x f2))(x)
= (G4 1) (x) + (G+ ) (x).

e)ForG,, properties (i), (ii) and (iii) hold: Let x € M and y a cutoff function which is identically
= 1 on a neighborhood of supp f N J_(x). In particular, we may choose y = 1 on a neighborhood
of x. Then

(PG, [)(x) = (PG (x /) (x) = (x/)(x) = f(x).

This shows (ii). Moreover,

(G+Pf)(x) = (G+(x - Pf))(x)
= (G+P(x ) (x) + (G+(Lx, P1f))(x)
= f(x) + (G+(Ly, P1)(x).

In order to prove (i) we have to show x ¢ supp(G ([ x, P1f)). The coeflicients of the differential
operator [ y, P] vanish where y = 1, hence in particular on supp f N J_(x). Now we find

supp(G+(Lx, P1f)) € Jy(supp(Lx, P1f))
C Ji(suppf \ J-(x))
C Ji(suppf) \ {x}

and therefore x ¢ supp(G+([x, P1f)).
As to (iii) we see for [ € C;,"C (M, E»)

supp(G..f) © | Jsupp(G. (x /) < |_J T (supp(x ) € J. (supp ).
X X

Here the union is taken over all y € C°(M,R).

f) Since the causal future of a past-compact set is again past compact, (iii) shows that G, maps
sections with past-compact support to sections with past-compact support.

g) Now (i) and (ii) show that P considered as an operator C ;"C (M, E;) — Cl‘ff’c (M, E») is bijective

and that 5+ is its inverse, i.e.
~ oo oo -1
G. = (Pleg. .k : Coon(MLEy) = Coo (ML Ey))

In particular, G is uniquely determined. m|
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Corollary 3.6.8. There are no nontrivial solutions f € C*(M, E) of the differential equation
Pf = 0 with past-compact or future-compact support. For any g € C.(M,E) or g €
C;‘;(M, E») there exists a unique f € C*(M, E) solving Pf = g and such that supp(f) C
J+(supp(g)) or supp(f) C J_(supp(g)), respectively.

Since the causal future of a strictly past-compact set is again strictly past compact we can restrict
G, to smooth sections with strictly past-compact support and we get

Corollary 3.6.9. There are unique linear extensions

G :Co (M Ey) — Coy\ (M E) and G_:Cy

spc sfc(MaEZ) _)Coo

SfC(M’ El)

of G, and G_ respectively, such that

(i) Gy Pf = f forall f € C3,.(M,Ey);
(ii) PG.f = [ forall f € C, (M, Ey);

(iii) supp(G.f) C Ji(suppf) for all f € Cg,. (M, Ey);

and similarly for G _.

Corollary 3.6.10. The Green’s operators Gy : CX(M,E;) — C*(M,E;) of a Green-
hyperbolic operator P are unique.

Proof. The advanced Green’s operator G, is a restriction of the operator G, which is uniquely
determined by P (as the inverse of P : CI‘;"C (M,E) - Cl‘;" (M, E)). In other words, we obtain the

Cc
advanced Green’s operator G, of P by composing the following maps

00 00 p! 00 00
Cc (Ma E2) — Cpc(Ma E2) — CpC(Ma El) - C (M,El)

Similar arguments show uniqueness of G_. m|

Corollary 3.6.11. Let P, : C*°(M,E\) —» C*(M, E;) and P, : C*(M, E;) —» C*(M, E3) be
Green hyperbolic. Then Py o Py : C*(M, E;) — C™(M, E3) is Green hyperbolic.

Proof. Denote the Green’s operators of P; by G'.. We obtain an advanced Green’s operator of
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3.6 Green-hyperbolic operators

P, o P; by composing the following maps:

-2 —1

Gy (=) G, ) )
C2(M, E3) = C (M, E3) —5 C.(M, Ey) —5 C5(M, E») = C(M, Ey)

and similarly for the retarded Green’s operator and the dual operator. |

There is a very useful partial inverse to Corollary 3.6.11.

Corollary 3.6.12. Let P : C*(M,E) — C®(M, E) be a differential operator such that P? is
Green hyperbolic. Then P itself is Green hyperbolic.

Proof. Theorem 3.6.7 applied to P? tells us that P> maps Cpe (M, E) bijectively onto itself.
Hence P itself also maps C,;.(M, E) bijectively onto itself. Let G, denote the composition

-1
CX(M,E) — C;"C(M, E) P—> C;’,"C(M, E) — C®(M,E). Then G, obviously satisfies (i) and

(ii) in Definition 3.6.1.

As to (iii), let f € C°(M,E). Put A := J,(suppf) € pc. Again by Theorem 3.6.7, P? maps
C5 (M, E) bijectively onto itself. Hence so does P which implies that G, maps Cy (M, E)
bijectively onto itself. In particular, supp(Gf) € A = J,(suppf).

The arguments for G_ and for P* are analogous. O

Definition 3.6.13. A differential operator P € @7//7{ (E, E) of first order is said to be of Dirac
type if P? is normally hyperbolic.

Remark 3.6.14. Since normally hyperbolic operators are Green hyperbolic, Corollary 3.6.12
tells us that Dirac-type operators are Green hyperbolic too.

The direct sum of two Green-hyperbolic operators is again Green hyperbolic.

Lemma 3.6.15. Let P : C*°(M,E|) —» C*(M,E,) and Q C“(M,E{) — C*(M, Eé) be
Green hyperbolic. Then the operator

P 0
(0 Q) :C®(M,E; ® E]) > C*(M,E, ® EJ)

is also Green hyperbolic.
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Proof. 1f G and G, are the Green’s operators for P and Q respectively, then (((;)i GO, ) yields
+

Green’s operators for (I(E)) g) m|

Remark 3.6.16. The simple construction in Lemma 3.6.15 shows that Green hyperbolicity
cannot be read off the principal sympbol of the operator. For instance, P could be a normally
hyperbolic operator and Q a Dirac-type operator. Then the total Green-hyperbolic operator in
Lemma 3.6.15 is of second order and the principal symbol does not see Q and therefore cannot
recognize Q as a Green hyperbolic operator.

For similar reasons, it is not clear how to characterize Green hyperbolicity in terms of well-
posedness of a Cauchy problem in general.

Now we get the following variation of Corollary 3.6.12 for operators acting on sections of two
different bundles:

Corollary 3.6.17. Let P : C®(M,E;) — C®(M, E,) be a differential operator and let E;
and E; carry nondegenerate (but possibly indefinite) fiber metrics. Let P' : C*(M, E;) —
C>®(M, E) be the formally adjoint operator.

If P'P and PP' are Green hyperbolic, then P and P' are Green hyperbolic too.

Proof. Consider the operator  : C*(M,E; & E;) —» C*(M, E| ® E;) defined by
0o P!
P=(p ).
Since P'P and PP’ are Green hyperbolic so is

P'P 0
2 _
P _( 0 PP’)'

By Corollary 3.6.12, P is Green hyperbolic. Let

G} Gzl)
gi - (Gl—l GiZ

be the Green’s operators of . Then one easily sees that G2! are Green’s operators for P and G2
for P*. ]
Example 3.6.18. Consider the classical Dirac operator acting on sections of the spinor bundle

E = XM (see [4] for details). If M is even dimensional, then the spinor bundle splits into
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3.6 Green-hyperbolic operators

“chirality subbundles” XM = X*M & X~ M. Then the Dirac operator interchanges these bundles

and is given by
0 D!
D 0]

with operators D : C*(M,X*M) —» C®(M,X" M) and D' : C®(M,2"M) — C®(M,Z*M).
By Corollary 3.6.17, they are Green hyperbolic too.

Corollary 3.6.19. The Green’s operators Gy : C°(M,Ey) — C¥(M,E) as well as the
extensions

G-i- : spc(M E2) - Cspc(MaEl)a

64. : pC(M’EZ) - pC(M’El)’

SfC(M E2) - Csfc(MaEl)a

G
G_: Cj.(M,Ey) — C.(M, Ey)

are continuous.

Proof. a) 5+ is continuous:
The operator G : C I‘;"C (M,E;) > C I‘;"C (M, E) is the inverse of P when considered as an operator
C[";’C (M,E) — C[";’C (M,E,). If A € pc, then also J.(A) € pc. Now G, maps sections with
support in J,(A) to sections with support in J,(J+(A)) = J;.(A). Hence P yields a bijg:tive
linear operator C T A)(M E)) - J ( A)(M, E») with inverse given_by the restriction of G, to
Cc? J ( A)(M E»). By the open mapping theorem for Fréchet spaces G. is continuous as a map
J (A)(M E) - C (A)(M E). But now the operator G, as amap CP(M, Ey) — ;’,"C (M,E))
is given by the followmg composition of continuous maps:

G, lCJJr(A)(M Ey)

CR(M, Ey) & CF 4 (M, Ey) ———5 CF (M Ey) = Co(M. Ey)

where we have the continuous embeddings C (M, E>) € C (A)(M E>) and C (A)(M E)) c
Che * (M, E;). Hence G, as a map CY (M, Ep) — pC(M, E)) is continuous. Since this holds for

any A € pc, we conclude that G, : C°° (M E,) - CZ (M E1) is continuous.

b) A similar argument shows that G+ : (M, Ez) - C

¢) G, is continuous:

Using the continuous embeddings C.°(M, E;) € C Spc (M, E,) and C Spc (M,E|\) c C*(M,E)

we see that the Green’s operator G, is given by the following composition:

(M, Ey) is continuous.

spc spc

o o 6*‘ o 0o
Cc (Ma E2) — Cpc(Ma E2) — Cpc(M’El) — C (Ma El)

d) The same reasoning proves the claim for G_, G_,and G_. m]

Next we show that the Green’s operators of the dual operator are essentially the duals of the
Green’s operators. The roles of “advanced” and “retarded” get interchanged.
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Lemma 3.6.20. Let P : C*(M, E,) —» C*(M, E,) be Green hyperbolic. Denote the Green’s
operators of P by G, and the ones of P* by G.. Then

fM (Gl f) dV = fM (6.Gof) dV

holds for all ¢ € C;’;’cc (M, EY) and f € Cp.(M, Ey). Similarly,

f (G, f) AV = f (@.G-f) dV
M M

holds for all ¢ € Cg),.(M,EY) and f € C]‘Z"C(M, E)).

Proof. By (ii) in Theorem 3.6.7 we have
f (G f) AV = f (G 0. P(G.f)) AV
M M
- [ PG 0.Gepy av
M
= f (¢, G+ f) dV.
M

The integration by parts is justified because the intersection supp(G* ¢) Nsupp (G f) of a strictly
future-compact set and a past-compact set is compact. The second assertion is analogous. |

The fact that a Green-hyperbolic operator P is an isomorphism on smooth sections with past-
compact support can be expressed by saying that

(o) P o0
{0} = Cp (M, Ey) — Cp). (M, Ez) — {0}
is an exact sequence. Similarly ,

(0) > C%.(M, Ey) ©> C.(M, Ey) — {0},

(0} > C= (M.Ey) 55 C (M. E») — {0},

spc spc
(o) P (o)
(0) = €33 (M, Ey) = C}.(M, Ez) — (0)

are exact. The corresponding statement for the support systems ¢ and sc is more complicated
and is given by the following theorem.
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Theorem 3.6.21. Let G be the causal propagator of the Green-hyperbolic operator P :
C®(M,E|) > C*°(M, Ey). Then

(0} > CO(MLEy) D CO (M, Ey) S C2(MLE) S CU(MLEy) - {0} (3.9)

is an exact sequence.

Proof. a) Exactness at C.°(M, Ey):

We know from Theorem 3.6.7 (i) and (ii) that P considered as an operator C[";’C (M,E) —
C;’,"c (M, E») is bijective. Since C°(M, E|) C C;"C (M, E) we conclude that P is injective on this
smaller space too.

b) Exactness at C.°(M, E»):

Since G+ o P = id|c» we see that Go P = 0 on C°(M,E;). Hence we conclude that
im(P|cem,E,)) C ker(Glexm,E,)). Conversely, let f € ker(Glexm, E,)). We define u :=
G_-f = G.+f € C*(M,Ey). Since f has compact support we see that u = G, f € Cg),. and
u=G_f e C;’;’rc. Hence u has strictly past and strictly future compact support. This means that
u has compact support 5. Therefore Pu = PG, f = f which implies that f € im(P|cem,E)))-
This shows ker(G|C2§>(M’E2)) C im(PICg_o(M’E]).

c) Exactness at Cqo.(M, E/):

First we see that im(Glce(m, E,)) C ker(Plcs. (m,E,)) since

PoG=PoG,—PoG_=id-id=0.

Conversely, let f € ker(P|cs.(m,E,))- Lett : M — R be a Cauchy time function. Let ¢y and
€ > 0 be such that [tg — €,¢9 + €] C t(M). Choose a function y € C*(R) with y = 1 on
(—o0,tg —€) and y = 0 on (¢y + €, ).

to—& 1ty tpt+e

Then supp(y ot) € fc and supp((1 — y) ot) € pc. Set

fii=(xon . feCh (ME)

and
fo=(1=x)ot)  feCs,.(ME).

5To see this let supp(u) € J4+(K7) and supp(u) € J-(K3). Then supp(u) C J+ (K1 U Ky) N J_(K| U K>) which is
a compact set.
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Then f = fi+f,and0 = Pf = Pf1+Pfy,hence Pf; = —Pf,. The supportof u := Pf; = —Pf,
is both strictly future compact and strictly past compact, hence compact, u € C2 (M, Ey).
Moreover,

Gu=G.Pfi—-G_Pfi=G.Pfi+G_Pfo=f1+fr=f.

d) Exactness at Cg,. (M, E»):
We have to show that P is surjective on Cgo.(M, E,). Let f be in Cgp.(M, E»). Again, decompose
f as f = f1 + f2 with f] € C;'}C(M, EQ) and f2 € C;';)C(M, EQ). Set u = G_f1 + G+f2 €
Coo (M, Ey). Then

Pu=PG_fi+PGifr=fi+fr=Ff. o

We extend any differential operator P : C*(M,E,) — C*(M, E,) as usual to distributional
sections by taking the dual map of P* : C*(M, E) — C2°(M, EY) thus giving rise to a continuous
linear map P : D' (M, E1) - D' (M, E>).

Lemma 3.6.22. The Green’s operators G, : C ;"C(M, E) - C ;"C(M, E)) and G_
C]‘Z"C(M ,Ey) — C]‘f’c (M, E) extend uniquely to continuous linear operators

+ 1 Dy (M, Ey) > D} (M, Ey) and G : D}, (M, Ey) - D} (M, Ey),
respectively. Moreover
(i) G+Pf = f holds for all f € D},.(M,E);
(i) PG.f = f holds for all f € D}, (M, Ey);

(iit) supp(§+f) C Ji(suppf) holds for all f € D,,.(M, Er);

and similiarly for C_.

Proof. Recall from Lemma 3.5.14 and Example 3.5.13 that D,,. (M, E;) can be identified with
the dual space of C (M, E}). Let G~ be the retarded Green’s operator of P*. We extend to G :
C;’;’rC(M, E}) — C;’;’rC(M, E7). Now let §+ be the dual map of G*, namely for u € Z);,C (M, E»)
and ¢ € C;’;’CC(M, Ep) set

(Glg] = ulGp).
This defines a continuous linear map Z);,C(M, E) — Z);,C(M, E;). By Lemma 3.6.20, §+ is

an extension of G,. The extension is unique because C°(M, E») is dense in D;)c (M, E;) by
Lemma 3.5.16.

Dualizing (i) and (ii) for P* and G* in Corollary 3.6.9 we get (i) and (ii) as asserted. As to (iii)
let f € D,,.(M, Ez) and let ¢ € C°(M, E3) be a test section such that J, (supp f) Nsupp(¢) = 0.
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3.7 Symmetric hyperbolic systems

Then supp f N J_(supp(¢)) = 0 and therefore
(G+ )l = fIG_¢] =0,

Thus supp(§+f) C Ji(suppf). |

Summarizing Theorem 3.6.7, Corollary 3.6.9 and Lemma 3.6.22 we get the following diagram
of continuous extensions of the Green’s operator G of P:

/_a\

Co(M, En) > €55 (M, Ex) —2*> € (M, E))—> C(M, Ey)

| 1] |

Co (M, Ey) > C5.(M, Ey) — > C.(M, Ey)——> C=(M, Ey)

DL(M, Ex)—> D)) (M, Ey) —> D/, (M, Ey)— D'(M, E)

Using the restriction of §+ to an operator D/ (M, Ez) — Dy, (M, E1) — Dg (M, Ey) and G_:

D/ (M,Ey) = D;.(M,E,) we obtain an extension of the causal propagator G : C(M, E;) —
Cgo (M, Ey) to distributions:
G:=G,-G_:D.(M,E) - D..(M,E)).

Now we get the analog to Theorem 3.6.21 with essentially the same proof.

Theorem 3.6.23. The sequence

(0} > DLM,E)) 2 DM, Ex) S D (M, E)) 25 DL.(M, Ex) — {0) (3.10)

is exact.

3.7 Symmetric hyperbolic systems

Now we consider an important class of operators of first order on Lorentzian manifolds, the
symmetric hyperbolic systems. Let M be a timeoriented Lorentzian manifold. Let £ — M
be a real or complex vector bundle with a (possibly indefinite) nondegenerate sesquilinear fiber
metric (-, -).
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3 Linear wave equations - global theory

Definition 3.7.1. A linear differential operator P : C*(M,E) — C*(M, E) of first order is
called a symmetric hyperbolic system over M if the following holds for every x € M:

(i) The principal symbol o (P, ¢) : Ex — E, is symmetric or Hermitian with respect to (-, -)
for every & € T; M,

(ii) For every future-directed timelike covector T € T; M, the bilinear form (o (P, 7)-, ) on
E, is positive definite.

The first condition relates the principal symbol of P to the fiber metric on E, the second relates
it to the Lorentzian metric on M. The Lorentzian metric enters only via its conformal class
because this suffices to specify the causal types of (co)vectors.

Example 3.7.2. Let M = R”™*! and denote generic elements of M by x = (xO, x4 .. Lx™). We
provide M with the Minkowski metric g = —(dx®)? + (dx")? + ... + (dx™)?. The coordinate
function ¢ = x°/c : M — R is a Cauchy time function; here ¢ is a positive constant to be thought
of as the speed of light.

Let E be the trivial real or complex vector bundle of rank N over M and let (-, -) denote the
standard Euclidean scalar product on the fibers of E, canonically identified with KV where K = R
or K = C. Any linear differential operator P : C*(M,E) — C®(M, E) of first order is of the
form

s & 9
P = A(x) 5 + ZAj(x)ﬁ + B(x)
j=1

where the coefficients A; and B are N X N-matrices depending smoothly on x. Condition (i)
in Definition 3.7.1 means that all matrices A;(x) are symmetric if K = R and Hermitian if
K = C. Condition (ii) with T = dt means that Ag(x) is in addition positive definite. Thus P is a
symmetric hyperbolic system in the usual PDE sense, see e.g. [1, Def. 2.11]. But (ii) says more
than that; it means that Ag(x) dominates A;(x),..., A, (x) in the following sense: The covector

T=dt+ Y7 a; dx/ is timelike if and only if pIV ajz. < ¢2. Thus the matrix

o(P,t) =Ap(x) + ajAj(x)

n
j=1

must be positive definite whenever Z;‘Zl ajz. <c2

Example 3.7.3. Let N be an 3-dimensional oriented Riemannian manifold. Then the Maxwell
equations are given by

OE 0B
— —r1otB=J, — +rotE=0,
5 T 5 o

divkE = o, divB =0,
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3.7 Symmetric hyperbolic systems

where E, B and J are time-dependend vector fields on N and p is a function on RX N =: M.
Here J and o are usually given and £ and B are to be solved for.

We organize two of the four Maxwell equations into a differential operator P acting on sections
in the vector bundle 7*(TN @ TN) equipped with the Riemannian metric induced by N. Here
m: M — N is the projection onto the second factor. We put

(o) )06

First we calculate the principal symbol to check Condition (i) in Definition 3.7.1. For the timelike
covector dt we find

1
0
o(P,dt) = 0

o = O
- o O
(e]

(e)
S O =
S = O
- O O

For & € T*N we first recall that for any first-order differential operator P the principal symbol is
characterized by
P(f-E)=f-PE+o(P,df)E.

In case of P = rot we hence have
frotE+o(rot,df)E =rot(f - E) = f -rotE + grad f X E

which leads to
o(rot, &) = &¥ x .

For £ € T,N we choose a positively oriented orthonormal basis ey, ez, e3 of T, N such that

0 0 O
&% = x - e;. Then the linear map & xis given by the matrix |0 0 —x|. Therefore for a
0 x O
spacelike covector & € T*N the principal symbol is given by
0 0 O
0 0 0 «x
0 -x O
00 O '
0 0 —x 0
0 x O

Thus the principal symbol is symmetric both for the covector dt and for all covectors perpendicular
to dt. Linear combinations of such covectors yield all covectors on M, hence the principal symbol
is symmetric for any covector.

Next we want to determine in which cases o (P, dt + &) is positive definite in order to check
Condition (ii). We compute
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3 Linear wave equations - global theory

Ui 1 0 0 0 0 0 Ui up ul
w01 0 0 0 x||lu uy | ur + xug
us [ |10 0 1 0 —x Ofjus|\ _[lus| |us— xus

< Uug 00 0 1 0 0 Uug > B < Ug ’ Uus >
us| 10 0 —=x 0 1 O]|us us | |us — xus
us) \O x 0 0 0 1/\ug ug) \ue + xun

= u% + u% + u% + ui + u% + u(Z) + 2xuputg — 2xU3U5
2 2, .2 2, .2
> |ul” - |x| (uz + u6) — x| (u3 + u5)

> (1 - |x]) |ul?.

Thus the principal symbol o (P, dt + &) is positive definite for |£| = |x| < 1. In the standard
Lorentzian metric (-, -y = —dt> + gn on M this means that

(dt + & dt + & = -1 +x* <0,

i.e., that the covector dr + ¢ is timelike. Hence the principal symbol is positive definite for
future-directed timelike covectors dt + ¢ as required by Condition (ii).

We conclude that the two Maxwell equations which involve a time derivate form a symmetric
hyperbolic system.

The following energy estimate will be crucial for controlling the support of solutions to symmetric
hyperbolic systems. It will establish finiteness of the propagation speed and the uniqueness of
solutions to the Cauchy problem.

Let M be globally hyperbolic and let : M — R be a Cauchy time function. Then the Lorentzian
metric on M is given by g = —N?dt*> + g, where each g, is the induced Riemannian metric on
T =t !(s). We define =¥ := J_(x) N I, for x € M.

The scalar product (., -)g := N{o (P, dt)-,-) is positive definite. Let dA be the volume density
of ;. We denote the norm corresponding to (-, -)g by | - |o.
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3.7 Symmetric hyperbolic systems

Theorem 3.7.4 (Energy estimate). Let M be globally hyperbolic, let P be a symmetric hy-
perbolic system over M and let t : M — R be a Cauchy time function. For each x € M and
each ty € t(M) there exists a constant C > 0 such that

15}
f ulg dA,, < [cf |Pul? dA, ds+f
T 19 JEX T

X
3]

|u|§ dA,O]eC(tl_tO)

X
o

holds for each u € C* (M, E) and for all t; > t.

Before we prove the energy estimate, we deduce that a “wave” governed by a symmetric hyperbolic
system can propagate with the speed of light at most. As a consequence we obtain uniqueness
for the Cauchy problem.

Corollary 3.7.5 (Finite propagation speed). Let M be globally hyperbolic, let ¥ € M be a
smooth spacelike Cauchy hypersurface and let P be a symmetric hyperbolic system over M.
Letu € C*(M, E) and put uy := uly and f := Pu. Then

supp(u) N J+(Z) C J.((suppf N J=(E)) U supp up). 3.11)

In particular,
supp(u) C J(suppf U supp(u)).

Jo(Z)

z supp
supp (uo) W

Proof. We choose the Cauchy time function such that £ = t71(0). Let x € J,(X). Assume
x € M\ Jy((suppf N J4 (X)) U supp(up)). This means that there is no future-directed causal
curve starting in suppf U supp iy, entirely contained in J, (X), which terminates at x. In other
words, there is no past-directed causal curve starting at x, entirely contained in J.(Z), which
terminates in suppf U supp up. Hence J_(x) N J4(X) does not intersect supp f U supp(up). By
Theorem 3.7.4, u vanishes on J_(x) N J+ (), in particular u(x) = 0. This proves (3.11) for J,.
The case x € J_(X) can be reduced to the previous case by time reversal. For the support of u
we deduce

suppu C J.((suppf N Jo (X)) U supp ug) U J-_((suppf N J_(X)) U supp uo)
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3 Linear wave equations - global theory

C Jy(suppf U supp ug) U J_(supp f U supp uo)
= J(suppf U suppup). |

Corollary 3.7.6 (Uniqueness for the Cauchy problem). Let M be globally hyperbolic, let
Y C M be a smooth spacelike Cauchy hypersurface and let P be a symmetric hyperbolic
system over M. Given f € C®(M,E) and uy € C*(Z, E) there is at most one solution
u € C*(M,E) to the Cauchy problem

u|2 = Up.

{P” =/ (3.12)

Proof. By linearity, we only need to consider the case f = 0 and uy = 0. In this case, Corollary
3.7.5 shows suppu C J(0) = 0, hence u = 0. |

Proof of Theorem 3.7.4. Denote the dimension of M by n + 1. Without loss of generality, we
assume that M is oriented; if M is nonorientable replace the (n + 1)- and n-forms occurring
below by densities or, alternatively, work on the orientation covering of M.

Let vol be the volume form of M. We define the n-form w on M by

n
w = Z R{o (P, b;‘.)u, uy) bjavol.
j=0
Here by, ..., b, denotes a local tangent frame, b, ..., b} the dual basis, and . denotes the
insertion of a tangent vector into the first slot of a form. It is easily checked that w does not
depend on the choice of by, . . ., b,. For the sake of brevity, we write

f = Pu. (3.13)

We choose a metric connection V on E. The symbol V will also be used for the Levi-Civita con-
nection on TM. Since the first-order operator Z;.IZO o(P, b;‘.)Vbj has the same principal symbol
as P, it differs from P only by a zero-order term. Thus there exists B € C* (M, Hom(E, E)) such
that

P= Z o (P,b)V), - B. (3.14)
j=0

To simplify the computation of the exterior differential of w, we assume that the local tangent
frame is synchronous at the point under consideration, i.e., Vb; = 0 at the (fixed but arbitrary)
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3.7 Symmetric hyperbolic systems

point. In particular, the Lie brackets [b;, bi] vanish at that point. Then we get at that point

dw(bo,. ., by) = Y (=D Oy, (@(bo, -, i -, b))
k=0

= i(-])kabk ( i R{o (P, b;‘.)u, uy) vol(bj, by, . . .,Ek, .. .,bn))
k=0 7=0

=R ) 9, (o(P, b;‘.)u, uy) vol(bo, ..., by)

n
j=0
and thus

dw =R > 3y, (o (P, b)), 1)) vol.
j=0

We put B := Z;’:O Vo (P, b;‘.) € C*(M,Hom(E, E)). Using the symmetry of the principal
symbol, (3.13), and (3.14) we get

D06, (o (P, b)) = (Bu,u) + Y (o (P, b)) Vi u,u) + (0 (P, b, Vi )]
J=0 Jj=0

= (Bu,u) + {(P + B)u,u) + (u, (P + B)u)
= ((B + B)u,u) + (u, Bu) + (f,u) + (u, f)

and hence _
dw = R{(B + 2B)u, uy + 2(f,u)) vol.

Thus we have for any compact K ¢ M

fda):f R (B + 2B)u, uy + 2{f, uy) vol
K K
< fK (C1lul? + Gl flolulo) vol

SC3f(|u|§+|f|§) vol
K

with constants C;, C;, C3 depending on P and K but not on # and f. We apply this to
K = J_(x) nt~'([to, t1]) where [to, ] is a compact subinterval of the image of .

J_(x)
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3 Linear wave equations - global theory

By the Fubini theorem,

3]
fdwsc4f f(|u|§+|f|§) dA ds. (3.15)
K 1o 2;‘

The boundary dJ_(x) is a Lipschitz hypersurface (see [13, pp. 413—415]). The Stokes’ theorem
for manifolds with Lipschitz boundary [10, p. 209] yields

fda):f a):f w—f cu+fcu (3.16)
K oK x x Y

where Y = (0J_(x)) Nt~ ([tp,11]). Choosing by = VBdt and by, .. ., b, tangent to X, we see
that

f w= | (op(/Bdnuuy dA; = | |ul} dA,. (3.17)
> 3

Iy
The boundary dJ_(x) is ruled by the past-directed lightlike geodesics emanating from x. Thus
at each differentiable point y € dJ_(x) the tangent space 7,0J_(x) contains a lightlike vector
but no timelike vectors. We choose a positively oriented generalized orthonormal tangent basis
by, by, . .., b, of Ty, M in such a way that b is future-directed timelike and by + by, by, . . ., by, is
a oriented basis of 7,0 J_(x). Then

Wby + b1, b, .., by) = > R p(b})wu)) vol(bj, bo + by, ba, ..., by)
Jj=0
= R{op(by)u, u) = Rop(b))u, u)
= R{op(by — b))u,u).

Since (o p(7)-, -) is positive definite for each future-directed timelike covector, it is, by continuity,
still positive semidefinite for each future-directed causal covector. Now by — bj is future-directed
lightlike. Therefore

w(bo + b1, by, . .., by) = (o p (bl — bu,uy > 0.

fa)ZO. (3.18)
Y

Combining (3.15), (3.16), (3.17), and (3.18) we find

5]
f |u|§dA,.—f |u|§dAzosc4f f(|u|§+|f|§) dA ds.
) = fo JIF

In other words, the function A(s) = fz

This implies

X
3

x |u|§ dA; satisfies the integral inequality

5]
h(t)) < a(t)) + C4f h(s)ds
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for all 1; > 1y where a(f;) = Cy4 f,; ' [ox 112 dAg ds + h(tg). Gronwall’s lemma 1.5.1 gives

h(n) < a(r)es 710

which is the claim. O

We now want to prove existence of solutions to the Cauchy problem.

Theorem 3.7.7 (Existence for the Cauchy problem). Let M be a globally hyperbolic mani-
fold, E — M avector bundle with non-degenerate metric, P € @7//7{ (E, E) a symmetric hyper-
bolic system. Let X C M be a smooth spacelike Cauchy hypersurface. For any uy € C*(Z, E)
and f € C*(M, E) there exists a unique solution u € C*°(M, E) of the Cauchy problem

{P” =/ (3.19)

Lt|z = up.

Proof. Corollary 3.7.6 gives uniqueness of the solution. We now prove existence.

A) We first assume that M is spatially compact, i.e., X is compact.

a) We fix a diffeomorphism M =~ R X X such that the projection r : M = R X X — R is a Cauchy
time function with =1 (0) = . This is possible by Theorem 1.2.53.

Since P is a symmetric hyperbolic system, the principal symbol with respect to the timelike
covector dt, S := o (P, dt) is a positive definite symmetric operator. This yields a new positive
definite metric (., -)o from the possibly indefinite (-, -) on E by setting (-, -)g = {(S-, -). We choose
a metric connection V for (-, -); and we write

P=0o(P,dt)V;, —L=SV, - L (3.20)

where L differentiates only in directions tangential to X.

We put B := L + L' where the formal adjoint is taken with respect to the indefinite metric (-, -).
The operator B, considered as a first-order differential operator, has vanishing principal symbol.
Namely, for & € T*X:

o (L+L§) =ai(Lé) - o1 (L,E)

=o1(P,§) - (P,E)
=0.

Therefore the operator B is of order zero, i.e. B € @%(E, E) = C*”(M,End(E)). Using (3.20)
the inhomogeneous equation we have to solve can be written as

SV,u=Lu+f. (3.21)
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3 Linear wave equations - global theory

The time-depended operator
A=Ay = (V) (V) +1

on the compact Cauchy hypersurfaces X, yields the Sobolev spaces H* (3;, E), c.f. Section 1.4.
Let € > 0. We define mollifier

Je = Jét) = exp(—&Aq)y).

Now J, : H*(%,, E) — H'(Z,, E) is bounded for any choice of k and , since

1
[ Jeull; = A2 Jgullo
Ik k
= ||A72 J.AZullp
k
<c-|[A%ullp

=c - ||ullg .

The L2-L2-operator norm of AT Je is bounded because the function 4 +— 17 exp(—eA)
decreases exponentially to 0 and hence is bounded on the spectrum of A which is contained in
[1, 00).
In particular, the mollifier maps any Sobolev section to a smooth section, J, : H Kz, E) -
C*(Z;, E), Je is a smoothing operator. In case k = [ the above calculation shows that the
operator norm ||Jg ||« g« < 1 for all k. Since the family of functions A — exp(—&1) converges
monotonically to 4 +— 1 on [1,00) as € N\, 0 the family of operators J, converges strongly to
idy;« in the space of bounded operators on H*(X;, E).
b) For £ > 0 we now solve

Vou'® = J.S'LIu® + 87 f (3.22)

with ”(8)|z—0 = u in the space H*(Z,, E). This is possible since J.S™'LJ, acts as a bounded
operator on HX(Z,, E) so that (3.22) is an ODE in the Hilbert space H*(Z,, E).

A priori, the solution of this ODE depends on € and k. But since the Sobolev spaces are embedded
into each other with decreasing k, the uniqueness of solution shows that they are actually all the
same and the solution does not depend on k. This already shows that the solution is smooth in
spatial directions.

Of course, the solution does depend on £. Our aim is now to obtain a limiting function u® — u
for £ — 0 and show that u solves the Cauchy problem.

¢) Consider at u® as a map R — HX(Z, E) where k € N is fixed. We will derive estimates
for the growth of the u‘®) in time, and the important fact is that the bounds c¢;j do not depend
on u, ug, f and &. They do depend on ¢ but in a continuous fashion (and are hence bounded on
compact subintervals).

1w N3, = 0 (AU, AU
< 2R (VAR E AR ®) ) 4 cp | AR )12 (3.23)
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Note here that in order to differentiate (u,v)y = fz<”’ v)odZ; we also have to differentiate the

d
volume element d%,. This yields "L‘idzt dZ; alogarithmic change of the volume element which

%
we can estimate by a time-dependend bound c;.
We next want to exchange V, with AK. A priori, the commutator [V,, A¥] is a differential operator
of order 2k + 1. But it turns out that it is actually of order at most 2k as can be seen by computing

the principal symbol:

21 [V, A¥L, &) = [01(V1, ), o (AF, )] = [01(V,, €), €171 = 0.

Therefore we can bound the commutator term in the || - ||ox-norm and we continue the estima-
tion (3.23).

Al @ 12, < e @12, + 2R (A V,u®, Ak @),
= oy - W@ |3, + 2R (AFST AU + 2R (AT ST LI, AUy (3.24)
We estimate the second summand in (3.24):
2RASSTHE AUy < 1RSI + 1A% @5
= 157" Fll3 + 1113,
< ez 113 + 1@ 115, (3.25)
For the third summand we observe that A¥ commutes with J, and that J. is selfadjoint. Hence
2R(AFTSTLIu®, AR U @)y = 2R (J AR ST LI u'®, AFu®)),
= 2R(AK ST LIu®, T AR u®)),
= 2R (AK ST LI u®, AR T u®),. (3.26)
Inserting (3.25) and (3.26) into (3.24) yields
Ol 15, < ca- [5G, + c3- 1113 + 2R A ST LI, A* Tou'),.
Again, we find that ord[A¥, S™'L] < 2k and hence
15, < carllu® |5 +eslLF 13+ es 1 ou i1 ou'™ o +2R (ST LA Jou'®, A Jou ).
Since || Jou'® |lpx < [|u® ||k we find
Ol 15, < co - 1915, + c3 - 1113 + 2R (LA Tou'®, A  Jou®)) .
Note that the term S~' has converted the definite scalar product (-, -)g into (-, -). Moreover
2R(LA* Ju®, A% T @) = (LA* Jou®, A% 1) + (A% Jou'®, LAF J,u®)),
= (L + L"YA Jou®®, AF Jou®)),
< c7- 1AM Teu® |
= c7- [ 11|13,

2
<er- @3,
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and hence
2 2 2
A Nu 13, < cs - U113, + ¢35+ 1 15,-

This implies
2 2 ! 2 ! 2
1415, 3, < lluolly, + f 3 () f1I5,ds + f cs () 1u 13, ds.
0 0

Gronwall’s lemma 1.5.1 with a(t) = ||u0||22k + fot C3(s)||f||22kds and B(t) = cg(t) now yields

t t
s, I3, < (||uo||§k+ f C3(s)IIf||§kds)-eXp f cg(s)ds . (3.27)
0 0

Note that this bound is independent of €. For f < 0O one obtains an analogue estimate by
integrating over [¢, 0].

d) We have seen that, for ¢ € R fixed, the set {u'®[s, | & > 0} is bounded in H*(X,, E). By the
Rellich-Kondrachov theorem 1.4.5 {u'® Iz, | € > 0} is relatively compact in H k=1(x,, E) for all
k e R.

Taking ||Je ||y« g« < 1 into account and that S~! is of order 0 and L is of order 1, we get the
estimate

IVl Nl < oS LIou e + 157 £l
<IST'LIu® Nk + 157 Ik
< C - 1Tt ks + 1157 £l
< C ot ey + 1157 £l
<C’

where C’ does not depend on & by (3.27). Thus the map ¢ — u'®) |5, is equicontiuous.
For fixed T > 0 and fixed k the Arzela-Ascoli theorem (1.5.2) implies that w® | e>0}c
CO[-T,T], H*(Z, E)) is relatively compact. Thus we obtain a subsequence u¢/) of the family
u® withu®) — uforu e CO°([-T,T], H* (X, E)), £; \y 0. By adiagonal subsequence argument
we can w.l.o.g. assume u'®/) — u € CO([-T,T], H*(Z, E)) forall k € Rand all T > 0. Therefore
the convergence u®i) — yis locally unifom in C YR, H*(Z, E)) for every k € R.
We now want to show that this u is the desired solution of the Cauchy problem. First we see that
fortr =0

g, = ug
and therefore

ulz, = uo.

Showing that Pu = f is more complicated since we also have to control the convergence of the
time derivatives of the u‘®/) to the time derivatives of u.

We defined the u'® to be solutions of the ODE (3.22). Identifying the Cauchy hypersurfaces X,
with X via parallel transport along the integral curves of V¢ this ODE translates into

ou'®
ot

=J.S'"LJu® + 57 f.
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3.7 Symmetric hyperbolic systems

In order to get rid of the time derivatives we integrate (3.22) and we obtain
t
u®dls, —ug = f (Jo,; S LJg;u'® |5, + 87" fIs, )ds (3.28)
0

Now we let £; N\, 0. For the left hand side of (3.28) we find u(gf)|zt —uy — ulg, — up. For
the right hand side of (3.28) we consider the first summand under the integral which is the one
depending on g;. We split this summand

Jo; S Lo u®) = Jy ST LI, W) —u) + Js ST LUs u (3.29)

and now look seperately at the k-th Sobolev norms of the two parts. For the first summand we
find

e, ST LJe; 7 —w)lle < S7' L, ) = u)|lx
< C ey @ = u) [l

< C || —u)llks1 — Oase; — 0.

The second summand is split again:

Jo; S Ligju = oS L(Jou —u) + J.S™' Lu (3.30)
We estimate the k-th Sobolev norm of the first summand of the right hand side of (3.30)

e ST L(Jput = )l < 1S7' L(Jpu — )k
< C-[Jeu =l
= C- AT u—AFullg - 0.
For the second summand of the right hand side of (3.30) we directly see J.S™'Lu — S~'Lu.
To summarize, we found that the first summand under the integral on the right hand side of (3.28)

converges to S~! Lu locally uniformly in ¢.
Hence for the whole integral on the right hand side of (3.28) we found

t t
f (Jo,; S LIg;u® |5, + 87! fIs, )ds — f (S'Lu+ S f)ls ds .
0 0
Therefore

t
uls, —up = f (S™'Luls, + 7" flg,)ds, .
0

Differentiation yields
ou o 1
—=8S"Lu+S f,.
ot 4
Now we drop the identification £, — X and hence the ordinary differentiation d; turns into the

covariant derivative V, again. Thus we have shown

Vou=S"Lu+S'f (3.31)
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3 Linear wave equations - global theory

In other words, we have SV,u = Lu + f which means Pu = f.

e) So far we know continuity in time direction and smoothness in spatial direction. Next we want
to prove smoothness in time direction. We have u € Co%(R, H*(Z, E)) for all k € R. By (3.31))
we see that V,u € CO(R, H*"1(Z, E)) for all k € R. Thus u € C'(R, H*(Z, E)) for all k € R.

To obtain the second time derivative of u we differentiate (3.31) with respect to z. Since on
the right hand side we then have at most one time derivative we conclude V,V,u € C% and
therefore u € C%(R, H* (X, E)). Repeating this argument we obtain u € CY(R, H* (X, E)) for all
¢ and k and hence u € C®(R, H*(Z, E)) for all k. The Sobolev embedding theorem then yields
ue C?R,C*(X%,E)). This implies u € C*(M, E).

B) We now drop the assumption that M be spatially compact but we still assume that the Cauchy
data have compact support, uy € C°(2, E) and f € C°(M, E).

Set K := supp(up) U supp(f). Fix T > 0 and set My := (-T,T) XX Cc Rx X = M. Choose T
big enough so that K C My. Note that My is globally hyperbolic itself. Consider the compact
set J(K) N My and denote by T the projection of J(K) N My on Z, which is compact too.

We choose a relatively compact open set U C X with T C U and smooth boundary dU.

N

ou

Now we change the metric g, of  near the boundary dU such that it becomes a product metric
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3.7 Symmetric hyperbolic systems

in a neighboorhood of JU. We do this smoothly in # € [-T,T]. We want everything to stay
untouched on X.

Then we double this part of ¥ and obtain o)

This yields My which is now spatially compact. The supports of f and u are contained in
(-T,T) x Y. Therefore we may consider f and ug as sections defined on MT

By part A) of the proof we obtain a solution uy on MT Finite speed of propagation (Corol-
lary 3.7.5) yields supp(ur) € J(K) N Mr c (-T,T) x . Thus we can regard uy as a solution
on Myr. For T’ > T we analogously obtain a solution u7- on My-. Since the solution is uniquely
determined by the initial conditions we find that ur/|ps, = ur. Hence we obtain a solution
u € C*(M,E)on M with ulps, =ur.

C) Now we also drop the assumption that supp(ug) and supp(f) are compact.

Let Ky € K, € K3 C ... C M be an exhaustion by compact subsets such that every compact
subset of M is contained in K for sufficiently large j. We choose cutoff functions y; € C°(M)
with y; = 1 on K;. By B) there exists a solution of

Pu] = Xjf’

ujls = xjuo -

Next we want to show that this sequence of solutions converges to a solution for the general
problem.
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3 Linear wave equations - global theory

Fix x € M W.l.o.g. we may assume x € J,(X). Choose xg € I;(x). Then I_(xp) is an open
neighborhood of x.
Since J_(xo) N J;(X) is compact there exists a jo such that J_(xo) N J.(X) C K for all j > jo.

X0

J_(x0) N J4(2)

Corollary 3.7.5 tells us that u; is uniquely determined by

Xjup on XN J_(xg),
x;if on J4(2) N J-(xo).

But since y; = 1 for j > jo, the section u; is determined by

upon X N J_(xp),
Jfon Ji(3) N J-(xo),

and hence independent of j for j > jo.
Therefore u(x) := lim;_,o u;(x) exists and we can do this for every point x. For x € I_(x() we
have

Pu(x) = Puj,(x) = x;o(x) f(x) = f(x)
and
uly = ujyls = xjuols = uo .

Thus u is the desired solution of the Cauchy problem. m|

We conclude the discussion of the Cauchy problem for symmetric hyperbolic systems by showing
stability. This means that the solutions depend continuously on the data. Note that if ug and f
have compact supports, then the solution u of the Cauchy problem (3.12) has spatially compact
support by Corollary 3.7.6.

Proposition 3.7.8 (Stability of the Cauchy problem). Let P be a symmetric hyperbolic sys-
tem over the globally hyperbolic manifold M. Let X C M be a smooth spacelike Cauchy
hypersurface.
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3.7 Symmetric hyperbolic systems

Then the map C°(M,E) X CX (X, E) — Cgo.(M, E) mapping (f,ug) to the solution u of the
Cauchy problem (3.12) is continuous.

Proof. The map P : C*(M,E) - C*°(M,E) X C*(%,E), u — (Pu,uly), is linear and con-

tinuous. Fix a compact subset A ¢ M. Then CY(M,E) x Cy (%, E) is a closed subset

of C®°(M,E) x C®(X, E) and thus V4 = P! (CY(M,E) X C{ (%, E)) is a closed subset of

C®(M, E). In particular, C3’(M, E) X C3 (%, E) and V4 are Fréchet spaces. By Corollary 3.7.6
and Theorem 3.7.7, * maps V, bijectively onto C(M, E) X C .+ (%, E). The open mapping
theorem for Fréchet spaces tells us that (Ply A)‘1 :CY(MLE) X CT (X, E) — Vy is contin-
uous. Now V4 ¢ C*”(M,E) and CﬁA)(M, E) ¢ C*(M,E) carry the relative topologies and
Vi C CﬁA)(M, E) by Corollary 3.7.5. Thus the embeddings V4 — CﬁA)(M, E) — Co.(M,E)
are continuous. Hence the solution operator for the Cauchy problem yields a continuous map
CY(M,E)XCY (2, E) = Cg.(M, E) for every compact A C M. Therefore it is continuous as

amap CX(M,E) X CX (2, E) = Coo.(M, E). |

C

Remark 3.7.9. Corollary 3.7.6, Theorem 3.7.7 and Proposition 3.7.8 are often summarized by
saying that the Cauchy problem (3.12) is well posed.

Finally, we show that symmetric hyperbolic systems over globally hyperbolic manifolds are
Green hyperbolic.

Theorem 3.7.10. Symmetric hyperbolic systems over globally hyperbolic manifolds are Green
hyperbolic.

Proof. Let P be a symmetric hyperbolic system over the globally hyperbolic manifold M. We
construct an advanced Green’s operator G, for P. Letu € C°(M, E). Then K := supp(u) ¢ M
is compact. We choose X to be a smooth spacelike Cauchy hypersurface such that K c I, (X).
Let G u be the solution of the Cauchy problem PG.,u = u with initial condition G uls = 0.

We have to show that this definition does not depend on the particular choice of X.

First note that by finite speed of propagation supp(G+u) NI (X) C J(supp(Guly)Usupp(u)) =
Jy(OUK) = J.(K) and supp(Gu) N I_(X) € J_(O U (supp(u) N J_(X))) = 0. (This already
shows condition (iii) in Definition 3.6.1 for an advanced Green’s operator.)

Now let £’ be another smooth spacelike Cauchy hypersurface with K c I, (Z”). Then J.(K) C
Jo (I (X)) = I.(¥) and therefore supp(G,u) C I.(X).

Hence we know that G uly, = 0 and thus G, u is also a solution of the Cauchy problem PG u = u
with initial condition G ul|ys = 0. Hence choosing another Cauchy hypersurface gives the same
solution G, u and the definition does not depend on the particular choice of X.

We want to show that G is an advanced Green’s operator of P.

By construction P o G = idcx(p, gy Which is condition (ii).
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3 Linear wave equations - global theory

It remains to check condition (i): If u = Pv for some v € C°(M, E), then u = v is the unique
solution to the Cauchy problem Pv = u with v|z = 0 for a smooth spacelike Cauchy hypersurface
% with supp(v) € I,(X). Then we also have supp(u) C I, (X) so that we may use this Cauchy
hypersurface in the definition of G,. Therefore v = G u = G, Pv and for every v € C2°(M, E)
and hence G, o P = idc>(um, E).-

Hence G is an advanced Green’s operator. A retarded Green’s operator is constructed similarly
by choosing X such that K c I~ ().

Finally, —P™ is again a symmetric hyperbolic system and therefore has Green’s operators. Thus
P* has Green’s operators and P is Green hyperbolic. O

Remark 3.7.11. It is possible to derive the well-posedness of the Cauchy problem for normally
hyperbolic operators from that for symmetric hyperbolic systems. To see this, let E — M be a
hermitian vector bundle and let Q € @//2 (E, E) be normally hyperbolic. Write M = R X X
such that g = —N?dt* + g,. We choose a connection V on E and write Q as

1
0= mV,V, —ta(VEVE) + V5 + Do -V, + ¢

where V* denotes the restriction of V to X for any fixed ¢, b is an End(E)-valued vector field
tangential to X, by and ¢ are endomorphism fields.

We want to solve Qv = f with initial data prescribed at # = 0. We add two redundent equations
to obtain the system

Vi (Vo) = VIV + Vi v+ 7' (Vv = R(8,,)v = 0 (3.32)

1
oA tr(VEV) + Vv + by - Vv +cv = f (3.33)
Viv=Viv=0 (3.34)

where ¥ : C®(Z,TX) —» C®(Z,TE) and ' : C®(E,TX) — C®(Z,R) are defined by Vx 0, =
¥ (X)+n' (X)d, for X € TX. Note that while (3.32) is an equation in T*X ® E, (3.33) and (3.34)
are equations in E.

Equation (3.32) holds for any sufficiently smooth section v: For a time dependend vector field X
tangential to X we see

V. Viv = V5V, v = Vi, xv — R0, X) = 0.

Inserting [0y, X] = V, X — Vx4, (the Levi-Civita connection is torsion-free) yields

V, Vv = Vy,xv = VEV,v = Vy,5v - R(8;, X) = 0.

For the first two summands we see V; Viv -Vy,xv=X 2(V;(V*v)), which is tensorial in X.
The splitting Vx 0, = 7*(X) + ' (X)d; then yields (3.32).

We now consider the differential operator P € 9//1 T'2QE®E®E,T'2QE®E®FE) given
by
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3.7 Symmetric hyperbolic systems

1 0 0 0 -1 0 n=() #'() —R(dy,)
P:=[0 o5 O|V,+[-tr O O[V*+| b bo c
0 0 1 0 0 0 0 -1 0
Equations (3.32), (3.33) and (3.34) are equivalent to
1 0 O 0 -1 0 () 7' (¢) =R, )\ [VEv 0
0 5z O|Vi+|-tr O OfV¥+| b b c vovl=|r]-
0 0 1 0 0 0 0 -1 0 v 0

The operator P is a symmetric hyperbolic system. To see this let £ € T*X. Then o (P, dt + ¢) =
1 0 O 0 —¢® O

0 # O[+[—-¢2 0O  0]is symmetric.
0 0 1 0 0O O
Moreover,
1 —¢é® 0\fu u u—&EQu u
<—§J # 0 uo,u0>=<—§_|u+#uo, u0>
0 0 1/\v v v v

= ul? = (€ @ ) — (€ o) + gl + T
= ul® + [v]* + #wz — 2(& ® up, u)
> (1- NIl (u |2+ﬂ+| 2.

The last estimate holds because 2| (¢ ® ug, u) | < 2N|¢| - L2l |y| < N|§|(|“"| + [ul?).

For 1 — N|&| > 0, i.e. for dt + ¢ timelike, the principal symbol o(P,dt + g ) is positive definite.
We conclude that P is a symmetric hyperbolic system.

vy 0
We saw that if v is a solution of Qv = f,then V = V,v |is a solution of PV = F where F = | f |.
v 0

Conversely, does a solution of PV = F also yield a solution of Qv = f?
This cannot be true always because the space of initial data for P is too large. Indeed, we have to

u
impose a restriction of the initial data. Let V = | ug [ be a solution of PV = F with the assumption
v

that at = O we have u = V>,

Now PV = F is equivalent to
Vou—Viuy + 7r2(~)_|u + 7' (Dug — R0y, -)v = 0, (3.35)

1

ﬁv,uo - tr(V;u) + bau + boug + cv = f, (3.36)

Vv —ug=0.
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3 Linear wave equations - global theory

Hence we have ug = V,v on M. If we can show that u = V*v holds on all of M then (3.36)
implies that v solves Qv = f.

By assumption # = V*v holds at t = 0. We differentiate with respect to z. By (3.35) and up = V,v
we find

V,u+ 7r2(~)_|u = VZuy — 7' (Dug + ROy, )v
=VEV,v — 7' ()V,v + R(&;, )V
=V, (V). (3.37)

On the other hand, for any smooth vector field X tangential to X at all times we have

VAV =2 (X)Viv + Ry, X)v = V, Vv + Vix.o,1v — 7' (X)V;v
=V, Vv = Vy,, xV + Vyya,v — ' (X)V,v

= Xa(V, Vo) + Vs o v

Combined with (3.37) this yields
Viu+ () au = V, V5 + 7=() 2V
Hence u — V*v satisfies the first-order ODE
(V, + 15 () )@ —-V*v) =0

along the integral curves of d; and it vanishes at = 0. Hence u = V*v on all of M.
We have seen that the initial data v and ug (the time derivative) can be prescribed arbitrarily as
initial data as expected for the Cauchy problem for a normally hyperbolic operator.

3.8 An application: essential selfadjointness on Riemannian
manifolds

A (generally unbounded) symmetric operator in a Hilbert space with dense domain is called
essentially selfadjoint if it has a unique selfadjoint extension. This is a very desirable property
because one then can apply a lot of functional analysis to this selfadjoint extension such as
spectral and functional calculus.

We will now use symmetric hyperbolic systems to deduce the selfadjointness of certain operators
on Riemannian manifolds, following ideas of P. R. Chernoff in [9]. Throughout this section let
(N, g) be a complete Riemannian manifold and £ — N a hermitian vector bundle. We consider
a first-order differential operator L € fﬂ//1 (E, E) with the properties

1.) The operator L is formally skewadjoint, i.e. L' = —L;

2.) There exists ¢ > 0 such that |o-(L, &) |op < ¢ - |&| holds for all £ € T*M.
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Here |0 (L, &) |op denotes the operator norm of the linearmap o (L, ) : E,, — E,, where & € T; M.
Since L is of first order o (L, &) depends linearly on & so that for each p € N there exists ¢, > 0
such that |o"(L, §)|op < ¢pp - |€] holds for all & € TP*M . Condition 2.) says that the constant can
be chosen independently of the base point. If N is compact this is automatic.

Now we equip M = R x N with the Lorentzian metric gy; = —c?dt* + gn. Since (N, gn) is
complete (M, gpr) is globally hyperbolic. On M we consider the operator

P ,
P= T —-Le Z47/(EE)
where E is also considered as a hermitian vector bundle on M via the pull-back along the
projection m : M — N. We check that P is a symmetric hyperbolic system:
The principal symbol of L is symmetric because o (L, &) = —o (L', &) = o(L,&). Thus for
& € T*N we find that o (P, dt + ¢) = id —o (L, &) is symmetric. Moreover, we see that

(o (P, dt + E)u,u) = |ul* = (o (L, E)u, u) .

Now
[ (o (L, E)u,u) | < |o (L, E)ul - [u| < |o(L, §)lop - ul* < - 1€] - |ul?

and therefore
(o (Pydt + E)uyuy > (1 - ¢ - |€])ul’.

Hence (o (P,dt + £)-,-) is positive definite in case 1 — ¢|£| > 0. This is equivalent to 0 >
—1+ €17 = ¢* - gpr(dt + &) and therefore to df + & being timelike. Hence P is a symmetric
hyperbolic system.

Given up € C°(N, E) there exists a unique solution u € Cgo.(M, E) of Pu = 0 and u(0) = ug by
Theorem 3.7.7. We define V; : C°(N,E) — C°(N, E) by Vy ug := u(t).

Lemma 3.8.1. (V;);cr is a unitary one-parameter group with
(i) %Vt up = LV, ug for all uy € C°(N, E);

(ii) LV; =V, Lon CZ(N, E).

Proof. (a) Condition (i), i.e. %Vtuo = LV,uy, says nothing but PV,u = 0 and therefore holds by
definition.
(b) Fix s € R and let u be a solution of Pu = 0 and u(0) = Vsug = u(s). Now ¢ — u(z) and
t — u(s + t) both lie in the kernel of P and have the same values u(s) at ¢t = 0. By uniqueness
they coincide. Thus

Viesuo = u(s +1t) = u(t) = V;Vsug

and therefore V.5 = V; V5. Hence (V;),;cr is a one-parameter group.
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(c) We compute

d d d
E(Vzuo, Viug) = (EVtan Viug) + (Vzuy, EVzMO)

= (LViug, Viuo) + (Viuo, LViuo)
= ((L + L")V;ug, Viug)
=0
and hence
(Viuo, Viuo) = (Vouo, Vouo) = (uo, up).
Therefore V; is unitary.
(d) For uy € CZ°(N, E) we have that u(¢) := LV;uy is a solution of
P ( d L)LV,
u=(—- u
dt tUo

d
= L(E — L)Viug

= LPVtu()
=0.

For t = 0 we find u(0) = LVyuy = Lug and thus u(¢) = V;Lug. We conclude LV, = V,L on
C2 (N, E) which is Condition (ii). m]

The following functional-analytic lemma lies at the heart of the argument.

Lemma 3.8.2. Let H be a complex Hilbert space and D C H a dense subspace. Let T be a
symmetric operator in H with domain D. Let (V;); be a unitary one-parameter group.
Assume

(i) TOD c D;
(it) ViD C D forallt € R;
(iii) TV, =V; T on D;
(iv) %Vt uy =i T Vi ug for all uy € D.

Then T"™ is essentially selfadjoint in H on D for all n € N.

Proof. Set A :=T". Then A is a symmetric operator in H with domain 9. We want to show
that A*yy = +iy only has the trivial solution ¢ = 0.

So let A*Y = iyy. Fix u € D and define a function f : R —» R by f(¢) := (V,u, ). We want to
show that f = 0. First we see [ f ()| < [|Vull - [ly|| = llull - [l¢|| where we have used that V; is
unitary. Therefore f is bounded.
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3.8 An application: essential selfadjointness on Riemannian manifolds

Moreover, using (iv),

@) = (Vi)
= ((T)"Vi )
= (Vo A'w)
= (Vi)
— —in+1f(t).

The solution space for the ODE f(”) = —i”“f has the basis t — exp(agt) where {ay,...,a,} =
{@ e R|a" = (=i)"*!}. We write f(¢) = iy Ak exp(agt) with ai € C.
Since (%)" = —iwefind R(ay) # Oforall k. Since |ax| = 1 there is at most one ay/, ax # oy,
for any ay with R (ar) = R(ap ), namely ap = ay.
Now suppose there is a k with a; # 0 and R (ay) > 0. Choose k such that R () maximal.
Case 1: k is unique.
On the one hand,

lim (exp(~akt) /(1)) = 0

because f is bounded and R (ay) > 0.
On the other hand,

n
lim (exp(-ax) £(1)) = lim (3" a; exp((@; = @i)D) = ax.
j=1
Therefore a; = 0 which yields the contradiction.

Case 2: There is another ay with @y # ar and R(ar) = R(ay). Then ap = @i. As in the
first case we find

tlim (exp(—axt) f(t)) = 0.
On the other hand,

tlLrgo(eXP(—akl)f(l)) = zlLr?o(Z aj(exp((a; — ax)t)))
i=1
= tli_)rn (ax + ap exp(=23 (ay) - it)), .

Choosing a sequence t,, — oo such that exp(-2Jay - it,;) = 1 implies that a; + ax = 0.
Choosing a sequence t,, — oo such that exp(-23ay - it,,) = —1 gives that ax — ax- = 0. Hence
ay = ay» = 0 which yields again a contradiction.

Thus for all kwith R (ax) > 0 we have a; = 0. Similarly, by looking at the limit 1 — —co we
deduce that a; = 0 for all k with R (ay) < 0. Therefore f = 0.

In particular, 0 = f(0) = (Wou, ) = (u, ) for all u € D. Since D is dense in H this implies
Y =0.

In the same way one checks that A*yy = —iy has only the trivial solution. O
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Theorem 3.8.3 (Chernoff). Let N be a complete Riemannian manifold and let E — N be a
hermitian vector bundle. Let T € @7///{ (E, E) be formally selfadjoint. Moreover, suppose
there is a constant ¢ > 0 such that |0 (T, €)|op < ¢ - |£] holds for all € € T*N.
Then T" is essentially selfadjoint in L*>(N, E) on CX(N, E) for every n € N.

Proof. Set L :=iT, H := L>(N,E), and D := C®(N, E). Then Lemma 3.8.1 yields a unitary
one-parameter group V; with

ViD=V,
. %Vtuo = Lv,up for all uy € O
e V\T = -V;iL = —iV,L = —iLV, =TV,.

Hence all assumptions in Lemma 3.8.2 are fulfilled. Lemma 3.8.2 now implies that 7" is
essentially selfadjoint for all n € N. O

Example 3.8.4. Let £ = @finoN APT*N and T = d + 6. Then T is formally selfadjoint and we
have |o°(T,&)|op = 1E A -+ Ea - |op < 2|&|. Then Theorem 3.8.3 implies that 7" = (d + 6)" is
essentially selfadjoint.

In particular, the Hodge-Laplacian T?> = dé + d = A is essentially selfadjoint. Since the
Hodge-Laplacian preserves the degree of forms A|cx (v ar7+n) is essentially selfadjoint for any
p€{0,...,dim(N)}.

Example 3.8.5. Let T be a formally selfadjoint operator of Dirac-type. We compute

|0 (T, €)' (T, €)lop = | (T, €) (T, ) lop
=0 (T% €)lop
= |¢)?

where we used that 72 is Laplace-type. Hence

|0 (T, &)l = (o (T, &) o (T, E)u,u) < &1 - |ul?

which implies |0 (T, &)|op < [£]|. Theorem 3.8.3 then shows that 7" is essentially selfadjoint for
alln € N.

Example 3.8.6. In the previous two examples the operator T is elliptic. Here is a non-elliptic

B rot). Theorem 3.8.3 yields that

example. Letdim(N) =3 and E=TN&TN. LetT =i 0
rot 0

T" is essentially selfadjoint for all n € N.
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We have seen that formally selfadjoint Dirac-type operators are always essentially selfadjoint.
This is not true for formally selfadjoint Laplace-type operators in general. Adding a potential
going to —oo sufficiently fast can destroy essential selfadjointness. To prevent this a lower bound
is assumed in the next theorem.

Theorem 3.8.7 (Chernoff). Let N be a complete Riemannian manifold and let E — N be a
hermitian vector bundle. Let P € @7//{ (E, E) be a formally selfadjoint operator of Laplace
type. If there is an @ € R such that for allu € CZ (N, E)

(Pu,u) > a|lull?

then P" is essentially selfadjoint in L*(N, E) on C (N, E) for every n € N.

Proof. W.lo.g. let @ = 1, otherwise replace P by P + (1 — @)id. Let H; be the completion of
C (N, E) with respect to (u,v); = (Pu,v). Set H := H| & L*(N,E) and D := CX(N,E)®
C(N, E). We consider
0 id
a0 )

Claim: A is skewadjoint with respect to the scalar product in H.

= (Pup,v1) — (Puy, v2)

and
[l (), = (4 (- C2)
un ’ 1%) H 1%) ’ 1Z5) H
= (Pva,u1) — (Pvi,u2)
= (uy, Pv2) — (up, Pvy)
= (Puy,v2) — (Pup, vy) .
Hence

() 43)), == ).,

which proves skewadjointness. The equation

d (u uj
- —A
dt (uz) (uz)
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3 Linear wave equations - global theory

is equivalent to the equations

d
Eul =up
ik —Puy,
and hence to
d2
ﬁm = —Pbl1 .

Since Q = ;—;2 + P is normally hyperbolic, the well-posedness of the Cauchy problem shows
existence of a one-parameter group (V;), that solves the equation. Since A is skew we find that
V; is unitary. Hence the conditions in Lemma 3.8.2 are fulfilled and therefore (iA)" is essentially
selfadjoint in H on . Now

s AN2n ngA2\n _ n_P 0 "_Pn 0
(A" = (=)"(A)" = (-1) (0 _P) —(0 Pn)-

Therefore P" is essentially selfadjoint in L%*(N,E) on CZ(N,E). m|

3.9 Exercises

3.9.1. Consider the “timelike strip” M = {(t,x) € R*> | =1 < x < 1} in the 2-dimensional
Minkowski space, equipped with the Minkowski metric g = —d? + dx?.

a) Show that M is a causally compatible subset of the Minkowski plane.

b) Is (M, g) globally hyperbolic?

¢) Show that advanced and retarted fundamental solutions for the d’Alembert operator on M

exist but are not unique.

3.9.2. Consider the “spacelike strip” M = {(t,x) € R?> | =1 < t < 1} in the 2-dimensional
Minkowski space, equipped with the Minkowski metric g = —dt? + dx?.

a) Show that M is a causally compatible subset of the Minkowski plane.

b) Is (M, g) globally hyperbolic?

¢) Show that advanced and retarted fundamental solutions for the d’Alembert operator on M

exist and are unique.

3.9.3. Forany spatially compactly supported smooth function u on the n-dimensional Minkowski
space consider the spatial Fourier transform

0t &y, ..., 6,) = f e E X 2 XY dx e dx
Rn—l
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3.9 Exercises

Now let ug, u; € C° (R™ 1) and f € C2(R™). Translate the Cauchy problem for u

P
ou=f, u(0,x)=up(x), a—bt‘(o,x) = 1 (%),

into a problem for # and conlude that the Cauchy problem has a solution.

394. LetM ={(t,x) e R* | -1 < x < 1} equipped with the Minkowski metric g = —dt* +dx>.
Let S = {0} x (=1, 1).

Show that uniqueness fails in the Cauchy problem for the d’Alembert operator with initial values
along S.

3.9.5. Let (N.h) be a complete Riemannian manifold and let M = R X N equipped with the
metric g = —dt*> + h. Let Q be a Laplace-type operator on N and P = 66—;2 + Q the corresponding
normally hyperbolic operator on M. Let S = {0} X N = N and assume that ug and u; are
eigensections of Q for the eigenvalues A and A, respectively. Note that the eigenvalues are real
but not necessarily non-negative.

Determine the solution u of the Cauchy problem Pu = 0, u(0, x) = up(x), and ‘?9—';(0, x) = ui(x).

3.9.6. (Inhomogeneous equation with distributional right-hand side)

Let M be globally hyperbolic and let F, (x) be the advanced fundamental solutions of the normally
hyperbolic operator P acting on sections of £ — M. Letv € D" (M, E) a distributional section
of order 0 and with past-compact support. We define u by

ule] := v[x = Fu(0)[e]]
for any ¢ € D’'(M, E*).

a) Show that u is a well-defined distributional section of E and give an upper bound for the order
of u.

b) Show Pu = v.
¢) Show supp(u) C J;(supp(v)).
Hint: You may use that for each compact subset K C M there exists a constant C > 0 such that

|[Fy(x)[@]l < C-|lgllcnn forall x € K and ¢ € D’(M, E*) with supp(¢) C K.

3.9.7. (Radiation of a charged particle)

Let M be globally hyperbolic and let E — M be a Hermitian vector bundle. Let ¢ : [0, 0) —» M
be a smooth future-directed timelike curve (the world line of the particle), parametrized by proper
time. Let ¢ be a locally integrable section of E along ¢, i.e., ¢ € L! ([0, o), ¢*E) (the charge of

loc

the particle, possibly changing with time). We put for each ¢ € D’(M, E*):

vlg] = fo p(c(r)) - q(r)dr.
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3 Linear wave equations - global theory

a) Show that for any compact subset K ¢ M there is a T > 0 such that ¢(7) € M \ K for all
T2>T.

b) Show that v is a distributional section of order O.
c) Show that supp(v) is contained in the closure of the trace of ¢ and is past compact.

Hence the results of the Exercise 3.9.6 can be applied to this v. The solution u then describes the
radiation emitted by the charged particle.

3.9.8. We consider the following example for the setup in Exercise 3.9.7: let M be the 1 + 1-
dimensional Minkowski space and let P = 0O be the d’Alembert operator. Determine the solution
u of Ou = v with past-compact support where ¢ = 1 and

a) c¢(1) = (1,0) (source at rest);
b) c(1) = (7 cosh(fy), T sinh(fy)) (source at constant speed) where 6y € R is fixed;

¢) c¢(t) = (sinh(7), cosh(7) — 1) (accelerated source).

3.9.9. Let M = S' x R with the metric g = -85l + dx* where gs! is the standard metric of S !
and x is the standard coordinate on R. Let § € S! be fixed and put § = {6} x R.

Show that the Cauchy problem for the d’Alembert operator on M with initial values along S does
not always have solutions.

3.9.10. (Cauchy data with noncompact support)
For a normally hyperbolic operator P on a globally hyperbolic manifold M with smooth spacelike
Cauchy hypersurface S we have seen that there is a unique solution to the Cauchy problem

Pu=f on M,
U = U on S,

Vou=u; onlsS,

where ug, u;, and f are smooth and have compact support.

Show that there is still a unique solution if we drop the compactness assumption on the supports
of up and u;.

Hint: Use a partition of unity on S with the property that for every x € M the set J*(x) N S
meets the supports of only finitely many of the cut-off functions.

3.9.11. (Cauchy problem for Dirac-type operators)
Let M be a globally hyperbolic manifold and E — M a Hermitian vector bundle. Let D €
7 (E, E) be of Dirac type.

a) Show that the principal symbol o1 (D, £) is invertible unless ¢ is causal.

168



3.9 Exercises

b) Let f € CZ(M,E) and ug € C°(S, E) where S C M is a smooth spacelike Cauchy hypersur-
face. Show that there is a unique solution u € C*(M, E) of the Cauchy problem

{Du =f onM,

U = Uy on S.

Hint: Show uniqueness first.

3.9.12. LetM = {(t,x) € RxR" | ¢ < 0} with Minkowski metric g = —d*>+(dx")?>+- - -+(dx™)?
and standard time orientation. Is the support system pc in M essentially countable?

3.9.13. Let G, be the advanced Green’s operator for the d’Alembert operator Don M = R X N
with the metric —d¢> + gn. Here (N, gn) is any complete Riemannian manifold. Show that for
any u € Cp,.(M) which depends only on 7 we have

(G (1, y) = — f f " () drds.

3.9.14. Show that the advanced Green’s operator for the d’Alembert operator O on 1 + 1-
dimensional Minkowski space is given by

(Giu)(t,x) = —%f (f“ - u(t, &) df) drt.
—00 xX+T—t

3.9.15. Let M be globally hyperbolic and let E — M be a vector bundle. Let P € @%E, E)
be Green hyperbolic with advanced and retarded Green’s operators G.. Let Q € @%E, E) be
another differential operator. Show that if O commutes with P then Q also commutes with G
and G_.

Hint: Consider G, = G + [G., Q).

3.9.16. (Electrodynamics I)

Let M be globally hyperbolic and let G, be the advanced Green’s operator for P = d6 + dd
acting on 1-forms. Let J be a 1-form on M (the 4-current density) with past-compact support.
We assume it satisfies 6J = O (the continuity equation).

a) Show that A := G, J satisfies the Lorentz gauge condition §A = 0.
b) Show that F' := dA (the electromagnetic field) satisfies the Maxwell equations dF = 0 and
oF = J.

3.9.17. (Electrodynamics II)

On 4-dimensional Minkowski space with the metric g = —df> + 22: l(dxk)2 write J = pdt +
Zzzl jx dx* and F = Zzzl Epdx* Adt+3, By dx” @ A dx® where the last sum is taken
over all even permutations o of {1, 2, 3}.
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3 Linear wave equations - global theory

Express the continuity equation and the Maxwell equations in terms of the function p (the charge
density) and the vector fields J = Zi:l jk% (the current density), E = Zi:l Ek% (the

electric field), and B = Zi:l Bk% (the magnetic field).

3.9.18. Show that the Green’s operator of O o 0 on 1 + 1-dimensional Minkowski space has a
continuous integral kernel, compare Exercise 3 on Sheet 12.

3.9.19. LetP € @%E 1, E2) be a Green-hyperbolic operator on a globally hyperbolic manifold
M. Show that the following sequence is exact:

0— CUME)) 5 CUME) S CO(MEp) 5 C(M3 Ey) — 0.

3.9.20. (Maxwell equations)
Let N be a 3-dimensional Riemannian manifold, let J, E and B be smooth time-dependent vector
fields on N and o a smooth function on M = R X N. We assume that the Maxwell equations

OE rotB=J aB+rotE—0
ot Y -

are satisfied as well as the continuity equation

do
divJ— —= =0.
v f)t

a) Show that if the other two Maxwell equations
divE =0, divB=0,

hold for some ¢ = ¢y then they hold for all .

J
2 —rot
b) Let P = (att ,’;0 ) be the corresponding symmetric hyperbolic system. Show that there is
ar

no differential operator D acting on sections of 7*(TN @ TN) — M such that Po D or Do P
is normally hyperbolic. Here, of course, 7 : M — N is the projection onto the N-factor.

3.9.21. Let X be a smooth vector field on a time-oriented Lorentzian manifold M.
a) Whatis the condition on X for the operator dx acting on functions to be symmetric hyperbolic?

b) Give a direct proof of finite propagation speed in this example.

3.9.22. (Euler momentum equation)
Let N be a Riemannian manifold and let uy be a smooth time-dependent vector field on N. The
Euler momentum equation for an imcompressible fluid linearized at ug is given by

0
a—: + Vv +Vyug =0

where v is the time-dependent vector field on N to be found.

170



3.9 Exercises

a) Show that there are Lorentzian metrics on M = R x N with respect to which this equation is
symmetric hyperbolic.

b) Show that these Lorentzian metrics can be chosen to be globally hyperbolic if N is compact.
3.9.23. (Dust)
Let (M, g) be a 4-dimensional time-oriented Lorentzian manifold, let # be a smooth future-

directed timelike vector field with g(u, u) = —1 (the 4-velocity of the dust) and let o be a positive
smooth function on M (the mass density). The linearization of the dust equations are given by

Vou+V,v=0, 0,0+ 39,0+ odivv +6divu =0

where the unknowns are v, a vector field with g(u,v) = 0, and 6, a function. In this case, the
vector bundle for the system is E = u* @R where the fibers of u* are the orthogonal complements
of u and R is the trivial line bundle. The rank of E is 4 and E carries a natural positive definite
fiber metric.

a) Show that this system is not symmetric hyperbolic.

b) Show that it cannot even be made symmetric hyperbolic by changing the fiber metric of E to
any other Riemannian metric on E.

Hint: Consider the Jordan normal form of the principal symbol.
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