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Preface

These are the lecture notes of an introductory course on differential geometry that were given
various times at the University of Potsdam. It introduces the mathematical concepts necessary to
describe and analyze curved spaces of arbitrary dimension. Important concepts are manifolds,
vector fields, semi-Riemannian metrics, curvature, geodesics, Jacobi fields and much more. The
focus is on Riemannian geometry but, as we move along, we also treat more general semi-
Riemannian geometry such as Lorentzian geometry which is central for applications in General
Relativity. We also make a connection to classical geometry when we apply differential geome-
try to derive the laws of trigonometry on spaces of constant curvature. One fundamental result of
Riemannian geometry that we show towards the end of the course is the Bonnet-Myers theorem.
It roughly states that the larger the curvature of a space, the smaller the space itself must be.
The lecture course did not require prior attendance of a course on elementary differential ge-
ometry treating curves and surfaces but such a course would certainly help to develop the right
intuition.

It is my pleasure to thank all those who helped to improve the manuscript by suggestions,
corrections or by work on the IXTEX code. My particular thanks go to Andrea Réser who wrote
the first version in German language and created many pictures in wonderful quality, to Volker
Branding who translated the manuscript into English, to Ramona Ziese who improved the
layout and to Matthias Ludewig for pointing out various flaws.

Potsdam, July 2023

Christian Bir
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1 Manifolds

1.1 Topological manifolds

Reminder. Let M be a set. A system of sets & C (M) is called a topology on M, if
1. 0,M e 0.

2. fU;e 0,iel thenalso |JU; € 0.

iel
3. If U1, Uy, € O, thenalso Uy NU, € 0.

The pair (M, 0) is called a topological space. By abuse of language, one often speaks about the
topological space M rather than (M, 0).

A subset U C M is called open in M if U € . A subset A C M is called closed if M\ A € 0.

If both (M, O)) and (N, Oy) are topological spaces, a map f : M — N is called continuous, if
flv)yeoy forallV e oy.

In other words, preimages of open sets have to be open. A bijective continuous map f: M — N,
whose inverse f~! is also continuous, is called a homeomorphism. Two topological spaces M
and N are called homeomorphic, if there exists a homeomorphism between them.

Definition 1.1.2. Let M be a topological space with topology ¢. Then M is called an
n-dimensional topological manifold, if the following holds:

1. M is Hausdorff, that is, for all p,qg € M with p # g there exist open sets U,V C M with
peU,geVandUNV =0.

2. The topology of M has a countable basis, that is, there exists a countable subset % C 0,
such that for every U € O there are B; € %, i € I with

U=|JB.

sl




CHAPTER 1. MANIFOLDS

3. M is locally homeomorphic to R”, that is, for all p € M exists an open subset U C M
with p € U, an open subset V C R" and a homeomorphism x: U — V.

Remark 1.1.3. The first two conditions in the definition are more of a technical nature and are
sometimes neglected. The important fact is that a topological manifold is locally homeomorphic
to R". Loosely speaking manifolds look locally like Euclidean space. If the topology on M is
induced by a metric, then the first condition is satisfied automatically. If M is given as a subset
of R with the subset topology, then both conditions 1 and 2 are satisfied automatically.

Examples 1.1.4. (1) Euclidean space M = R" itself is an n-dimensional topological manifold:

(i), (i1) Obvious.

(iii)) Holds true with U =M,V =R" and x = id.

(2) Let M C R" be an open subset. Then M is an n-dimensional topological manifold.

(i), (ii) Obvious.

(iii)) Holds true withU =M,V =M and x = id.

(3) The standard sphere M = §" = {y € R"*! : ||y|| = 1} is an n-dimensional topological mani-
fold.

(i), (ii) Obvious, since S” is a subset of R



1.1. TOPOLOGICAL MANIFOLDS

(iii)) We construct two homeomorphisms with the help of the stereographic projection.
We define U; := §" \ {SP} with
SP:=(—1,0,...,0) eR*!  and  set
V1 := R”". Furthermore, we define

x:Uy — Vl,
2
1450

y=0"%" ") — x(y) = 9.
——

=y

The map x is continuous and bijective. The inverse map y is given by

y:Vi — Uy,
1

= W@_ ]2, 4x),

x — y(x)
and is also continuous. Hence, x is an homeomorphism.

Analogously, we define the homeomorphism, which omits the north pole: Let now
U, := S"\ {NP} with NP := (1,0,...,0) € R*"! and V, := R". Then

XU, — Vz,
. - 2
y — ) =%0"y,... ) =—"5"3
———" 1=y

=y
We have seen that the sphere S” is an n-dimensional topological manifold.

(4) All n-dimensional submanifolds of RY in the sense of Analysis 3 are n-dimensional topo-
logical manifolds.

(5) Non-Example. We consider M := {(y',y?,y*) € R}|(»")? = (*)? + (»*)?}, the double
cone.

Since M C R3, both (i) and (ii) are satisfied. -
| R )
But M is not a 2-dimensional manifold. If it @

were, then there would exist an open subset 0 ~
U C M with 0 € U, an open subset V C R? and ﬁ X

a homeomorphism x: U — V with x(0) = 0. x(q2)
6 Vv
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W.1. o. g. assume V = B,(x(0)) with r > 0. Choose q,g2 € U with g} >0 and ¢} < 0.
Furthermore, choose a continuous path ¢ : [0, 1] — V with

c(0) =x(q1),c(1) =x(q2) and ¢(r) # x(0) for all 7 € [0,1].
Define the continuous path ¢ := x ' oc: [0,1] — U. Then
&0) =q1, (1) = g2,

that is, we have é!'(0) > 0 while ¢'(1) < 0. Applying the mean value theorem we
find, that there exists a ¢ € (0,1) with &!(¢#) = 0. Then &) = (0,0,0) and consequently
c(t) = x(é(t)) = x(0), which contradicts the choice of ¢. Hence, M is not a 2-dimensional
topological manifold.

Definition 1.1.5. If M is an n-dimensional topological manifold, the homeomorphisms x :
U — V are called charts (or local coordinate systems) of M.

=V CR”

UL

After choosing a local coordinate system x : U — V every point p € U is uniquely characterized
by its coordinates (x!(p), ... ,x*(p)).

In a O-dimensional manifold M every point p € M has an open neighborhood U, which is
homeomorphic to R® = {0}. Consequently {p} = U is an open subset of M for all p € M, that
is, M carries the discrete topology. Since there exists a countable basis for the topology on M
and the topology is discrete in addition, M has to be countable itself.

Thus we get:

Proposition 1.1.6. A topological space M is a 0-dimensional topological manifold, if and
only if M is countable and carries the discrete topology.

Definition 1.1.7. We call a topological manifold M connected, if for every two points p,q €
M there exists a continuous map c : [0, 1] — M with ¢(0) = p and ¢(1) = g.




1.1. TOPOLOGICAL MANIFOLDS

Given two points, there has to be a continuous curve in M which connects both. Usually, in
Topology one calls this path-connected, which is in the case of manifolds equivalent to being
connected. We do not want to go deeper into this subject at this point.

Remark 1.1.8. Following Proposition 1.1.6 every connected 0-dimensional manifold M is given
by a single point: M = {point}.

In dimension 1 there are only a few connected manifolds:

Proposition 1.1.9. Every connected 1-dimensional topological manifold is homeomorphic to
RortoS'.

A proof of this fact can be found in the appendix of [M65]. Thus, the only compact, connected
topological manifold of dimension 1 is S'.

Theorem 1.1.10. Let M and A be sets. For all & € A assume that Uy, C M and V, C R" are
subsets and that xq, : Uy — Vy are bijective maps. Suppose the following holds:

(i) JUu=M,

acA
(ii) xo(UgNUg) C R" is open for all a, B € A and
(iii) xp oxg ! xg(Ug NUg) — xg(Uq NUp) is continuous for all o, B € A.

Then M carries a unique topology for which all Uy are open sets and all x, are homeomor-
phisms.

Proof. We first show uniqueness:
Let & be a topology on M containing the U, and such that the x, are homeomorphisms. If
W € O, then also WNUy € € and x4 (W NUy) is open for all a € A.
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Conversely, if W C M is a subset such that x, (W NUy) C R" is open for all o € A, then W NUg
is also open in Uy for all . Since Uy is open in M, the set W N U, is open in M. By (i),
W =Ugea(WNUy) is also open in M. We have shown that W € & if and only if xo (W NUy) is
open in R” for all «,

O={W CM|xq(WNUg) CR" open forall o € A}.

Now we show existence:
We use the criterion for openness derived in the uniqueness part of the proof to define the to-
pogoly. We set:

O:={W CM|xq(WNUg) CR" open for all o € A}.
Now we have to check that this & is a topology and that it has the desired properties:

(a) O'is atopology because

(i) The empty set @ is open in M because xq(0NUy) = x¢(0) = 0 is open in R” for all a.
Observe that the case & = f in (ii) shows that Vj, = x(Uy) is open in R”. Now we
see that M € & because xo(MNUy) = xq(Uqy) = Vg is open in R” for all a.

(ii) Assume W; € O for i € I. Then |J;; W; € O because

N <<UW,-> mUa> . (U(WmUa)> ~UsalWinte)

iel iel iel open in R

is open in R" for all @ € A.
(iii) The conclusion Wy, W, € & = W NW, € & follows similarly.
(b) We have to show Up € & for all B € A. This is obvious because x4 (Ug NUq) C R" is open
for all o € A by assumption.
(c) The map xg is continuous for all B € A because:

LetY C Vg be open. Then we have for all o € A:

xa(xﬁ_l(Y)ﬂUa) = xa(xﬁ_l(Yﬂxﬁ(UaﬂUﬁ)))
= (xaox[fl) (Y Nxg(UgNUg)) is open in R".
—_———— [ ———

=(xp oxg 17! open

continuous el
open

Thus xg ' (Y) € 0.

1

(d) The map xg~ " is continuous because:

Let W C Ug be open. Then W € & For all a € A the set xo(W NUy) is open, in particular
foroa =

(xg~ 1)1 (W) =xg(W) =xg(WNUpg) is an open set. O
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Example 1.1.11 (Real-projective space). We define the real-projective space by
M =RP":=P(R""!) := {L c R""!| L is one-dimensional vector-subspace }.

We will use Theorem 1.1.10 to equip RP" with the structure of an n-dimensional topological
manifold. We set

A := {affine-linear embeddings o : R" — R"™! with 0 ¢ at(R")}.
Since « is affine-linear there exist a B € Mat(n x (n+1),R) and a ¢ € R**! such that
o(x) =Bx+c

for all x € R”. Since « is an embedding, B has maximal rank, rank(B) = n.

Consequently, a(R") is an affine-linear hyperplane. Set
Ug :={L € RP"|LN a(R") # 0}.

For L € Uy, the space LN a(R") consists of exactly one point, because otherwise we would have
L C a(R") and hence 0 € a(R"), a contradiction. Moreover, we have

RP"\ Uy, = {L|L C B(R") one-dimensional subspace } (1.1)
where a(x) = Bx+c. For @ € A set V, :=R" and
Xo :Ug = Vi,  xg(L) := o (LN a(RY)).
Then x,, is a bijective map and we have
xe '(V) =R-a(v).
In the following we check the assumptions of Theorem 1.1.10:

(i) We show: |J Uy =M.
acA

To this end, let e, . .., e, € R""! be the standard basis. For j = 1,...,n we define:

1 j j+1
a;j(v):i=vieg+...+vVej1+ej+v e +...+V e,
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(i)

(iii)

Assume there existed an

n

n
LeRP'\|JUy, = [RP"\Uy,).
j=0 j=0

-

)

/
Lcﬁoeﬁ:{O}. ej/ /

n
This is a contradiction, consequently |J Ug; = RP" and hence |J Uy = RP".

Then

j=0 acA
We observe that xq(Uy NUp) is the a(R")
complement of an affine-linear sub- B(R") ===
space in R". More precisely, by (1.1), ) //
xa(Ua NUp) = o~ (a(R") \ BR")) =

where we have written f3(x) = Bx+ V

c. Since affine-linear subspaces are
closed, xo (Uq NUp) is open.

We show that xg oxq ' :vi— B~ (R-at(v) N B(R")) is continuous for all &, B € A.

Write a(v) = Bv+c and (w) = Dw+ f. Now w =xg oxg ' (v) is equivalent to xEl (w) =
x5 ' (v), hence to R - B(w) =R-a(v). Therefore w = xgoxq'(v) is equivalent to the
existence of 1 € R such that Dw+ f =1 (Bv+c). For the left-hand-side we write Dw+ f =

(D, f) <v1v> Note that (D, f) is an invertible (n+ 1) x (n+ 1)-matrix because otherwise

we could write f as a linear combination of the columns of D and hence 0 would lie in the
image of . Thus we get

(T) =t-(D,f)"" (Bv+o). (1.2)

Taking the scalar product with e, 1 = (0,---,0,1)" yields

= <en+1’ <vlv> > =t (ens1,(D, f) " (Bvtc)). (1.3)
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Inserting (1.3) into (1.2) gives us

@ = (erer (D) Bv 40 (D) (Brte). (1.4

This shows that the components of w are rational functions of the components of v. In
particular, they are continuous.

By Theorem 1.1.10, RP" has exactly one topology for which the U, are open and the x4 are
homeomorphisms. We still need criteria ensuring that this topology is Hausdorff and has a
countable basis. Once we know this, we have turned RP" into an n-dimensional topological
manifold.

Proposition 1.1.12 (First Addition to Theorem 1.1.10). If in Theorem 1.1.10 there exists a
countable subset A1 C A with

U Ua=M

aEA]

then the resulting topology has a countable basis.

Example 1.1.11 continued. For RP" the finite set A| := {¢,...,,} does the job. Conse-
quently, the topology of RP" has a countable basis.

Proof of Proposition 1.1.12. The topology resulting from A has all the properties of the topology
resulting from A;. Since the topology is unique, A and A; give the same topology on M.

Without loss of generality we may therefore assume that A; = A is countable. Now the topology
of each V,, C R" has a countable basis %,. Then x, (%) is a countable basis of the topogoly
of Uy. Finally, Ugea Xo ' (%) is a countable basis of M. m]

Proposition 1.1.13 (Second Addition to Theorem 1.1.10). Ifin Theorem 1.1.10 for any two
points p,q € M there is an . € A such that p,q € Uy, then the topology of M is Hausdorff.

Example 1.1.11 continued. For L;,L, € RP" there exists an affine-linear hypersurface

_ Ly /L
EwithLiNE#0and L,NE # 0. By 7
Proposition 1.1.13, RP" is Hausdorff. . E
Summarizing, we see that RP" is a n- > L E
dimensional topological manifold. %

Proof of Proposition 1.1.13. Let p,q € M with p # g. Choose an & € A with p,q € U,. Since
R” is Hausdorff, we can choose V;,V, C Vi, open with x4 (p) € Vi, x¢(q) € V2 and Vi NV, = 0.
Then xq ! (V}) and x ~!(V5) separate p and q.
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<Y,

(OO
R" D Vy

Xa

‘We summarize:

Corollary 1.1.14. Let M and A be sets and let A| C A be a countable subset. For all a € A
assume that Uy, C M and Vi C R" are subsets and that xq : Uy — Vi, are bijective maps.
Suppose the following holds:

(i) |J Ua=M;

oeA;
(ii) xo(UgNUg) C R" is open for all a,B € A;
(iii) xp oxg ! ixg(UgN Ug) — xg(Uq NUp) is continuous for all o, € A;
(iv) for any two points p,q € M there is an o € A such that p,q € U,.

Then M carries a unique topology which turns M into an n-dimensional topological manifold
such that the xo, - Uy — V¢ are charts.

Example 1.1.15 (Complex-projective space). In complete analogy to the real-projective space
we define complex-projective space by

CP":= P(C"™") := {L € C""'| L is one-dimensional complex subspace }.

Like in the real case we obtain charts x4 : Uy — C" = R?". This turns CP” into a 2n-dimensional
topological manifold.

1.2 Differentiable manifolds

For a topological manifold M, like for any topological space, it makes sense to speak about
continuous functions f : M — R. In a course on differential geometry we will certainly need to
differentiate functions. But what does differentiability of f mean?

Attempt of a definition. The function f is called differentiable at p € M if for some chart
x:U — V with p € U the function fox~!:V — R is differentiable in x(p).

10
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=7

M
K_R/foxl

This is, in principle, a very reasonable definition. It means that f is differentiable on M if it is
differentiable on R” when expressed in coordinates. But there is a problem with this definition.
If y: U — V is another chart with p € U, then near y(p) we have

foyt=(foxNolxoy™).
N

diff’able only
at x(p) continuous

This concept of differentiability depends on the choice of chart x and this is really bad because
on a general topological manifold there are no preferred coordinate systems. The sad truth is
that there is no reasonable concept of differentiable functions on a topological manifold.

But there is one thing we can do, we can refine the notion of a manifold. If xoy~! were a
diffeomorphism and not only a homeomorphism, then the differentiability of fox~! would

imply the differentiability of foy~!. We enforce this by making the following definition.

Definition 1.2.1. Let M be an n-dimensional topological manifold. Two charts x : U — V and
y:U — V of M are called C*-compatible if

yox ! x(UNU) = y(UND)

is a C*-diffeomorphism.

Definition 1.2.2. A set of charts xo, : Uy — Vo of M, &x € A, is called atlas of M, if

U Ua=M.

acA

An atlas .7 is called a C*-atlas if any two charts in ./ are C*-compatible.

11
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Example 1.2.3. (1) Let M =U C R" be open. Then .7 := {id : U — U} is a C*-atlas.

(2) LetM=S"and o :={(x:U; = V}),(X: Uy — V»)}, where U; := §"\ {SP}, U, := S"\ {NP}
and V| :=V, :=R", compare Example 1.1.4.3. Furthermore, let

2
xy) = 5 50 9, wherey=(y°,9) e R"!,
1 2
y(x) = ————(4—|x]|°,4x) and
e )
- 2,

Then we have for v € x(U; NU,) = x(8" \ {SP,NP}) =R"\ {0}:

Fox'(v) = )Z<4_HVH2 a >

4+ vl* 4+ v
2 4y
“a— M A IMP
4+ |v[?
8v
4+ [vlI> =4+ vl?
4y
IvII**

Hence £ox~! is C* on R"\ {0} = x(S" \ {SP,NP}) = x(U; NU,). Similarly one sees that
xo%~! is smooth. This shows that x and & are C-compatible. Hence .27 is a C*-atlas.

(3) LetM =RP", o := {x4 : Uy — R" | x4 is an affine-linear embedding R” — R"*! of maximal
rank and 0 ¢ a:(R")}, compare Example 1.1.11. All changes of charts xg ox, ' are rational
functions and hence C*. Therefore <7 is a C*-atlas.

(4) Analogously, for M = CP" as in Example 1.1.15, the resulting atlas is also a C*-atlas.

Remark 1.2.4. If &/ is a C”-atlas of M then
max := {charts x of M |x is C”-compatible with all charts in <7}

also is a C™-atlas of M. The reason is this:
If x and X are two charts of M, which are C*-compatible with all charts in <7, then also x and X
are C*-compatible with each other. o ~
Namely, for any p € x(U NU) there exists a chart y : U — V in &/ with x~!(p) € U. Near p we
then have:
fox 1= (foy Mo (yox ).
c c>

Hence #ox~! is C* and similarly for xo %!

12
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Definition 1.2.5. An C™-atlas .27, is called maximal (or also differentiable structure), if
every chart that is C*-compatible with all charts in .@7,y, is already contained in 27,x.

According to Remark 1.2.4, every C*-atlas </ is contained in exactly one maximal C*-atlas
dmax-

Definition 1.2.6. A pair (M, %, ), where M is an n-dimensional topological manifold and
ax a differentiable structure on M, is called an n-dimensional differentiable manifold.

Definition 1.2.7. Let M and N be differentiable manifolds, let p € M and let k € NU {eo}.
A continuous map f : M — N is called k-times continuously differentiable (or C) near p,
if for one (and therefore for every other) chart

(x:U —=V)E Dmax(M) withpeU
and for one (and therefore for every other) chart
(v:U—=V) € Gnax(N) with f(p) €U
there exists a neighborhood W C x(f~!'(T) NU) of x(p), such that
yofox Lix(fH(O)nU) -V

isCkonW.

Example 1.2.8. (1) Let M = S" with the differentiable structure given by

JZ%Z{(XZU] —)Vl),(fZU2—>V2)}

13
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as in Example 1.2.3.2. We show that

f:8"=58" fly)=-y

is C” near NP. In fact, f is C™ on all of $”. We compute

L (AP
R'sv = xl(v)= ( ,
A [v)>" 4+ v

, < 4—|y|>  —4v >
44|12 4+ v?

% 2 4y 8v
—_ . = —— = —V
A AR TS
4+ vl[
Consequently, ¥o fox~!(v) = —v and in particular ¥o fox~! is C* on R". Thus, we may

consider W = R".

This argument shows that f is smooth near all points except SP because SP is the only point
not contained in the chart U;. Interchanging the two charts one sees similarly that f is also
smooth near SP. Hence f is smooth on all of S”.

(2) We consider the atlases <] := {x =id : R — R} on M = R with differentiable structure
o max and a5 = {x¥ : R — R} with %(¢) = 13 and differentiable structure 2P max-
Now fox~!(t) =13 is C*, but xo £~ (¢) = /1 is not.
Consequently, x and X are not C*-compatible and therefore the differentiable structures are
different:

s max # 42727max .

e Isid : (R, %) max) = (R, %% max) @ C*-map?
lx = Foidox~!is C* and therefore also id.
R

id
x:idJ
=t

R——R

e Isid: (R, % max) = (R, max) a C*-map?

id
R——R

xJ lx:id = xoidox !is not C* and the same holds true for id.
t— T

R——R

Summarizing we see that id is a homeomorphism from (R, % max) t0 (R, %% max) Which is
smooth but its inverse is not.

14
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Definition 1.2.9. Let M and N be differentiable manifolds. A homeomorphism f: M — N
is called a C*-diffeomorphism, if f and f~' are both C. Instead of C*-diffeomorphism we
simply say diffeomorphism. If there exists a diffeomorphism f : M — N, we say that M and
N are diffeomorphic.

Example 1.2.8.2 continued. Let M = (R, % max) With & max = {x =id : R — R} and
N = (R, %5 max) With @ max = {F: R = R, %(t) = t3}. We have seen that id : M — N is not
a diffeomorphism. But f: M — N, f(t) = v/t is a diffeomorphism because

f
M—N

R—R
Thus M and N are diffeomorphic.

Question. Is every differentiable structure on R” diffeomorphic to the standard structure 7p,x,
the one induced by & = {x =id : R" — R"}?

The answer is quite surprising. For n = 0,1,2,3 and also for n > 5 it is YES. But for n =4
it turns out to be NO. There exist uncountably many differentiable structures on R* which are
pairwise not diffeomorphic (so-called exotic structures). The proof of these facts is far beyond
the scope of our lecture course.

Remark 1.2.10. In 1956 John Milnor showed that there exist exotic n-dimensional spheres for
n > 7. These are differentiable manifolds which are homeomorphic to S” but not diffeomorphic.
But in every dimension there are only finitely many.

1.3 Tangent vectors

Question. What is the derivative at a point of a differentiable map between differentiable mani-
folds?

The vague answer is: It is the linear approximation of the map at that point. But what do we
mean by the linear approximation in a point of a differentiable manifold? For this to make sense
we first need a concept of “linear approximation” of a manifold at a given point.

Definition 1.3.1. Let M be a differentiable manifold and p € M.

A tangent vector on M at the point p is an equivalence class of differentiable curves c :
(—€,€) = M with € > 0 and ¢(0) = p, where two such curves c; : (—€1,&) — M and ¢; :
(—&,&) — M are called equivalent, if for a chart x : U — V with p € U we have:

d d
E(xocl)h:o = E(xoc2)|,:0.

15
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Remark 1.3.2. This definition does not depend on the choice of the chart x : U — V. Namely,
if y: U — V is another chart with p € U then we get by the chain rule

d d d
E(yoc)],:() = E((yox—l) o(xoc)) li=0 :D(yox—l)’x(p) <E(xoc)],_0> . (1.5)

Therefore the condition

d

d
%(xocl)h:o = %(xocz)h:o

is equivalent to the condition

d d
E()’ ocy)|=0 = o (yoc2)|i=o-

Notation 1.3.3. We denote the equivalence class of ¢ by ¢(0).

Definition 1.3.4. The set
T,M :={¢(0) |c : (—e,€) — M differentiable with ¢(0) = p}

is called tangent space of M at the point p.

Lemma 1.3.5. Let M be an n-dimensional differentiable manifold, let p € M and letx:U —V
be a chart of M with p € U. Then the map

d
dx|, : T,M —-R", ¢(0)— E(xoc)|,:0,

is well defined and bijective.

Proof. Well-definedness and injectivity are clear from to the definition of the equivalence rela-
tion that defines ¢(0). To show surjectivity let v € R” and set c(¢) := x~'(x(p) +tv). Choose
€ > 0 so small that x(p) +tv € V whenever [t| < €. Then we have

dx|,(¢(0)) = %(xox_l (X(P) +IV)) li=0 = %(X(P) +tv) li=0 = V.

16



1.3. TANGENT VECTORS

This shows surjectivity and concludes the proof. |

Definition 1.3.6. We equip 7,M with the unique vector space structure for which dx],
becomes a linear isomorphism. In other words, for a,b € R and c;:(—€1,&) — M,
¢y (—&,8) — M we set:

a-¢1(0) +b-&>(0) i= (dxl,) ™" (- dal, (¢1(0)) + b+ dxlp (¢2(0)) ).

Lemma 1.3.7. The vector space structure on T,M does not depend on the choice of chart
x:U—=V.

Proof. Let y : U — V be another chart with p € U. We have to show that the map
dy|, : T,M — R" is also linear with respect to the vector space structure induced by x. This

holds true since by (1.5)
dy|p :D(yox_l)|x(p)odx|17
SN—— S~~~

linear linear

is the composition of two linear maps. O

We may think of the tangent space T,M as the linear approximation to M at p. Now we can
define the differential of a differentiable map between manifolds.

Lemma 1.3.8. Let M and N be differentiable manifolds, let p € M, and let f : M — N be
differentiable near p. Then the map

dflp: T,M = Tr,)N, ¢(0) = (fo c)(0),

is well defined and linear.

Proof. We choose a chart x : U — V of M with p € U and acharty: U — V of N with f(p) € U.

17



CHAPTER 1. MANIFOLDS

We compute, using the chain rule,

dy| () ((f0€)(0)) = (yo foc) (0) 4
= ((yofox’l) o (xoc)) (0)
:D(yofox71)|x(p) ’ ((xoc)i(O))
D

Consequently, we have

—1 _
dflp = (dy|sp)  oD(yofox )|y odxl,.

In particular, df|, is well defined (independently of the choice of ¢) and linear. |

Definition 1.3.9. The map df|, is called the differential of f at the point p.

Remark 1.3.10. If U C M is an open subset, then the differential of the inclusion map1:U — M
is the canonical isomorphism di : T,U — T,M, given by

¢(0) > (1oc) (0) = ¢(0).

We will identify tangent spaces via this isomorphism and simply write 7,U = T,M.

Remark 1.3.11. If M is an n-dimensional R-vector space,
then M and T,M are canonically isomorphic via

M — T,M,
v o= épy(0),

where ¢, , (1) :== p+1v.

Remark 1.3.12. For a chart x : U — V the differential dx|, has two meanings which are related
by this canonical isomorphism. The following diagram commutes:

¢(0) (xoc)(0)
& m
dx|, .
U Lip)V =T(pR
dx|p| = s
] l ca‘\o“\c«::sﬁ\
E (x O C) |l‘*0 € Rl’l \$0(00

18



1.3. TANGENT VECTORS

Theorem 1.3.13 (Chain Rule). Let M, N and P be differentiable manifolds and let p € M.
Assume f:M — N and g : N — P are differentiable near p and near f(p), respectively. Then
the following holds:

d(gof)lp =dglspyodflp-

Proof. For a curve ¢ : (—€,€) — M with ¢(0) = p we have:

(g0 )lp(e(0) = 4 ((8°)oc) =g
= & (go(Fo0))limy
=dgl () ((f2)(0)

= dgls(p) (df1,(¢(0)))- o

This proof of the chain rule was very simple. One may wonder why the proof of the chain rule
that one remembers from one’s course on calculus of several variables required a lot more work.
The reason for the simplicity here is that one has already built the chain rule into the definition
of the differential of a map.

Definition 1.3.14. Let M and N be differentiable manifolds. Let k € NU {e}. A surjective
Ck-map f: M — N is called a local C*-diffeomorphism, if for all p € M there exists an open
neighborhood U of p in M and an open neighborhood V of f(p) in N, such that

f|U2U—>V

is a C*-diffeomorphism.

Example 1.3.15. Let f:R —S!, f(t) =¢. Then f
is not injective (in particular, not a diffeomorphism),
but it is a local diffeomorphism:

For tg € R choose U := (ty — r,to+ ) and V := S'\
{—f(10)}.

Remark 1.3.16. If f: M — N is a local C¥-diffeomorphism, then
df’p : TpM — Tf(p)N

is an isomorphism. In particular, we have dim(7,M) = dim(7}(,)N) and therefore also dimM =
dimN.

19
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Proof. W.10.g. let f be a C*-diffeomorphism. For a curve ¢ : (—&,€) — M with ¢(0) = p we
have:

d(idy)] (¢(0)) = (idy 0 €)(0) = ¢(0)
and hence
d(idy), = id7,u-

Applying the chain rule we find:
idry =d(idy)l, =d(f "o f)lp=df ) odflp-

Analogously, we can derive df|,odf |5, = idz, , n. Therefore we get:

df s = df],) " =

The converse of the last statement is also true:

Theorem 1.3.17 (Inverse Function Theorem). Let M and N be differentiable manifolds and
let peM. Let f: M — N be a Cr-map, k> 1.

Ifdfl,: T,M — T¢(,)N is an isomorphism, then there exists an open neighborhood U of p in
M and an open neighborhood U of f(p) in N, such that

f’UZU—>U

is a C*-diffeomorphism.

Proof. Choose a chart x: Uy — V; of M with p € U and a chart y : U, — V; of N with f(p) € U,.

On x(U; N f~1(Uy)) the map yo fox~! is defined. Since df|, is invertible, we also have that
D(yo fox ')y, is invertible.

The “classical” inverse function theorem says that there exists an open neighborhood
V C x(UyN f~1(U,)) of x(p) and an open neighborhood V C V, of y(f(p)), such that

yofox l|y: V=V
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1.4. DIRECTIONAL DERIVATIVES AND DERIVATIONS

is a C*-diffeomorphism. With U := x~!(V) and U := y~ (V) it follows that f|y : U — U is a
Ck-diffeomorphism. O

1.4 Directional derivatives and derivations

Definition 1.4.1.

Let M be a differentiable manifold, let p € M and and let
¢(0) € T,M. For a function f : M — R, differentiable near
p, we call

d
o) f 1= df1p(¢(0) = - (foc)lizo €R i

the directional derivative of f in the direction ¢(0).

Notation 1.4.2. For U C M open and k € NU {eo}, we write
CKU) :={f:U—=R|fisC"}.

For o € R, f € CK(U) and g € C¥(U) we set

a feCU),  (a-f)@)=a f(q)
f+ge CUND), (f+g)(q):=r(q)+5(q)
f-ge i UNO), (f-8)(@):=f(a) 8q)

and

Definition 1.4.3. A map 0 : C, — R s called derivation at p if the following conditions are
satisfied:

(i) Locality: If U C U is open, p € U, f € C*(U), then
df =9(flg)-

(ii) Linearity: If o, € R, f,g € C3, then

dlaf+Pg)=adf+pdg.

21



CHAPTER 1. MANIFOLDS

(iii) Leibniz Rule: For f,g € CJ we have

d(f-g)=9f gp)+f(p) dg.

Example 1.4.4. (1) Let M =R" and p € M. Then d = %‘ is a derivation.
P

(2) Let M be an arbitrary differentiable manifold, let p € M and ¢(0) € T,M. Then d, () is a
derivation. We check (iii):

d)(f-8g) = d ((f-8)oc)l=o

dt
- %((fOC)-(gOC))It:o
= %(foc)\z:o-g(c(o)) + £(c(0)) - %(goc)‘t:()
= 9e0)S8(P) +f(P) - 90)8-

The other two conditions are even simpler to verify.

Remark 1.4.5. The set Der(C};) of all derivations at p forms an R-vector space via

(@01 + Bds)(f) = adi f+ Boaf.

Lemma 1.4.6. The map 0. : T,M — Der(Cy;), ¢(0) = 9o, is linear.

Proof. Letx:U — V be a chart of M with p € U. By the definition of the vector space structure
on T,M, we have to show that do (dx|,) " is linear. Assume v € R” and put ¢(f) :=x" ' (x(p) +
tv). We find:

(0.0 (ax,) ') = dflp((axl,) ™ (V)
= df‘p(é(o))

d
= S(foe)o

= %(fox_l (x(p) +1v)) =0
= (grad(fox )|y v)-

This expression is linear in v. |
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1.4. DIRECTIONAL DERIVATIVES AND DERIVATIONS

Remark 1.4.7. Let ey, ...,e, be the standard basis of R". Then (dx|,)~!(e1),...,(dx|,) " (ex)
form a basis of 7,M. We find

d(fox 1)

_ af
N 1(e) () = (grad(fox )y e)) = =5 5—| =

p) 0¥

p

T~V CR"
Vinn \
1Y
s EEhCamy
1T 550 (e1) \ 7
< ] [ A M X (p)\ /
|

For every chart x we have the derivations

9
ox!

d

7...7—}'1
» dx

p

Proposition 1.4.8. Let M be a differentiable manifold and let p € M. Then the map
d.: T,M — Der(C})), ¢(0) = (o),

is an isomorphism. In particular, every derivation is a directional derivative and for every
chart x : U — V with p e U

9 2
axt |, ox|,
is a basis of Der(Cy).
Proof. Tt suffices to show that the derivations
9 9
axt|,” " ox|,

form a basis of Der(C;). Namely, then we know that the linear map d. maps the basis
(dx|,)"(e1),...,(dx|,) " (en) of T,M onto the basis % J , of Der(C;) and is hence

p gy W
an isomorphism.

= 0. We have to show: a! = ... = a* = 0. Choose

.9
a) Linear Independence: Let Z o —
& ox »
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f =x/. Then
n
0= ZOC 8x’ =aolforj=1,...,n
i=1
=5

b) Generating Property: Let § € Der(Cyy). Set o/ := §(x/) for j=1...,n. We will show that
n
zzw_i.
J=1 o/ p

bl) We have

S =81-)® (1) 1+1-8(1)=25(1)

and hence §(1) = 0. Now let o € R. Then we find
§(a)=6(a-1)2a-8(1)=

Consequently, derivations vanish on all constant functions.

b2) Let f € C;;, more premsely f €C=(U) with p € U open. Choose a neighborhood U of
):7)-

pwithU c UNU and x(U) = B(x(p

x(UND)

Lemma 1.4.9 (see below) with 7 = fox~! says that there exist gi,...,g €
C*(B(x(p),r)) such that

(x —x( gi(x) and
1

(fox_l)(x):(fox —|—

ox_1
X (4(p) = 81 (x().

n

It follows that
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(ii)

oD ia«ﬂ—ﬂ@D@m@>
(i) i <5(xi —x(p))-&i(x(p)) + (¥ =x'(p)) |p3(g,-OX))
i=1 T
(i) n
®D ; 8(x')gi(x(p))
I SV
- ;(x o |, -

Lemma 1.4.9. Let h € C*(B(q,r)). Then there exist g1,...,8, € C(B(q,r)) with

(i) h(x) =h(q)+

n
=

1 (xi — qi)g,-(x) and

dh
(ii) ﬁ(fl) = gi(q).

Proof. Forx € B(q,r) set wy : [0,1] = R, wy(¢) := h(tx+ (1 —1)q). It follows that

h(x)_h(Q) = Wx(l)_wx(o)

1
= /Wx(t)dt

0

[ Ih

- [y (¢ —q)di

o i=1 X L (1-1)g

1

- Y[ i

i=1 0 X tx+(1-1)q

=: gi(x)

With this definition of the g;, (i) holds. Moreover, (ii) follows from (i) by differentiation at g. O
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At this point we have the following situation for a differentiable manifold:

0.
Der(Cy) > %

(dx\,,)’](ej) e T,M

>~

1R

ao(dx|p)_1

R”
~~
Sej

depend on
the choice of x

From now on we identify 7,M with Der(C}’;’) via the isomorphism d.. For example, we write for
Eel,M

n ia
é_lzzlg axip

instead of dg = é & % ) and & = ééi(dﬂp)_l(ei) where (§',...,E") T =dx|,(&).

Question. How do the coefficients &!,... E" of a tangent vector change, if we replace the chart
x by another chart y?

Let & € T,M, let x and y be charts, both containing p. We express & with respect to both charts

noo)
:ana—yj

r j=1

n ii
é_lzzlé axl’

p

Now we want to compute the coefficients &' in terms of the 17/ and vice versa. Using the Chain
Rule (Theorem 1.3.13) we compute

g! n' n'
| =dx|p(8) = (dxlp) | (dylp) | =D(xoy )|y
& n" n"

n' ¢!
Interchanging the roles of x and y, we also get ( : ) =D(yox )|y ( : ) . Thus
n)l

0o [
n}_; = € (1.6)

x(p)

In the physics literature this transformation rule is put at the heart of the definition of a tangent
vector, then usually called a contravariant vector. For a physicist, a contravariant vector is a vec-
tor (§1,...,E™) associated to a chart which transforms as in (1.6) when the chart is changed. We
have now understood that this vector is the coefficient vector of an (abstractly defined) tangent

0 a| of T,M induced by the chart x.
)4

vector with respect to the basis 57 A
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Let us look at the special case & = %‘ ,thatis, (§1,...,E")T = e;. By (1.6), we get
P

d . d
| = X5
dx P Jj=1 9yJ P
N T |
s s} Iy 9,
_ Z Ipox )| 9
= A
hence
d 2od(yox 1) d
o :Z P 8_yf (1.7)
p j=1 x(p) p

In the physics literature it is customary to use the Einstein summation convention meaning that
when an index appears twice in an expression, once as an upper index and once as a lower index,
then summation over this index is understood. So (1.7) would be written as

o) a2
dx! p dx! x(p) 9y/ p
or even shorter as
9 _9 9
oxt oxl dyl’

This makes formula (1.7) easy to memorize; we simply cancel dy/. In these lecture notes we
will not use the Einstein summation convention unless explicitly stated otherwise. But when
you do computations for yourself, the Einstein summation convention can be quite convenient
and is recommended as long as you are aware of it.
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1.5 Vector fields

Next we want to introduce vector fields. Vector fields are maps which
associate to each point of a manifold a tangent vector in the corre-
sponding tangent space. Hence the target space is varying and de-
pends on the point. For this reason we first need to introduce the
tangent bundle.

Definition 1.5.1. Let M be a differentiable manifold. Then we call

™ := | ) T,M
PEM

the tangent bundle of M.

We equip TM with the structure of a differentiable manifold. Denote the differentiable structure
of M by ymax. Let m: TM — M, n(§) = p for & € T,M be the “footpoint map”. For every
chart x : U — V in @ max We construct a chart X, : Uy — V, of TM as follows: We set

U,:=n '(U)cTM,
V,:=VxR*CR¥” and

X,(8) 1= (x(7(&)) x|z (€))-

Then we have X, ™' (v,w) = (dx|,-1(,)) ' (w).
Schematic picture:

™
Xy ‘ Vi
Vv
M X ‘
By construction we have:
U U=TMm.

(xU—V)
E“Z/M,max

ISource: http://www.weatheronline.co.uk
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Let x and y be charts on M. Then we have:

Xpoxfl(v,w) = X,(( dx\x ) w))

((
= (y(ﬂ" dx’x (v) (W)))7dy’7r((dx\x,](v))’](w))((dx‘x*](v))_l(w))>
= (v M) dler (@)~ )

((yox (yox )|v-w>.

S ;\,._/
(O Cc®

Hence X, oX,~! is a C*-diffeomorphism, in particular, it is a homeomorphism. By Theo-
rem 1.1.10, TM carries exactly one topology, for which the X, are homeomorphisms.

We show: The topology of TM has a countable basis. Since the topology of M has a countable
basis, M has a countable C*-atlas. Then the corresponding (countably many) charts of TM
suffice to cover TM. By Proposition 1.1.12 the topology of TM has a a countable basis.

We show: TM is Hausdorff. Let £, n € TM with £ # 7. We consider two cases.

Case 1: n(§)# m(n).

Since M is Hausdorff there exists an open neighborhood
U, of m(§) and an open neighborhood U, of m(n) such
that Uy NU, = 0. The sets 7~ (U;) and ©~!(U,) are open
neighborhoods of £ and 1 with

' (U)na ' (U) =0.
Case 2: (&) =n(n).
Let x : U — V be a chart of M with () =n(n) € U.
Then we have £, € 77! (U) = U,. The proof of Proposi-
tion 1.1.13 shows that we can separate & and 7.

We summarize: The tangent bundle 7M carries a unique topology turning it into a 2n-
dimensional topological manifold with atlas

WTM = {Xx . Ux — Vx| (x: U— V) S dM,max}-
Since the changes of charts X, oXy*1 are not only homeomorphisms but C*-diffeomorphisms,

we find that @71y is a C*-atlas. Hence (T'M, o771 max ) becomes a 2n-dimensional differentiable
manifold.

Remark 1.5.2. The footpoint map 7w : TM — M is expressed in the charts x : U — V of M and
X, : Uy — V,of TM by

xomoX, L iVXR" =V, (v,w)r .

In particular, 7 is a smooth map.
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Definition 1.5.3. A map £ : M — TM is called a vector field on M, if for every p € M we
have

m(&(p)) = p.

<

Remark 1.5.4. Let x : U — V be a chart of M. A vector field £ on U is characterized by
coefficient functions

ELE"V SR

for which

2 d

&(p) = Z‘Sl(x(l?)) o5l

i=1 Xp
Since a vector field is a map from the differentiable manifold M to the differentiable manifold
TM we know what it means that the vector field is C¥. We investigate how this can be charac-
terized in terms of the coefficient functions. For the chart x of M we consider the corresponding
chart X, on TM. The commutative diagram

M E ™
U U

xil(v)eU&Ux 3E(x1(v))

X . & ()

vev VxRS (x(zr(g(x—l (D))o 1) (67" (v))))
N N = &' M),....&"(v)
R” RZn

shows that & corresponds in these coordinates to the map v — (v,&'(v),...,&"(v)). Thus & is
C* on U if and only if the coefficient functions &!,...,E" are Ckon V.

Example 1.5.5. We consider M = R? with polar coordinates. For ¢y € R we set U := R?>\ Rx(-
Ccos ¢ — 0 o ]
( sin gy ),V.— (0,00) X (@0, @9+ 2m) and y : U — V such that

y_1 (r,@) := (rcos@,rsin@).
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0
On U the vector field & :=r

is defined. Using (1.7) we express this vector field in terms of

Cartesian coordinates, i.e., with respective to the chart x =id : RZ - RZ:

In Cartesian coordinates:

9
rar

(23,5 2)

dr dx!'  dr dx?

r(&(rcosq))i 8(rsin(p)i>
dr  ox! or  ox?

d . )
r cos(pﬁ—ksm(pﬁ

X — +XxX"=.

ox! o0x?

d
Similarly, we can express the vector field =— in

a0
Cartesian coordinates:
0 _ o ot
dp  Jdedx!  de dx?
= —rsing ) +rcos@ 2
T )
x ox! x ox?’
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2 Semi-Riemannian Geometry

On topological manifolds one can consider continuous maps. In order to be able to define diffe-
rentiable maps we had to add structure to a topological manifold which gave rise to differentiable
manifolds. We were then able to define linear approximations to manifolds (tangent spaces) and
and to maps (the differential). The concept of a differentiable manifold is what one needs to do
analysis.

In order to do geometry we need to enrich our manifolds once more. We want to measure lengths
of and angles between tangent vectors. This requires scalar products on the tangent spaces and
leads to the concept of a Riemannian manifold.

2.1 Bilinear forms

We start by recalling some facts about bilinear forms from linear algebra.

Definition 2.1.1. Let V be an n-dimensional R-vector space. A symmetric bilinear form is
amap g:V XV — R with

) glov+Bw,z) = ag(v,z) + Bg(w,z) for all vyw,z € V and a, B € R and
i) g(v,w) =g(w,v) forall v,w e V.

We call g non-degenerate if g(v,w) = 0 for all w € V implies v = 0.

For a basis (by,...,b,) of V we set
8ij ‘= g(b,’,bj) eR

fori,j=1,...,n. Then (g;j)ij=1,.n is a symmetric n X n-matrix. From (g;;); j—1
reconstruct g: Forv=Y", a'b; and w = Z?:l B’b; we have:

n WE can

n

g(v,w) =g<gaibi7§ﬁjbj> =) o'Blg.

ij=1

Notation 2.1.2. Let b},...,b} the dual basis of the dual space V* = {linear maps V — R} of
bi,...,b,, thatis b} (b;) = §;;. Often, we write
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n

i,j=1

The insertion of v,w € V then means the following:

g(nw) = i 8ijbi (v)-bj(w) = i gija' B

i,j=1 i,j=1

Transformation of principal axes. Let g be a non-degenerate symmetric bilinear form on V.

Then there exists a basis eq,...,e, of V, such that
( ) 0 T
ej,e;) = ,
e ge{£l} i=j
in other words,
-1 0
(8ij)ij=1,..n = -1 . (2.1)

0 B
Such a basis is called a generalized orthonormal basis. We the number of —1’s occurring in

(2.1) the index of g and denote it by Index(g). We observe that for a non-degenerate symmetric
bilinear form the following are equivalent:

(1) gis a Euclidean scalar product;
(2) gis positive definite;
(3) Index(g) =0.

If = (by,...,b,) and B = (by,...,b,) are two bases of V, we define the transformation matrix

T = (t])ij=1,.n by

n

l~9,~ = Ztljb}

j=1
Then the representing matrix of g transforms as follows:

g = g(bib))

= g(illkbk,ilsz)
=1 =

$ 15 g(bi,br)

~

I, (%)
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Let V and W be two finite-dimensional R-vector spaces. Let g be a symmetric bilinear form on
Vand @ : W — V be a linear map. Then we can pull back g via @ to W, that is, we can define a
symmetric bilinear form ®*g on W by

(q)*g) (wi,wp) = g(qD(w]),CI)(wz)).
Remark 2.1.3. If g is positive definite, then ®*g is positive semidefinite. Namely:
(D g)(w,w) =g(P(w),P(w)) >0 VYweW.
If furthermore @ is injective, then ®*g is also positive definite. Namely:

(P*g)(wyw)=0 — Pw)=0 — w=0.

Definition 2.1.4. Let gy and gy be symmetric bilinear forms on V and W, respectively. We
call a bijective linear map ® : W — V an isometry, if

gv (P(w1), @(w2)) = gw(wi,wa), Ywi,wp €W,

that is, if ®*gy = gw.

2.2 Semi-Riemannian metrics

Let M be a differentiable manifold. We consider maps g which assign to every point p € M a
non-degenerate symmetric bilinear form g|, on 7,M. If x : U — V is a chart of M, we define

W _
(v)) '

gij —gl'jZV—>Rby

Definition 2.2.1. Such a map g is called a semi-Riemannian metric on M, if the map depends
smoothly on the base point in the following sense:
For every chart x : U — V of M the g;; : V — R are C*-functions.

d

d
gij(v) = g‘x*] (v) ( ﬁ

x*‘(v)7 ﬁ

Remark 2.2.2. Note the similarity of the definition of smoothness of g with the characterization
of smoothness of vector fields in Remark 1.5.4. We express the vector field or semi-Riemannian
metric with respect to the basis %, ey % of the tangent space induced by a chart and then
require smoothness of the coefficient functions.
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Transformation by change of charts
Letx:U —Vandy: U — V be two charts of M with p € UNU. By (1.7),
& 9oy d

= b; =t =bj

Inserting this into (2.2) yields

n
g2y ZZ,

e ((xoy (V) 2.3)

n
GHOED)

In the physicist’s short notation this formula reads as

v _ oo 1
8ij — ayia—yj'<gkl o (xoy ))

Consequence. The condition that g is smooth does not have to be checked for all charts, if
suffices to check it for a subatlas of “/yax (M) which covers M.

Remark 2.2.4. Recall that dx|, : T,M — R" is a linear isomorphism for any chart x: U —V
with p € U. In particular, dx'|,,...,dx"|, € (T,M)*.

Definition 2.2.5. The dual space (T,M)" =: T;M is called cotangent space of M at p.

d d
Lemma 2.2.6. The dx'|,,...,dx"|, form the dual basis ofﬁ 3
X
P
Proof. Since d 9 1) = have d/|,( 2| ) =&/ fori=1
roof. Since dx|,, B = e; we have dx/[,{ =9/ fori=1,...,n. m]
)4 p

According to Notation 2.1.2 we may also write:

glp= Z gl] ~dx’ |p®dx]|p
i,j=1
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In the physics literature you will find the following short version of this equation:

g=gij-dx'-dx’/

- n .
If one changes the basis of a vector space by the transformation b; = Y. 1/ b;, then we get
j=1

Namely, denote the transformation matrix by 7' = (tl-j ). Then we find:

(£

I
7N
~ M
\.NN
S
~. %
~__
N
1=
—
3
—
=
S
~

n
= Y (T
J,l=1 N~
=§!
J
o 1
= LTy
j=1
= 4,
hence
n s o~
Y. 1B =bi
j=1
For b} = dx'|,,...,b} = dx"|, this means:
W doy ) -
dx'|, =) ——=———= ay’'|,
Jj=1 9y’ ¥(p)
or, in the physicist’s short notation
P
i_ J
dx' = 97 dy

If you have forgotten the transformation formula (2.3), you can quickly deduce it in “physics
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style” as follows:
g,g) -dyk-dyl = gl(;)-dxi-dxj

@ (9% (o
8ij <9y" dy) <3y’ dy)

dx' ox/ )
o 3y

-dyk-dy .
Comparing the coefficients in the blue boxes yields (2.3).

Example 2.2.7. Let M C R" be open. Let B be a non-degenerate symmetric bilinear form on
R". For every p € M let &, : T,M — R" the canonical isomorphism. Set g, := CID;‘,B. We check
the smoothness of g in Cartesian coordinate, i.e., in the chart x=id: U =M —V =M.

d

ool awl,) = @ (55, 50,)
o230
s3] )ou(2))

Consequently, the g;; are constant, hence C*. In this manner, we can equip M with a semi-
Riemannian metric with arbitrary index.

d

) =—
j
» dx

Example 2.2.8. Let M C R"*¥ be an n-dimensional submanifold. Then there exists a canonical
injective map ®,, : T,M — Rk, defined by

d

equivalence class of the derivative of
curve ¢ : (—€,€) = M c:(—e,€) = R

Then define g|, := @7 (-,-), where (x,y) = Y/ ¥y’ is the usual Euclidean scalar product, x =
(x0T y = (v y")T . Since the Euclidean scalar product is positive definite and
®,, is injective, we conclude that g|,, is also positive definite for all p € M. The semi-Riemannian
metric on M defined in this way is called first fundamental form.
The charts of submanifolds correspond to local parametrizations of M, i.e. to maps F : V — M
with V. C R" open, where

x=F ':U=FV)=>V
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is a chart of M. In addition, we have with p = x~!(v):

d d
gij(v) = g|p X ’E
. 0
= (CDP )(axl ’Wp>
d d
- (o (a]) = (o))
= F +t- dF t-e;
— V €; |l‘ O)dt (V+ 'ej)|l‘:0

- <ax,<>,axj<>>.
JF OJF

Hence g;; = <W’ W>’ in particular, the g;; are smooth.

Q‘|Q‘

Definition 2.2.9. A semi-Riemannian metric g, for which g|, is always positive definite, is
called Riemannian metric. A pair (M,g), consisting of a differentiable manifold M and a
(semi-)Riemannian metric g on M is called (semi-)Riemannian manifold.

A semi-Riemannian metric g is called Lorentzian metric, if g|, has always index 1. The pair
(M, g) is then called Lorentzian manifold.

Example 2.2.10. The first fundamental form of a submanifold M C R"*¥ is a Riemannian met-
ric. For example, for §" C R we call the first fundamental form the standard metric Zstd of
S

We express the standard metric of S? in the coordinates given by stereographic projection from
the “south pole” (—1,0,0). Recall from Example 1.1.4 that the inverse of this chart map is given
by

1

4+ |x]?

F:RP=S$2CR}, F(x)= (4 — ||x||?, 4x).

One computes

IF —; 1 1,2 2\2 1.2
oxl (4+Hx||2)2(—16x A4 — (1) + (x%)?), —8x'x),
oF 1

- W(—]@cz, —8x1x2,4(4+ (xl)2 - (x2)2))-

_/OF JF\ 16
U=\ ox ) ~ (4 |x2)?

and similarly for the other g;;. The metric in these coordinates turns out to be

16 (10
&) = G Tpe <0 1>'

Moreover,
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Example 2.2.11. Let M C R"*! be open. The Minkowski scalar product {(-,-)) on R**! has
index 1, where
((x,y) = =20 +xlyl o xy

forx=(x"x!,... . ¥")andy = (y0,y',...,y"). If @, : T,M — R"*! is the canonical isomorphism,

we can define a Lorentzian metric on M by

guink|p 1= Pp” {(-)) -

The Lorentzian manifold (R”“,ngk) is called Minkowski space. The four-dimensional
Minkowski space is the mathematical model for spacetime in special relativity.

Example 2.2.12. We express the Euclidean metric geyc; = dx' @ dx' + dx* @ dx* of R? in polar
coordinates. Here x' and x? are the Cartesian coordinates. With x! = rcos ¢ and x> = rsin ¢ we
then find:

ox! ox!
19X 9x - — i
dx = P dr+ 20 do cosQdr—rsin@d@
2 2
dx* = %dr—k%d(p = sin@dr+rcos@do.
Thus
8eued = (cos@dr—rsin@de)® (cospdr—rsin@de)
+(sin@dr+rcos@d@)® (sin@dr+rcos@dg)
= cos’Qdr@dr—rcos@sin@dr@de —rsin@cos @dQ @ dr+r’sin”> @do d @
+sin® @ dr @ dr +sin(@)rcos dr @ d@ + rcos @sin dQ @ dr+ 1> cos> pdp @ d
= dr@dr+rrdode
and hence
Polar 10
@ = (o
This matrix tells us: )
Py | —
* — has length 1, o9
ar
a O T
. 70 has length r, p)
5 ar
* — and —— are orthogonal to each other
ar a0

In Cartesian coordinates we have:

. 10 >
(giCjates):<0 1> 7

8]
H
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Definition 2.2.13. Let (M,gy) and (N, gy) be semi-Riemannian manifolds. A local diffeo-
morphism ¢ : M — N is called local isometry, if

dol,: (T,M,gulp) = (Top)N,&nlo(p))

for all p € M is a linear isometry.
If a local isometry is also bijective, that is, if it is a diffeomorphism, we call it an isometry.

Definition 2.2.14. If ¢ : M — N is a local diffeomorphism and g a semi-Riemannian metric
on N, then we call the semi-Riemannian metric ¢*g on M given by

(978)lp = (d(p|p)*(g|(p(p))v

the pullback of g. In other words, we have for ,n € T,M:

(9°8)1p(&.1) = 8lo(p) (d0l,(E).dol,(n)).

Remark 2.2.15. The metric ¢*g is the unique semi-Riemannian metric on M, for which ¢ is a
local isometry.

Definition 2.2.16. Let (M,g) be a semi-Riemannian manifold. Then we call
Isom(M,g) :={¢ : M — M isometry }

the isometry group of M.

Remark 2.2.17. The set Isom(M, g) is a group with respect to composition of maps. The neutral
element is idy,.
Example 2.2.18. We look for the isometries of (R”, geuc1 ). Let

0:R"=R"  ¢@(x)=Ax+D,

be an affine map with A € O(n) and b € R". Such a ¢ is called a Euclidean motion. We check
that every Euclidean motion is an isometry of (R”", geuc1): Let @, : T,M — R" be the canonical
isomorphism; for & = @, !(X) € T,M this means that & = ¢(0) where ¢(r) = p+X. Similarly,
n=2a,'(Y)=&0) € T,M with &) = p+1Y. We compute:

0" (geuct |p) (&,M) = geuct [p(d@],(§),do],(M))
= (P, (d9[,(5)), P, (do],(1)))
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»((90¢c)(0)), P, ((90¢)(0)))

p((A(p+1X) +5)(0)), P, ((A(p+1Y) + ) (0)))
= (P, (Ap+b+tAX) (0)),®,(Ap+b+1AY) (0)))
= (AX,AY)

=(X.Y)

=(®,(8), Pp(n))

8

Hence ¢*(geucl|p) = geuct showing that ¢ is a local isometry. Since ¢ is bijective, it is an isom-
etry. Summarizing, we have shown

{Euclidean motions} C Isom(R", geycl)-

We will see later that the inverse conclusion also holds; the isometries of (R", geyc1) are precisely
the Euclidean motions.

Example 2.2.19. To find isometries of Minkowski space (M, g) = (R""!, gnptink ) we define

O(n,1) :={A € Mat((n+1) x (n+ 1), R) | {Ay.Az)) = {(3,2)) Vy,z € R*1}
—{A € Mat((n+1) x (n+1),R)|AT,,A =11}

where
-1 0 0
0 1
Il,n:
0
0 0 1

Now affine transformations ¢ : R"*! — R"+! ¢ (x) = Ax+b withA € O(n,1) and b € R"*!, are
called Poincaré transformations. The same discussion as for Euclidean space shows

{Poincaré transformations } C Isom(R" ™", gutink)-

Again, we will see later that equality holds; the isometries of Minkowski space are precisely the
Poincaré transformations.

Example 2.2.20. To find isometries of the sphere (M,g) = (5", gsu) let A € O(n+1). We set
Q:=Alg: 8" = 8" Let ®, : T,8" — R"*! be as in Example 2.2.8. Then the diagram

dol|
TS — Ty(p)S"
4’4 lq’w)
RnJrl A RnJrl
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commutes because:

¢(0) ———(90oc)(0) = (Acc)(0)

I I

d

d
dtc‘t 0 A'Ec‘t:O = E(A'C)\zzo

Therefore

8sua(d9|p(8),d0|p(1)) = (Pp(p) (dP1p(S)), Po(p) (dP1p(1)))
C‘) A® (77)>

This shows that ¢ is an isometry. Hence
O(n+1) C Isom(S", gsd)-

Again, it will turn out that equality holds.

2.3 Differentiation of vector fields

We know how to differentiate functions on a manifold. We also know what differentiable vector

fields are. But: How do we differentiate a vector field? What is the differential of a vector field

at a point in the manifold?

First attempt. Let M be a differentiable manifold and let p € M. Let & € T,M and let 1] be a

differentiable vector field on M. We try to define the derivative of 1 in the direction &.

To this extent we choose a chart x : U —> V on M with p € U. We write { € T,M as § =
L 57|, With EicRandn = Y= ;n’ 5% where the n/ are smooth functions near x(p).

The first 1dea that comes to one’s m1nd is to differentiate the coefficient functions 1/ in the
direction &. This would yield the expression

Z (:‘l axz

i,j=1

9
)8xjp

x(p

for the derivative of 1 in direction &.
Problem. This “definition” depends on the choice of chart x.

Example 2.3.1. Let M = R2. In polar coordinates (7, ¢) we set
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Then the derivative of 1) in direction & equals 0 because the coefficient functions 1/ are constant.
On the other hand, in Cartesian coordinates (x',x?) we get
é: 2 J + 1 J
=N=—X==+x 5.
n dx! ox?

For the derivative of 1 in direction £ we would then find

We see that the idea of simply differentiating the coefficient functions was to naive. Since we do
not know how to come up with a better definition we follow an axiomatic approach similar to the
concept of derivations, except that this time we differentiate vector fields rather than functions.

Notation 2.3.2. Let M be a differentiable manifold and let k € NU {eo}. For any open subset
U C M we put
CH(U,TM) := {C*-vector fields, defined on U}.

For p € M we set
= U U, T™).
UcM open
with peu

Now we list the properties that the derivative of vector fields should have. Differentiation takes a
tangent vector & € T,M and a smooth vector field 1 defined near p and gives us a tangent vector
in T,M as a result. Hence itis amap T,M x E, — T,M.

Definition 2.3.3. Let (M, g) be a semi-Riemannian manifold and p € M. A map
V:T,MxE,—T,M
is called Levi-Civita connection (at p), if the following holds:

(1) Locality
For all & € T,M, for all n € C*(U,TM) and for all U C U with p € U we have:

Ven =Ve(nlp)

(ii) Linearity in the first argument

Forall &;,& € T,M, for all o, 8 € R and for all n € E,, we have:

Vag gl =0aVen+BVen.
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(iii) Additivity in the second argument
For all £ € T,M and for all 11,1, € E,, we have:

Ve(m+m2) =Vem + Ven.
(iv) Product rule I
Forall f € Cy, foralln € &, and for all { € T,M we have:
Ve(f-m)=0cf -nlp+f(p)-Ven.
(v) Product rule I1
For all £ € T,M and for all 11,1, € E,, we have:

deg(M1,m2) = glp(Ven, malp) +glp(Milp, Vena).

(vi) Torsion-freeness
For all charts x : U — V of M with p € U we have:

) : = )
gp&xl ypax’

for all i and j.

Remark 2.3.4. (1) From (iii) and (iv) we get the R-linearity in the second argument. Let o, 8 €

R:
Velam+Bm) € Ve(am)+Ve(Bm)
@ gog-mrp+avg<m>+a\;0§-n21p+ﬁvg<n2>
= aVe(m)+BVe(m).

(2) If (vi) holds in a chart x, then it also holds in every other chart y containing p.

p) nooxk| 9
= , 0y = (k_l dy’ 8xk>
i) 2.k
=L aaaf '%*3_{' 3 i")
=t \ OV |y OX 0y <> 2 p
Wy o 9
; 3y’ ¥(p) W klzl 3y’ s Oy, O
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The first summand is symmetric in i and j due to Schwarz’ Theorem. Concerning the second

summand we have:

z”: ox ox! d i z”: ox* 0
= = Qg - . )| =
s O ) Oy ael, 0 OV ) 3|, 02!
change of /1 < a_xl Ve i
ST = - P)
indices el ay] p) -7 ) oxk
Hence the second summand is also symmetric in i and j.
(3) In general, for non-coordinate fields & and 1 we have
Ven #Vyé.
As an example we can choose & = % andn = f- % with dg f # 0.
Definition 2.3.5. Letx: U — V be a chart. Write
d LA d
el
o |, dx/ k;] Y Jxt P
The Fﬁ.‘j are called Christoffel symbols.
Remark 2.3.6. The Christoffel symbols determine V. Namely, let £ =Y, &' % ) € T,M and

n=Y, T]j% € &,. Then we compute:

" e ((iiiii)) " ; e
2] @ i iz
p(;n 8xj> Z%EV%I)(n 8xj>

1 ij=1

@ g 9N’
2 E (o

ij=1

\Y% .
I, & %

x(p)

Oxi
_ oy eifon| 9
N Zé(&x" ox/

p
i,j=1 x(p) P

onk

noo noo ps
= &' |+ Y L) ) | 5
Z Ox ) J:Zl (p) " Lij ok

i,k=1 X

+1 L)V o

d
o

+ nj|x(p) ];1 chj(x(p)) ’ w

d

)

(2.5)

p

Remark 2.3.7. Torsion freeness is equivalent to the Christoffel symbols being symmetric in the

two lower indices:
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Theorem 2.3.8. Let (M,g) be a semi-Riemannian manifold and let p € M. Then there is
exactly one Levi-Civita connection at p.

Proof. Uniqueness: Let x : U — V be a chart of M with p € U. We compute, using the Einstein
summation convention:

9 _ 9 (9 9

ok~ o8\ ox o

© 9 9 9v,2

- g<vﬁaxi’axj>+g<axi’vﬁaxj
d 0 0 0

_ . v Y =z

-8 (Fki oxl’ 8xj> T8 <8xi Ty 8xj>

Jd 0 Jd d
= l.. _— l_. R
- sz g(axwaxj) +ij g<8xi’axi>

= Th-gj+T4- i

Renaming the indices we get the equations:

9gij ! !

ok = Duir8utThygu (2.6)
SN/ O S A @)
O jir SIS e '
i—k agk~
i S Ty g1+ T0 - gu (2.8)
k—si X

Equation (2.6) — (2.7) 4 (2.8) together with the symmetry of the Christoffel symbols in the lower
indices yields:

agij Jgik agkj !

ok o + oxi =200 - 8-
Let (g"); j—1...n be the inverse matrix of (g;;)i j=1. ., This matrix exists because g|, is non-
degenerate. In other words, we have:

g7 gy =25
Therefore 5 5 5
8ij 8ik 8kj i i
(55— 5+ 280 ) g o)y =21} & =21
and hence
m_ 1 (98 9gik g g
K=o\ gxk  ox/ = ox '
Renaming indices (k — j,m — k, j — m) we obtain:
1 & agi dg; dgii
k=2 ) g 22 2= 2.9
& 2mz:"1g < oxJ + oxi axm 29
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Consequently, the Christoffel symbols are uniquely determined and hence V is uniquely deter-
mined by the components of the semi-Riemannian metric and its first derivatives.

Existence: Define Fﬁ-‘j by equation (2.9) and V by equation (2.5). Then conditions (i), (ii), (iii),
and (vi) of the Levi-Civita connection are obvious. For the first product (iv) rule we have:

vetrm = (2D pwiry) 2

k ,af
= g () ge e i

= [-Ven+ef-n

We check the second product rule (v), using the Einstein summation convention and occasional
renaming of indices:

deg(E,m)—8(VeEim) —g(E,Vem)
=0 L) - ¢ (G + T ) - 81 (G +n'r)
= ¢S] — g (T — g, £ T,

=&mict < — g1 Ty — gu Fﬁ'k)

@9 gijrk L (98im | 98km  Igik
s’ < 288 < o T ow o

:6]’”
1 ag}m agkm agjk
“p 8180 <axk T o0 o
_6"1
ik 8 1 9gij agkj_agik 1 dgji 9gki_9gjk
U <8xk 2 <8xk T 9w 2\ o T o0 " ox
=0. O

Remark 2.3.9. For any chartx:U — V on (M, g) the Christoffel symbols are smooth functions

mk 9gm1+_9gpn__9gu
ox/ oxt  dam

k 1 ¢
L= )28

m=1

>:V%R.

Remark 2.3.10. Our naive ansatz to differentiate vector fields by simply differentiating the co-
efficient functions corresponds to formula (2.5) with Fﬁ.‘j = 0. The problem was that this depends
on the choice of coordinates. When we use formula (2.5) with the correct definition (2.9) for the
Christoffel symbols, then we get the uniquely determined Levi-Civita connection. In particular,
this kind of differentiating vector fields is independent of the choice of chart.
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Note however, that the Levi-Civita connection depends on the semi-Riemannian metric. This
cannot only seen from (2.9) but also from the second product rule (v) in Definition 2.3.3 which
involves the metric. There is nothing we can do about this; different semi-Riemannian metrics
will in general lead to different Levi-Civita connections.

So the situation is somewhat curious: Differentiability and the derivative of a function are well
defined on a differentiable manifold. Differentiability of a vector field is also well defined on a
differentiable manifold. But in order to define the derivative of a vector field we need a semi-
Riemannian metric.

Definition 2.3.11. Let (M,g) be a semi-Riemannian manifold and let V be its Levi-Civita
connection. Let p € M, let & € T,M and let N € E,. Then

Ven € T,M

is also called the covariant derivative of 1) in direction &.

Example 2.3.12. Let (M,g) = (R?, geyc1) be the 2-dimensional Euclidean space. In Cartesian
coordinates x!,x? the g; ; = 0jj are constant. Therefore Ff?j = 0. In this case, covariant differenti-
ation is indeed given by differentiation of the coordinate functions. For example,

P) , 9,0
Vise = V(‘ P ﬁ)

= — X — —Xx"— — ——

In polar coordinates r, ¢ we have

@)= (o p ) e @ieke=(g 1)

The Christoffel symbols with respect to polar coordinates are given by

I, :%(1-(0+0—0)+0-...) =0.

and similarly
F}l :F%l :Fiz :Fél :ng =0.

Moreover:
1 /1 (dgin dgn Jdgn 1
2 2 !
Fu:rfz(fz(aq) T “ag )TV )Ty o Tam
Thus P 5 5 5
Vo—=0h—+I3— =—r—.
ag T 2o TRge T Y,
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Indeed, we obtained the same result for both computations, one in Cartesian and one in polar
coordinates.

Remark 2.3.13. We defined V pointwise, i.e., as a map T,M x £, — T,M. We may also con-
sider V as a map
VIEM)xEM)—E(M),

where E(M) denotes the set of all smooth vector fields defined on all of M. Namely, we put

(Ven)(p) == Vepn.
We know
Ve(oum +mn) = aVeni + Ven,

for oy, 0 € R and
Via+pal =hHVen+LVen
for fi, f» € C*(M). This means that Vg1 is C*(M)-linear in & but only R-linear in 7.

Remark 2.3.14. To compute V1 with & = ¢(0) we only need to know 1 along the curve c.
Namely,

o (E05) = v f(i 5%)
(755)
v (3

u . a«r,} a “ k a
= ZC(O)(axiﬁ‘Fanruak)

ij=1 k=1

n

_ Z jt(n]oc -0 Xk‘i ¢l (0TS (x(e(0)) 57

i,j,k=1

2.4 Vector fields along maps

Definition 2.4.1. Let M and N be differentiable manifolds and ¢ : N — M a map. Then a map
& :N — TM is called a vector field along ¢, if

Myo& = Q.

holds. Here my, : TM — M is the “footpoint map”.

Example 2.4.2. (1) Vector fields along curves. Let N =1 C R be an open interval and c = ¢ :
N =1— M be acurve.
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v L

T~

<

An important special case is given by & (r) = ¢(t) := ¢,(0) where ¢,(s) := ¢(¢ +s). This is
the velocity field of c.

C

e @

7

T~

<

(2) If N=M and ¢ = id then a vector field along id is just a vector field in the usual sense.
(3) Let ¢ be constant, i.e., ¢(x) = p for all x € N. Then a vector field along ¢ isamap N — T,M.
(4) Let @ be differentiable and let & be a vector field on N. Then
p=doly(§(p)) € Ty(M
is a vector field along ¢.

(5) If & is a vector field on M then
p&(o(p)
is a vector field along ¢.

Definition 2.4.3. Let N be a differentiable manifold and (M, g) a semi-Riemannian manifold.
Let ¢ : N — M be a differentiable map and 1) : N — T'M a differentiable vector field along ¢.
For p € N and £ € T,N we define the covariant derivative V:7 € Ty(p)M as follows:
Choose a chart x : U — V of M with ¢(p) € U and write

n ) 2
n@) =Y 1@ 55
= x| og)
with differentiable functions ',...,n" defined on @ ~!(U). In addition, choose a curve c:
(—€,€) — N with ¢(0) = £ and set
. d i o end k J
Ven = ), E(n °c)|,ot X 1 (p)a((P o) |,_oTij (x(0(p))) oxk

k=1 ij=1

o(p)

I
M=

1<a¢nk+ y nf'(p)drp(é)ifi-‘j(X(rp(p)))> aixk

i,j=1

k o(p) '
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Proposition 2.4.4. Let N be a differentiable manifold, (M,g) a semi-Riemannian manifold
and ¢ : N — M a differentiable map. Let 1,11, M be differentiable vector fields along @. Let
0,0 € Rand f: N — R be a differentiable function. Furthermore, let p € N and &,&1,&, €

%1];]7‘1 the covariant derivative V1) is defined independently of the choice of chart x and the
choice of curve ¢ with ¢(0) = & and we have:
(i) If n is the form n = § o @ where  is a differentiable vector field on M, then we have
Ven = Vag,(6)6-
(if) Locality: If Ny and M coincide on a neighborhood of p, then Ve = Ven,.
(iii) Linearity in the first argument:
Va&rameM=0VeN+wVen.
(iv) Linearity in the second argument:

Ve(oum +om) = ouVen + Ven,.

(v) Product rule I:
Ve(f-n)=0ef n(p)+f(p)Ven.

(vi) Product rule II:
9:8(M1,M2) = &lo(p) (Veni,m2(p)) +&lo(p) (M (p), Vema).

(vii) Torsion freeness: For all charts y of N and all i, j = 1,...,dim(N) we have:

0 0
o (p<9yf> 2 (P<9y’>

Proof. The assertions follow directly from the definition and the corresponding statements for
the Levi-Civita connection. |

Notation 2.4.5. For local coordinates y on N we write

n

vn " [ on*
a—yl(p) ::Vi‘ n=) (a—yz
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If N is one-dimensional, we also write

vn_ vn
dr di’

Remark 2.4.6. For a vector field along a curve ¢ : I — M we have the following formula in local
coordinates on M:

< S j J
— (1) = Y <n"(t)+ZC(l)'71 (Z)'F?j(x(c(l)))> I

()

In particular, for the velocity field we get

d

kil (é’"(z) + iéi(t) el (1) T (x(c(t)))) oF

Ve
E(t)

()

Example 2.4.7. Let (M,g) = (R",geuc1) OF (M,g) = (R",gmink). Then the g;; are constant in
Cartesian coordinates. Consequently, the Christoffel symbols with respect to Cartesian coordi-
nates vanish, Fﬁ.‘j =0.

Fora C'-curve ¢ : I — M and a C'-vector field & along ¢ with & (1) = Yi_, éj(t)% |e(r) We have:

\% LI d

&)=Y &) 55| -

dt = X7 | 1)

Hence, in this case, covariant differentiation just consists of differentiation of the coefficient
functions. Note however, that this is no longer true in other coordinate systems such as polar
coordinates.

Example 2.4.8. In the Euclidean plane (M,g) = (R?, geyc1) We consider the circle line c(t) =
(cos(t),sin(t)) and its velocity field

. . J
E(r) = ¢(t) = —sin(r) E) +cos(r) 2|
c(r) c(r)
In Cartesian coordinates we get by the previous example
\Y \% d d
—&E(t)=—¢(t)=—cos(t) =—| —sin(t) =—| =-——=—| .
dt dt dx! () dx? () ar ()

For the fun of it, let us also carry out the calculation in polar coordinates (r,¢). Now c!(t) =
r(t)=1,c%(t) = @(t) =tand £(1) = aa_q) o ie., E'(t) = 0and £%(¢) = 1. This time there are
c(t

no derivatives of the coefficients of £ but we have to take the Christoffel symbols into account.
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Recall from Example 2.3.12 that there are three non-vanishing Christoffel symbols for polar
coordinates,

1
2 2 1
', =1% :;7 Ip=-r

Therefore we get

2
%anzl;fmamwom@m)%

- 2 2 _r i ¢l 2 L 2 1 L i
= 20E0 () 5]+ (e rE0sng) o)
d d
= 1-1-(=1)=| +(0-1-1+1-0-1) —
ST ol
A
8rc(t)

So indeed, we have obtained the same result.

2.5 Parallel transport

Definition 2.5.1. Let (M, g) be a semi-Riemannian manifold and ¢ : I — M be a C!-curve. A
C'-vector field & along c is called parallel, if

\Y%
—&E=0.
dté

Example 2.5.2. Let (M,g) = (R", geuc1) or (R”, gmink )- In Cartesian coordinates, a vector field
§(1) =X /(1) %‘ ” along a curve c is parallel if and only if &/(r) =0 for all r € I, i.e., if
c(t

and only if the £/ are constant.

Example 2.5.3. Let (M,g) = (R?, geycl ). Recall from Example 2.3.12 that the Christoffel sym-
bols in polar coordinates (r, @) are given by:

1
F}l :F%l :F%z :Fél :1%2 =0, F%z :1—%1 = Py Fb: -
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Thus & = £! % + ézf—w is parallel along a curve c if and only if
\Y%
0 = —
dt &

d
+e§2 +EV,o,

.1 0
1_ ly
& +§ ST Ir ) S A

d
BT
= 61 +§ (c 04¢ laa(p>+§2i+§ ( i:p;—(pﬂ'z(—cl)%)
_ <§1_Cléz§2>%+<52+C_1§1+F§2>a_

This is equivalent to:

1 1.0g2 0, Py e,
§ —c ¢ g™ =0, <§+C—1§+c—15:

&)-(% %)@

This is a system of linear first order ordinary differential equations for (§',&£2).

that is

Proposition 2.5.4. Let (M,g) be a semi-Riemannian manifold
and ¢ : 1 — M be a C'-curve and ty € I.
For any & € T, (1,)M there exists exactly one
parallel vector field & along ¢ with & (ty) =

So.
M

Proof. Case 1: Let ¢(I) be contained in one chart and let x : U — V be such a chart. Then the
condition %6 =0 is equivalent to

. n . .

Ek=— Z (Ff-‘joxoc) &7

i,j=1

which is a system of linear ordinary equations of first order. Hence there exists a unique solution

with initial condition
(&' (1), 8" () = (&»---,&0)-
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Since the system is linear, the solution is defined on all of /.

Case 2: Suppose c¢(I) is not contained in one chart.

Existence: The interval I can be open, closed or half-open. We restrict ourselves to open inter-
vals, the other cases being slightly simpler. Write / = (a,b) where —eo < a < b < 0. Choose
a < a; <ty <b; <b with a; — a and b; — b monotonically. Then ¢([a;,b;]) is compact and
can be covered by finitely many charts x; : Uy — Vi,...,xy : Uy — Vy. W.Lo.g. we assume that
U;Nc([ar,b1]) is connected.

i~

Not something like this!

W.l.o.g. let ¢(ty) € Uy, otherwise renumber the charts. We solve the equation %?j =0asin
Case 1 with & (1) = & in U;.

If the solution is not defined on the whole of [a;,b;], we choose ¢} € (a;,b;) withc(t;) € U NUs.
Then we solve the equation in the chart x, with the initial condition & (#;), given by the previous
solution.

Due to uniqueness in Case 1 both parallel vector fields coincide on U; NU,. After finitely many
steps we get a parallel vector field which is defined on [a;,b].

The same holds true for the next compact subinterval [a,,b;]| and we obtain a parallel vector field
on [az,b>] which extends the one on [a;,b;]. By induction, we then find a parallel vector field
on every [a;,b;] extending the one on the smaller interval[a; ,b; 1]. Since UY_,[a;,b;] = (a,b)
we obtain a parallel vector field & on (a,b) with & (t9) = &.

Uniqueness: Let & and € be two parallel vector fields along ¢ with & (1) = & (ty) = &. Write
I = Iyo0q U Tpaqg Where

Igood = {ZEI‘g(Z):S(Z)}
I = {tel|&@)#E()}

Since & and (S are continuous, ly0d 18 closed in I. For 7| € Igo0q choose a chart x : U — V which

contains ¢(f;). By uniqueness in Case 1 we then have &(r) = £(¢) for all 7 € I with ¢(¢) € U.
Therefore a neighborhood of 7, is contained in Iyp04. Hence Igooq is open in 1.

We have seen that Igo0q is open and closed in /. It is also non-empty because #y € Iyo04. Since [

is connected, we have I = Iyo0q and therefore & (1) = &(z) forall r € I. i
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Definition 2.5.5. Let M be a semi-Riemannian manifold and let ¢ : I — M be a C'-curve. Let
to,t1 € I. The map

Pc,to,tl :Tc(zo)M — Tc(tl)M7
& = &(n),

is called parallel transport along c. Here &(7) is the parallel vector field along ¢ with & (7p) =

&o.

Proposition 2.5.6. Let M, c, ty, and t| as in Definition 2.5.5 and let t; € I. Then we have:
(@) Pegony * (Teio)M, 8le(u) = (TeyM, 8le(ry)) is a linear isometry;

(b) Petoty = Pety 1y ©Feio -

Proof. (a) Let &y, Mo € T, )M. Let &, 7 the corresponding parallel vector fields along c. Then

\%
—n> =0.

%g(é,n)=g<éﬁ,n> +g<~§,g£/

=0 =0

Therefore g(&,n) is constant, hence

g(PCJoJl(‘:0)7PCJOJ1(TIO)) - 8(5(“)777(“))
= 2(&(10),n(10))
= g(éO,TIO)-

This proves that parallel transport is a linear isometry.

(b) is obvious. ]

Remark 2.5.7. For &) € T,;,)M the parallel vector field § with & (#y) = & is given by
§(t) = Pesy.(50)-

We can reconstruct the Levi-Civita connection V from parallel transport:
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Proposition 2.5.8. Let (M,g) be a semi-Riemannian manifold, let ¢ : I — M be a C'-curve,
and let ty € 1. Then for every C'-vector field & along c we get:

\Y Pers (E(2)) — & (10)
ac°|, = |

t—to t—1

L}

Proof. Lete(ty),...,ex(to) be a basis of T,(,\M. Let e|(t),...,e,(t) be the corresponding par-
allel vector fields along c.
By Proposition 2.5.6 (a), we know that e;(¢),...,e,(t) form a basis of T )M for every t € I.

Write & (1) = Yi_; &/(t)e;(t). Then

=e;lto)

——N— .
Peiiy(E())—E(t0) 15 (1) Pty (€j(t)) — ?:151(10)31'(10)
r—1o B t—1o
v 8-
_;ﬁe](to)
Y E(1g)e; (o)
j=1

On the other hand, we have

é‘lo ;(i éjej>

j=1 =0
no/ .V
=) (5’(l0)€j(lo) +&7(to) 561'\:0)
=1 a
=0
n ..
=) &/(to)e;(to) =
j=1
We have the following scheme of geometric structures:
semi-Riemannian covariant parallel
metric NN\ derivative V. N\ transport P

Remark 2.5.9. If v : M — M is a local isometry and if ¢ : I — M is a C'-curve, consider the
image curve ¢ := yoc. Then we have for every C!-vector field & along c:

& parallel along ¢ <— é :=dy o & parallel along .
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In particular, the following diagram commutes:

P.
Tou)M —22 Ty )M
Ayl dyle()
~ P[‘?[ it ~
Te1y) s Tyey\M

Remark 2.5.10. In general, parallel transport depends on the curve joining two given points.
This means, in general we have P, ;, # Ps, 5, if ¢ and ¢ are two curves in M with c(fy) = ¢(so)
and c(t;) = é(s1). In this respect, Euclidean space is not typical.

2.6 Geodesics

Definition 2.6.1. Let (M,g) be a semi-Riemannian manifold and c : [@,b] — M a C'-curve.
Then we call

the energy of c.

Remark 2.6.2. If (M, g) is Riemannian, then g(¢,¢) > 0 and therefore E|[c] > 0 (and equal to 0
if and only if c is constant).

Question. Are there curves with minimal energy joining two given endpoints? More generally,
are there curves with “stationary energy”?

Definition 2.6.3. Let M be a differentiable manifold and ¢ : [a,b] — M a smooth curve. A
variation of c is a smooth map

c:(—¢,€)x[a,b] > M

with ¢(0,7) = ¢(¢) for all 7 € [a,b]. If ¢(s,a) = c(a) and ¢(s,b) = ¢(b) for all s € (—&, €) then
we call ¢(s,¢) a variation with fixed endpoints.
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<

The vector field & (z) :=

e (0,¢) is called the variational vector field.

ds

Remark 2.6.4. The variational vector field & of a variation with fixed endpoints satisfies

E(@)=0 and &(b)=

a
ds

Theorem 2.6.5 (First variation of the energy). Ler (M,g) be a semi-Riemannian manifold,
let ¢ : [a,b] — M be a smooth curve and let ¢: (—¢€,€) X [a,b] — M be a variation of this
curve. Let & be the variational vector field. Write cs(t) = c(s,t). Then

b

ledl,co = [ ¢ (800, 3 6)) dr+6(610).000) ~ (@), c(0)

Proof. We compute:
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s=0 5 % S_O/g(cs(t)7CS(t)) dt
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Equality (*) holds because of torsion-freeness of the Levi-Civita connection. O

Corollary 2.6.6. If the variation has fixed endpoints then

Lemma 2.6.7. Let ¢ : [a,b] — M be a smooth curve and & a smooth vector field along c. Then
there exists a variation ¢ of ¢ with variational vector field . If & (a) = 0 and &(b) = 0, then
we can choose the variation with fixed endpoints.

Proof. a) We first consider the case that supp(&) is contained in a chart x: U — V, i.e., ¢(t) € U
whenever & (¢) # 0.

R"DV

n

We write & (1) = Z 20 ix

J=1

and we set
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Then we have for the corresponding variational vector field:

(% (o,:))j = dx/ <% (o,z)>

I oc)

= 29
A+ s )
ds o

0!

Hence the variation ¢ has the variational vector field &. Moreover, if & vanishes at the endpoints,
then c¢ has fixed endpoints.

b) In the general case, cover the compact set ¢([a, b]) with finitely many charts and construct the
variation piecewise. i

Remark 2.6.8. Later, when we have the Riemannian exponential map at our disposal, we will
be able to directly write down a suitable variation without usage of charts.

Notation 2.6.9. Let M be a differentiable manifold and p,q € M. Then we set

Qp.q(M) := {smooth curves c: [a,b] — M with c¢(a) = p and ¢(b) = q}.

Corollary 2.6.10. Let (M,g) be a semi-Riemannian manifold and ¢ € Q, ,(M). Then the
following are equivalent:

(i) The curve c is a “critical point” of the energy functional, i.e.,

2 e

0
ds

s=0
for all variations c; of c with fixed endpoints;

(ii) For all t we have

Proof. The implication “(ii)=-(i)” is directly clear by Corollary 2.6.6. We show “(i))=-(ii)”.
Let [a,b] be the parameter interval of c. Assume there exists a fy € (a,b) with 3-¢(ty) # 0. Then

62



2.6. GEODESICS

there exists a § € T, \M with
A%
— (£ >0
(&g etw)

because g is non-degenerate. Let 5 be the parallel vector field along ¢ with 5(10) = &). By
continuity there exists an € > 0 such that (fp — €,7)+ €) C (a,b) and

holds for all 7 € (1) — €,19+ €). We choose a smooth
function p : [a,b] — R with p(r) > 0 for all 7 € (£p —
€,t0+€) and p(t) = 0 otherwise.

Set &(t) := p(t) - E(r). Then we have:

g(‘g(t)’%é(f)) ZP(I)-g<§(t),%c'(t)> {ig (i‘l’lretrjis(?—g’fﬁe)

By Lemma 2.6.7 we can choose a variation of ¢ with fixed endpoints and variational vector field
&. Then we have for this variation

b

Flell o= e (0.3 e)) ar<o

a

which contradicts the assumption. Hence we have %c’ =0 on (a,b) and by continuity also on
the whole of [a,b]. i

Definition 2.6.11. A smooth curve ¢ with % ¢ = 0 is called a geodesic.

Example 2.6.12. Let (M,g) = (R", geuc1) or (R”, gmink). In Cartesian coordinates x', ..., x" we
have:

Hence geodesics are straight lines, parametrized with constant speed.
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Lemma 2.6.13. For any geodesic c the quantity g(c', c") is constant.

Proof. We compute

Definition 2.6.14. A smooth curve c is called
* parametrized by arc-length , if g(¢,¢) =1,
* parametrized by proper time , if g(¢,¢) = —1
 parametrized proportional to arc-length , if g(¢,¢) = a > 0,
* parametrized proportional proper time , if g(¢,¢) = —a < 0 and

 anull curve, if g(¢,¢) =0.

Theorem 2.6.15 (Existence and uniqueness of geodesics). Let (M,g) be a semi-
Riemannian manifold.

Foranyp e M and & € T,M there exists an open inter-
val I with 0 € I and a geodesic ¢ : I — M with ¢(0) = p
and ¢(0) = €. M

Ifc:1— M and ¢:1— M are two such geodesics with ¢(0) = &(0) and ¢(0) = &(0), then ¢
and ¢ coincide on their common domain 1N 1.

Proof. Inachartx:U — V in p we consider the equation for a geodesic

n
=0 <« &+ Y 5. ) =0

—¢

di i.j=1
for k=1,...,n and ¢ =x*oc. This is a system of ordinary differential equations of second
order. By the Theorem of Picard-Lindel6f the we get the assertion. |

Remark 2.6.16. The system of differential equations is non-linear. Therefore we do not have
a-priori control over the maximal domain of definition / of the geodesic.
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Remark 2.6.17. If y : M — M is a local isometry, then

c:1— Misageodesic <= woc:I— M isa geodesic.

Example 2.6.18. Let M = (R?\ {0}, geuc) be the Euclidean plane with the origin removed and

let M = {(x,y,z) € R*|x* +y* =7?/3, 2 < 0)} be a cone with the cone tip removed and equipped

with the first fundamental form g. Now y : M — M, y(u,v) = 5 \/ugm(uz —2,2uv,— /3(u? +

v?)), can be checked to be a local isometry. Hence y maps straight lines in M onto geodesics in
M.

Definition 2.6.19. Let v : M — M be a diffeomorphism. Then we call

Fix(y) :={peM|y(p) =p}

the fixed point set of y.

Proposition 2.6.20. Let (M, g) be a semi-Riemannian manifold and v € Isom(M, g).
Then for any p € Fix(y) and any & € T,M with dy/|,(§) = & the geodesic ¢ : I — M with

c(0)=p and ¢(0)=&

is entirely contained in Fix(y), i.e., for all t € I we have c(t) € Fix(y).

Proof. Set &(t) := yoc(t). Since y is an isometry, ¢ is also a geodesic. Furthermore, we have:

&(0) = y(c(0)) = y(p) = p=c(0) and
é(0) = dyl.(0) (¢(0)) = dyl,(&) = & = ¢(0).

Applying the uniqueness part of Theorem 2.6.15 we get for all ¢ € I:

c(r) =é@t) = y(c(t)).

This means ¢(¢) € Fix(y) for all 7. i
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Example 2.6.21. We use Proposition 2.6.20 to determine the geodesics of the sphere (S, gstd)-
Letpe S"and § € T,8". Let E C R"*! be the two-dimensional vector subspace spanned by p
and @, (). Let A : R""! — R""! be the reflection about E. Then A € O(n+ 1). Hence

Y= A’Sﬂ S ISOIH(Sn,gstd).

Then Fix(A) = E and therefore Fix(y) = ENS" is a great circle.

Proposition 2.6.20 implies that ¢(¢) € ENS" for all z. Since geodesics on a Riemannian manifold
are parametrized proportional to arc-length we seek an arc-length parametrization of this great
circle: ®

c(t) = p-cos(or) + D) sin(at).

12, (5)]

We have to satisfy the initial conditions:

c(0) = p issatisfied.

d ®y(5)

EC(O) = m-(x and therefore o = ||®,(&)|| = [|E].

Then we get 4 ¢(0) = @, (&), i.e., ¢(0) = &. Thus the geodesic ¢ with initial conditions ¢(0) = p
and ¢(0) = & is given by

(1) = p-cos (1) + ‘ﬁfgﬁ) sin (J&]1).

Remark 2.6.22. Let (M, g) be a semi-Riemannian manifold and p € M. For § € T,M let c¢ be
the geodesic with

65(0) =p and 65(0) =£.
For o € R set &(t) := cg (at). Then

i) = 3 (acelan) = o2 (e ) (an) .
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Hence ¢ is also a geodesic. Since its initial conditions are

¢(0) = c¢(0) =p,

we conclude & = cq¢. In particular, cg(0) = cqe(1).

Definition 2.6.23. Let M be a semi-Riemannian manifold and p € M. For & € T,M set
exp,(€) = ce (1)
if the maximal domain of the geodesic ¢g contains 1. Furthermore, set
9 :={& € T,M|1is contained in the maximal domain of c¢ }.

Then we call exp, : 7, — M the Riemannian exponential map (at the point p).

Remark 2.6.24. (1) By Remark 2.6.22 we know exp,(t- &) = ¢;(1) = cg(t). Thus t
exp,(t§) is the geodesic with initial values p and &.

(2) For any p € M we have exp,,(0) = p because cy is the constant curve co(t) = p.

(3) Let & € Z,. Then c¢ is defined on [0,1]. Let

0 < a < 1. From cye (t) = ce (at) we see that cqe @p
is defined on [0,1] D [0,1]. Therefore aé € Z,,. \\\
This shows that &, is star-shaped with respect to \

0e TpM . TpM

4) Set 7 :=Upem Zp C TM and exp : 7 — M, exp(§) := expye)(5). The theory of ordi-
nary differential equations implies that & is open and that exp is a smooth map (smooth
dependence of solutions of the initial values). In particular, %, = 2N T,M is open in T,M.

Example 2.6.25. (1) Let (M,g) = (R", geucl) or (R”, gmink ). Then we have:

exp,(§) =p+1-®,(8) = p+P,(E).

Here 7, = T,R".

(2) Let (M,g) = (R*\ {0}, geuct). Then

S
Dp=TyM\{—t-®, ' (p)|t > 1}. 01/4
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(3) Let (M,g) = (5",gwa). Then we have 2, = T,M
and

exp, (€) = p-cos (JE]) + ‘I’Hf’gﬁ) sin(JE]).

Lemma 2.6.26. The differential of the map exp, : 9, — M at 0 is given by the canonical
isomorphism
depr |0 = CIDO 5 To_@p = ToTpM — TPM.

Proof. Let & € T,M. Then we have:

dexpy (@071 (€) = e, |, (508, ) = frowiB) =8 =

In the literature Lemma 2.6.26 is sometimes formulated slightly imprecisely as follows

idTpM = dexpp 0 M — T,M.

Corollary 2.6.27. For p € M there exists an open neighborhood ¥, C 9,, C T,M of 0, such
that
exp, |y, : Vp — exp,(¥p) =1 U,

is a diffeomorphism.

Proof. By Lemma 2.6.26 dexp,, |o is invertible. The inverse function theorem yields the claim.0

Remark 2.6.28. In general, exp, : &), — exp p(.@p) C M is not a diffeomorphism because exp,
is not injective in general. Moreover, dexp,, |¢ is not necessarily invertible for E+0.

Example 2.6.29. Let (M, g) = (8", gxa). For p € §" we have 9, = T,M and

®,(8)

exp, (&) = p-cos ([[€]) + H -sin ([|€]). T,8"

In particular, for any & € T,M with ||E|| = & we {SeT,M[|S] }

have

exp,(§) = p-cos(m) = —p.
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For § € T,M with ||| = 7 the differential dexp,, |¢ has the (n— 1)-dimensional kernel
{n € T.T,8" | ®e(n) L &}

Now we construct coordinates which are well adapted to the geometry and to this end we choose
a generalized orthonormal basis Ej,...,E, of T,M regarding g|,, that is

8lp(EiEj) = €8, &€ {£1}.

n

We get a linear isomorphism A : R* — T,M, (a!,...,a") — ¥ &'E;.

exp,
MDY, ——U,CM
=|a /
R"DOV,

We put V, := A~1(¥,). Then exp,0A : V, — U, is a diffeomorphism. Set x := (exp, oA)~ L,
Then x : U, — V), is a chart.

Definition 2.6.30. The coordinates we just defined are called Riemannian normal coordi-
nates around the point p.

In which sense are these coordinates well adapted to the geometry?

Proposition 2.6.31. Let (M,g) be a semi-Riemannian manifold and p € M. Let g;; : V, = R
be the metric coefficients and F{-‘j : Vp, = R be the Christoffel symbols in Riemannian normal
coordinates around p. Then we have:

x(p) =0, gi;(0)=c¢7;, F{Fj(o) =0.

Proof. a) Clearly, we have x(p) =A~! (expp_1 (p)) =A"1(0)=0.
b) Letey,...,e, be the standard basis of R". Then
gij(0) = glp(dxoler),dx"|,(e;))

= glp(d(exp,oA)|o(e),d(exp,0A)|o(er))
glp(dexp, o(Ei),dexp, [o(Ej))

8lp(Ei,Ej)
& é&j

=
g
N
£
=N
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¢) Letv=(v',...,v") €R" Then c(t) =x"'(tv) = exp,(tAv) is a geodesic with ¢(0) = p and
¢(0) = Av. In Riemannian normal coordinates the equation for a geodesic is in this case

n
0=+ Y Th(c'(0),....c"(1)) - ¢'(t) - ¢/ ().
ij=1
Here c*(t) = x(c(t)) = ¥, ¢*(t) = v} and &*(t) = 0. For t = 0 we get
n
0=0+ ) I}(0,...,0)-v v/,
ij=1
For each k we define a bilinear form ¥ on R” by B*(y,z) :== ¥} =1 Fﬁ ;(0) y'z/. These bilinear
forms are symmetric because:
n n n
B (zy) = Y, T5(0)2y/= Y TH(0)7y'= Y T7;(0)y' 2/ = B*(3,2).
ij=1 / ji=1 / ij=1

Exchanging v free of
indices torsion

Since we know that 8% (v,v) = 0 for all v € R", polarization yields 8*(y,z) =0 for all y,z € R".
This means Ff.‘j(O) =0 for all i, j, k.

straight lines in R” thro
M
M /l/

geodesics in
M through p

Example 2.6.32. Let (M,g) = (R", geyc1) or (R”, gmink) and p € M. Choose
A = ®, = canonical isomorphism R" — T,R".
Then we have exp, (Av) = p+ v, thus Riemannian normal coordinates around p are given by
x:R"=R"  x(q)=qg—p.

Up to translation by — p, Riemannian normal coordinates coincide with Cartesian coordinates.

Corollary 2.6.33. In Riemannian normal coordinates we have for the Taylor expansion of
gij : Vp = Raround 0:
2
8ij(x) = & 6+ O([lx[|").
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2.6. GEODESICS

Proof. Expanding g;; into a Taylor series at 0 yields
_ - 98ij 0\ 2
gij(x) = gi;(0)+ ) W(O) X+ Oo(JIx]7).
k=1

In the proof of Theorem 2.3.8 we found

%ilkj (0) = i <F§<i(0) £1j(0) +T7,(0) giz(o))

=1

which is zero in our situation because the Christoffel symbols vanish at 0.
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3 Curvature

We now come to one of the central concepts of differential geometry, that of curvature. We will
see that there are various inequivalent notions of curvature. We start with the most basic one.

3.1 The Riemannian curvature tensor

Definition 3.1.1. Let (M,g) be a semi-Riemannian manifold and p € M.
Let§ € T,M and n,§ € E,(M). Then we have V,,§ € E,(M) and

Vil i=VeVnl —Vy €T, M

is called the second covariant derivative of { in the direction & and 7).

Lemma 3.1.2. The second covariant derivative V% TIC depends on M only via 1|p, ie., if
n,M € E,(M) with |, = |, then

2 _ 2
Ven6=Ves6

Proof. We choose Riemannian normal coordinates x around p. In these coordinates we write
(using the Einstein summation convention) the vector fields locally as:

X 9 J
prng l— = «]— f— k_
3 éax,.p, n=n'z= =054

Since the Christoffel symbols vanish at 0 we get

9 oni 9
_ JiZ2 ) — g 7
Vﬁ”‘%‘ﬁ,(" axf> e
and therefore
_ 0/ « 90\ _gion’ 98k 9
Vet =€ GO ) (05%) =805 0 5e - 6D

Moreover,

0 (dLk 9 0
_ ) kZ Y\ _ il 2> 7 kym _“
Vb=V 2 <C 8xk> L <9xf PR ka8xm>
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and hence (again using that the Christoffel symbols vanish)

Ck k m J
g2 <" i 8xk+n I gm

ond 9tk o 02k J
=& 10) 20 W FEMI0)2E(0) 2

VeVyl =V

o orm P
innJ k Jjk
MOS0 5

m
8xp

(3.2)

Subtracting (3.1) from (3.2) we see that the terms containing a derivative of the 7/ cancel and
we are left with

9Lk : ort, J
2 — ina] inaJ m s

Viat = [EM0) 555 0+ EN OO F20)| T 63)
This expression depends on 7 only via the 7/(0) which are the coefficients of 1], m]
Consequence. The expression Vé nC is well defined for §,m € T,M and { € &),
Lemma 3.14. For{,n € T,M and { € E,(M)

REME =V}, C~V2 &
depends only on § via {|,. Thus R(E,n)C € T,M is well defined for &,n,{ € T,M.
Proof. Again we choose Riemann normal coordinates around p and recall (3.3):
[ %K or* p)
V2 — Elim] : m Jm _
L,0=¢ (ax,ax,< OGO 5|
Relabeling summation indices and using the Schwarz theorem we get
o ZCk or* 0
R — inmj__£] m ]f" .
€me=(&m/-en') ( === (0)+L"(0) =2 <o>> 5|
aZCk alck ar‘k, ork P
— J _ m m im R
=& <ax,axj(0) 55970 +E"(0) =5 (0) = £"(0)=2(0) | 5 ,
O

- or* k
—£mig(0) ( i) <o>> 2

74



3.1. THE RIEMANNIAN CURVATURE TENSOR

Definition 3.1.5. The map

R:T,MxT,MxT,M — T,M
(&,n.8) — R(,n)¢

is called the Riemann curvature tensor at the point p.

Representation in local coordinates.
Let x: U — V be a chart on M. Then R is determined on U by smooth functions Rfd V=R,

defined by
9 I\ o &, 9
R (ﬁ’ﬁ) VN ,;R"UW' (3.4)

As we have already seen, we have in Riemann normal coordinates:

ar, or’!
R(0) = —5(0) = =5(0)

Remark 3.1.6. One can check (not difficult but tedious) that we have in arbitrary coordinates

or, or,
Rij=—2 — =% 1 Y (Onr, — Tor, )
1] axl axj ”1;1 ] n = mj

In particular, if the curvature tensor R : T,M x T,M x T,M — T,M does not vanish at the point
P, then there does not exist a chart containing p for which Fi.‘j =0.

Proposition 3.1.7 (Symmetries of the curvature tensor). Let (M,g) be a semi-Riemannian
manifold, p € M and £,1,§,v € T,M. Then we have:

(1) R:T,M xT,M x T,M — T,M is trilinear;
(2) R(&,n)¢ =—R(n,8)E;

(3) 8lp(R(E.M)E,v) = —g|p(R(E, M)V, C);

(4) First Bianchi identity:
R(E,MC+R(M,E)E+R(E,E)n=0:

(5) glp(R(E,M)E,v) =g[p(R(E,V)S,M).

Proof. (1) is obvious because Vé ni; is already R-linear in £, 1 and (.
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(2) is also clear by definition.

(3) We choose Riemannian normal coordinates around p and consider the special case

S N N BB B
_axl’ p? n_ax] p’ _axk pa _8xlp
Then we find
0 0 0 0
%@@mmdngG&ﬁ;$h>ﬁ?ﬁ;)

L d d
= Z gml(o) 'Rklj (O)
m=1

From the proof of Theorem 2.3.8 we recall

98ij _ N, oy,
FIV Y (gmiThi + &mil 1)

m=1

and thus, in Riemannian normal coordinates,

82g,-j i 81“;2 8kaj
ENEN (O)—mgl <gmj(0) o (O)+gm’(O)W(O) .

Thus
a2gij a glj
0= Bxkﬁx’( )- ox! 9xk 0)
v Ty, o ory!
= ¥ (5050 8005 0 -0 5 E0 -0 52 0))

— Z <gmj R} (0) + gmi(O)R ]lk(0)>

Renaming the indices via [ — i, k — j, i+ k, j+— [ leads to

i(gml Rkl] )+gmk(0) 711](0))

and therefore
n n

Y gm(O)RE;(0) = — ). gk (0)R};;(0).

m=1 m=1
This proves the assertion for coordinate fields &, 7, {, v of Riemannian normal coordinates.

By multilinearity the assertion follows for general £, 1, § and v.
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3.1. THE RIEMANNIAN CURVATURE TENSOR

(4) The first Bianchi identity is equivalent to
!
Rklj+Rjk+Rjkl 0.
‘We check this in Riemann normal coordinates:
i
Ri;;(0) +szk(0) + Rjk,(o)

or’ or! 0 or! or! or!
a)/ ~SHon Fk// 5(’;/ 0+ 8/!4}/// )~ aé/<0>

=0.

(5) Proof by an explicit calculation:

0 Lo, (RO-EIE,V)+gl o (REETTV )+ 8lp(RE,m)E, V)
el (RUETV, 0 )42 o(REFE T )+ 8l (R(V. £)E. 1)
| p(REESTT, C )+l o REETFE LT+ 8l (RN, )V, )
+&M+g\ (RE-ETV,E 1+ 8l (R(E, V). &)

228, (R(E.1)E,V) + 28], (R(E. V)N, &)
= 28], (R(E.M)E.V) — gl (R(S.V)E.M)). .

Example 3.1.8. Let (M, g) = (R", geuct) O (R", gmink ). In Cartesian coordinates we have Ff.‘j =
0. Thus we get Rfdj =0 for all i, j, &,/ and therefore R = 0.

Definition 3.1.9. A semi-Riemannian manifold with R = 0 is called flat.

Warning. In the literature there are two different sign conventions for R: For example, our R is
the negative of the curvature tensor as defined in [ONS83].

Lemma 3.1.11. Let (M,g) and (M, §) be semi-Riemannian manifolds and y : M — M a local
isometry. Let p € M. Then the curvature tensors R of M at p and R of M at w(p) are related
by:

dy|,(R(E,n)C) = R(dyl,(8),dyl,(n))dw|p(C)

forallé.m,{ € T,M.
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Proof. Let x:U — V be a chart on M with p € U. By making U smaller if necessary we can
assume that y : U — U := y(U) is a diffeomorphism. Then % :=xoy ! : U — V is a chart on
M.

Since y is a local isometry, it follows that g;; = g;; : V — R, where the g;; are the components of
g w.r.t. x and the g;; are the components of g w.r.t. X. Therefore the Christoffel symbols coincide,
Fﬁ.‘j = I'*, hence so do the components of the curvature tensors, R... = R!... From (3.4) we

ij kij kij*
conclude
3 9N 9\ & 9
d"’<R (7@) W) = LRy (57)
0
!
Rkijﬁ

d

[

AN
0xi’ dx ) dxk

d d d
2, ay (-2 ) av ().
< (8x’ ) Y o0 ) Y\ o
This proves the lemma for the coordinate basis tangent vectors %. By trilinearity of R it follows
for all tangent vectors. |

I
=

~
I

I
1=
X

~
I

I
=

Il
X
N

<

Alternatively one can define the curvature tensor as a multilinear map R : T,M x T,M x T,M x
T,M — R by

R(&anag’v) :g(R(é’n)Cav)'
In this version, R is known as the Riemannian (4,0)-curvature tensor. In local coordinates
x:U — V around p, we define R;ji; : V — R by

0 d 0 0
R,’jkl(x(p)) =R (5 p, ﬁ p, w p, W p) .
Then we have
Prop.
Rijki Y Ryij
_ <R <i i) 9 i)
- & oxk’ oxl ) dxi’ dxi
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Hence we have

n
Riju = ngjRﬂd

m=1

We have lowered the upper index. On the other hand we have

n n
[ I pm __ al m
Rkij_ Z6m kij — Z 8 8mallyijs
m=1

a,m=1

hence

n

[ _ al -

Rkij - Zg Rkatj
a=1

In this case we have raised the index.

Proposition 3.1.12. Let (M, g) be a semi-Riemannian manifold. In Riemannian normal coor-
dinates we have:

1 n
gij(x) :s,-a,-j+§ Yy R ji(0)x*x + 0 (||x[).
k=1

Proof. We already know that g;; (x) = & &;; 4 O (|x||*) by Corollary 2.6.33. In the following we
will use the Einstein summation convention and the following abbreviations

of 0% f
f7k = W and ﬁky = W

for the first and the second partial derivatives. In the proof of Theorem 2.3.8 we have seen that
8ijk =L 8mj + 1% &mi -

We differentiate this equation with respect to x’, evaluate at 0 and use that the Christoffel sym-
bols vanish at 0:

8ijke (0) =T ¢ (0) - gmj (0) + T, £ (0) gmi (0) - (3.5)
Claim:
I (0)+ 17 ;(0)+T1%,,(0) =0. (3.6)

Proof of the claim: In normal coordinates the straight lines 7 +— ¢ - x give geodesics. The equation
for geodesics then looks like:

0= Fffj (t-x)x'x/ .
We differentiate this with respect to # and evaluate at t = 0:

0= o . Fﬁ-‘j (tx)x'x!) = Ff'{jl (0) *xixd
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Thus we have for every k a polynomial of third degree in x, namely P (x) := Ff?j 0 (0)xix/xt,
which vanished identically. Thus for every monomial x®*xPx? the sum of coefficients Fffj7€ (0)
with xx/x’ = x*xP x7 has to vanish. The six permutations of the three lower indices yield

Ff'(j,é (0) + F]zfuj 0) + F]}&i (0) + Fl}i,é (0) + F{'Cé,j (0) + F]Zj,i (0) = 0.

The symmetry of the Christoffel symbols in their two lower indices implies the claim. v
From R}, 1(0) = Fﬁkﬂ. (0)— th ;(0) we conclude:
Riij (0) = ( Jmkz (0) - FZlc,j (0)) gme (0)
(3.6) m m m
= —( 116 (0)+ I 5 (0) + T 5 (0)) gme (0)
=~ (T4 (0)+20% (0) e (0) - (3.7)
Thus we have:
Prop. 3.1.7
2Rije (0) xl = (—Rkijz (0) — Ryjik (0)) i
3.7 m m
= (T4 (0) +2T°7 4 (0)) gmi (0)
+( i (0)+217; ¢ (0)) gmj (0)
(*) m m
= (T (0) +2T°7: 1 (0)) gumi (0)*x*
+ (Tt (0) + 21554 (0)) gmj (0)x'x*
(3.5)

(8ij.0x (0) +28ike (0)) - x

= 3g,‘j7k[ (0) -xkx[ .

At equality (x) we renamed the summation parameter k to ¢ and vice versa. Thus we get for the
second term in the Taylor expansion

1 1
5 8ijkt (0) %" = 3 Rikje (0) -l o

3.2 Sectional curvature

The Riemannian curvature tensor contains the full curvature information of a Riemannian mani-
fold but for many applications other curvature entities are more suitable. We will introduce the
sectional curvature, Ricci curvature and scalar curvature in this and the following sections.

We start with some linear algebra. Let V be a finite dimensional real vector space with a non-
degenerate symmetric bilinear form (-,-). Later we will apply this to V = T,M and (-,-) =

g|P("')'
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Definition 3.2.1. A subvector space U C V is called non-degenerate, if
(,*) luxv : U x U — R is a non-degenerate bilinear form on U. We define:

Gy (V, () ) = {k—dimensional, non-degenerate subvector spaces of V}.

Note that every subvector space is non-degenerate if (-,-) is definite. We set

Q:VxV =R, 0&,n):=(&E) Mmmn—(&n).

Lemma 3.2.2. For two-dimensional subvector spaces E C V the following assertions are
equivalent:

(l) E e GZ(Va <’7 >)’
(ii) there exists a basis &,1 of E with Q(&,mn) # 0;

(iii) for all basis &,m of E we have Q(&,1) #0.

Proof. With respect to any basis £,1 of E, the bilinear form (-,-) |[gxg is represented by the

matrix
s (9 19)).
=1\ (&) (n.m)
Then we have Q(&,1) = detA¢ , which proves the lemma. i

Remark 3.2.3. (a) If (-,) is positive definite, then

v/ Q(&,m) = area of the parallelogram spanned by & and 7).

(b) The two-dimensional subvector space E C V is degenerate if and only if there exists a basis
E,1) of E with (&, £) = (£,1) = 0. Namely,

e 0(Em) = (€.€) (n,m) - (§,m)° = 0.
———r ~——
=0 =0
“=": Let E be degenerate, ie., (-,-)|exe is degenerate. =~ Then there exists a
& € E\ {0} with (§,{) =0 for all { € E. Now complete & by some 7 to a ba-
sis of E. v
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Example 3.2.4. Let V = R? with the Minkowski product
(&.m)=-En"+&n' + &
Consider the lightcone

¢ :={E eR*\ {0} (£.£)) =0}.

Then the plane E C R3 is degenerate if and only if E =
T, % for some p € 6.

Namely, assume ¢ : (—€,€) — € is a smooth curve with ¢(0) = p and ¢(0) = &. Then we have:

{c(t),c(t))) =0 Vie(—e,e€)

S 0= L1 eln),eln))) = 2(¢(0),(0)) = 2((&, )

dt t=0

= T,% C p*, where both are two-dimensional subvector spaces of R3
= T,¢ = pt

= for { = p and any N € T,% which is not a multiple of £ we obtain a basis of 7,%” with

(&,8) ={(&m) =0

= T,% is degenerate.

Conversely, if E is degenerate, then we choose a basis &, 1 of E such that ((§,&)) = (&,n)) =0.
We put p :=&. Clearly p € €. Now we have E C p~ =T,%. Since both E and 7,% are two-
dimensional we conclude E = T,,% . v
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degenerate non-degenerate non-degenerate
(indefinite) (definite)

Lemma 3.2.5. LetV be a finite-dimensional real vector space with non-degenerate symmetric
bilinear form (-,-). Let R: V x V XV x V — R be multilinear with

R(éanaCav) = _R(nagagav) = _R(ganavaC)
forallE,m,8,v €V. Then for E € G,(V,(-,-)) and any basis &, of E the expression

K(E) = R(¢,n,1,8)

0(&,n)

does not depend on the choice of the basis &, of E, but only on E itself.

Proof. Let i, v be another basis of E with u = a& +bn and v = ¢& + dn. Then we have:
R(u,v,v,u) =R(a& +bn,c& +dn,c&+dn,a& +bn)
= adch-R(G,n,5,1) +adda-R(G,n,n,§) +bech-R(1,6,8,1M)
+beda-R(n,E,n,&)
= (—abcd +a*d* + b*c* — abed) -R(E,1,1,€)
= (ad —bc)*-R(&,1,n.£) (3.8)
The map R : V XV xV xV — R, defined by

Ri(6;1,6,v):=(c,v)(n,§) = (§,6) (n,V)

has all the symmetries of the curvature tensor as in Proposition 3.1.7. Hence we get

Ri(u,v,v,1) = (ad —bc)* Ry (E,m,1,E). (3.9)
N— N—
:Q(/.L,V) :Q(évn)
Dividing (3.8) by (3.9) proves the lemma. ]

Set Go(M,g) := U G2 (TyM , gl,).
PEM
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Definition 3.2.6. The function K : G»(M,g) — R, defined by

K(E) = R(,m,m,8)

0(&,n)

where &, 1 is a basis of E, is called sectional curvature of (M, g). Here R is the Riemannian
(4,0)-curvature tensor.

Remark 3.2.7. The sectional curvature is only defined for manifolds of dimension at least 2. If
dim(M) =1, then R(§,n,¢,v)=0forall £,n,{,v € T,M due to the skew-symmetry in & and

n.

Definition 3.2.8. If (M, g) is a two-dimensional semi-Riemannian manifold, then we call
K:M—R, K(p):=K(T,M)

the Gauf} curvature of M.

Remark 3.2.9. The sectional curvature determines the curvature tensor, as can be seen by

6R(E,n,8,v) = K(E+v,n+8oE+v,n+8)—KMn+v,E+8)0(n+v,E+0)
K& n+8)0oE n+8)—-Kn,E+v)0n,§+v)
—K(£,6+v)0(L,8+Vv)—K(v,n+)Q((v.n+{)
+K(E,n+v)Q(E.n+Vv)+K(n,L+8)Q2N,L+&)
+K(E,n+v)O(E,n+Vv)+K(v,E+)0(v,§+ ()
+K(8,8)Q(8.8)+K(n,v)Q(n,v)—K(&,v)0(S,v) —K(n,5)0(n,8)

for all £,n,{,v € T,M, for which the corresponding sectional curvatures are defined. The set
of quadruples (&,1n,(, V), that satisfies this, is open and dense in 7,M x T,M x T,M x T,M. By
continuity this determines R on all of T,M x T,M x T,M x T,M.

Special case: If K(E) only depends on p but not on the particular plane E C T,M (satisfied
automatically if dim(M) = 2, but not in general if dim(M) > 3), then:

R(évnvg7v):[((p)(<nvc> <‘§7">_<§7C> <717V>)

Moreover, we always have: K =0 < R=0.

3.3 Ricci- and scalar curvature

The Riemann curvature tensor and sectional curvature can be computed from one another. They
contain the same amount of information. Both are rather complicated objects. In this section we
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3.3. RICCI- AND SCALAR CURVATURE

introduce two simplified curvature concepts which however contain less information than the
full curvature tensor.

Let (M,g) be a semi-Riemannian manifold and p € M. The Riemann curvature tensor at the
point p € M is a multilinear map

R:T,M x T,M x T,M — T,M.
For fixed ,n € T,M we get a linear map
R(éa)n TpM—>TpM7 C'_)R(é,C)n

Definition 3.3.1. The map ric: T,M x T,M — R,

ric(§,n) = —w(R(§,)n) = w(R(-, 6)n)

is called the Ricci curvature at the point p.

Remark 3.3.2. Let V be a n-dimensional R-vector space with non-degenerate symmetric bili-
near form g and Ej, ..., E, be a generalized orthonormal basis of (V,g), that is g(E;,E;) = €6;
with & = %1. Then for every endomorphism A : V — V we have

=) & g(A(E),E). (3.10)
i=1

Why? 1If we define ; : V — R by @;(§) := & -g(&,E;) then @y,...,®, is the dual basis of V* to

E.,... E,. Hence
tr(A) = ZO),(A(E,)) = g&' -g(A(E,'),E,').

The local description of Ricci curvature is similar to that of the semi-Riemannian metric itself:
For any chart x : U — V of M we define the functions
P )

Lemma 3.3.3 (Properties of the Ricci curvature). (i) The map ric is bilinear and sym-
metric on T,M.

d

. . . J
ric;j : V =R, rici;(x(p)) :=ric B

, =—
j
» ox

(ii) For any generalized orthonormal basis Ey,...,E, of (T,M,g|,) we have:
ric(,n) Za E)E;,n).
(iii) We have: ric;; = Z lej
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Proof. (i) Bilinearity of ric follows directly from trilinearity of R. We show symmetry of ric:

riC(Tlvé) =

;EIE'S) ZS n E)
— i

Prop.
3.1.7

= Z &-g(R(&,E)E;,N)

= I‘lC(&,T]).

'[:?3

g(R(n,E)E;, &)

1

(i1) is clear from (3.10).

(iii) We fix i and j and we have ric;; = ric (ax,, ax]) tr < (ax, , C) 5 j) W.r.t. the

basis %, ceey W the endomorphism § — —R <ai ) % has the matrix representation

(=R = (R )u-

Thus we get that ric;; = Y/, R’;ki and because of (i) we have ric;; = ric j;, which yields the
assertion. O

We defined Ricci curvature using the Riemann curvature tensor. Since the curvature tensor and
sectional curvature contain the same information, Ricci curvature should also be computable
in terms of sectional curvature. Indeed, Ricci curvature can can be computed by averaging the
sectional curvature of certain planes.

Lemma 3.34. Let (M,g) be a semi-Riemannian manifold and p € M. If & € T,M with
g(&,&)#0and if Es, ... E, is a generalized orthonormal basis of E*, then

n E3
ric(&,&) =g(&,&)- ;K(span{é,Ej})

This is essentially the
mean value of K on all
planes containing &.

E>

Proof. W.lLo.g.letg(&,8) ==+1. Write § =: E;. Then Ej,...,E, forms a generalized orthonor-
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mal basis of 7T,M. Therefore

ric(§,§)

I
M=

—

. 8(Ei Ei)-g(R(E,ENE;, &)

'[\Hﬂ: Il

I|
)

8(Ei,Ei)-g(R(&,ENE;, &)

I

[
S}

g(E,,E,') ’ K(Span{éin}) ’ (8(§7§)8(Ei7Ei) —g(é,E,)z)
— 4(£.E)- Y K(span{E E7}).

=0
i=2

Remark 3.3.5. Lemma 3.3.4 expresses ric(§,&) in terms of sectional curvatures provided

g(€,&) #0. Since g is non-degenerate the set of vectors & € T,M with g(&,&) # 0 is dense
in T,M. By continuity, ric(§,&) is determined for all & € T,M. By polarization, this determines
the values of ric(&,n) for all £, n € T,M via

ric(§,m) = 3 (ric(§+n,&+n) —ric(§, £) —ric(n,n)).

phism Ric : 7,M — T,M such that

Remark 3.3.6. Both maps ric : T,M x T,M — R and g : T,M x T,M — R are bilinear and sym-
metric. The second map g is in addition non-degenerate. Thus there exists a unique endomor-

forall&,n € T,M.

ric(€,m) = g(Ric(§),n)

In local coordinates: For any chart x : U — V we get functions Riclj :V = R by:

d u ; d
( ox p> J; ox/ »
We compute:

o — ric(2L 2
ric;; = ric 3 I
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‘We have shown:

n
. -k
ric;; = ZRlci-gkj
k=1

The functions ric;; are obtained from the functions Rici-‘ by lowering the upper index. Similarly,
the Ricf-< can be obtained from the ric;; by raising one index.

Definition 3.3.7. The map scal : M — R defined by

scal(p) := tr(Ric|p)

is called the scalar curvature of M.

Lemma 3.3.8. (i) In local coordinates we have

scal(p ZRIC (p) = Zn: ric;; (x(p)) - 8 (x(p)).

i,j=1

(ii) For a generalized orthonormal basis Ey, ..., E, of T,M we have

scal(p Zs, ric(E;, E;).
i=1

Proof. Clear. O

Remark 3.3.9. Let us consider the special case when dim(M) = 2. Let K be the Gaul3 curvature,
i.e., K(p) = K(T,M). Then the curvature tensor is given by

R(":,n,Ca") :K(P)(g(n,C)g(iaV) —g(é’C)g(n’v))'

Thus we get for the Ricci curvature

ric (:' Tl 281 i7Ei7r,)

Mm

|
{>§

(p) Y& (8(Ei.En)g(&,m) — 8(§, Ei)g(Ei))

K(p)(2¢(&,m)—g(&,m))
—K(p) g(&,m).
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This shows
ric=K-g
and

scal = 2K.

In the case of surfaces the Riemann curvature tensor, sectional curvature (Gauf3 curvature), Ricci
curvature and scalar curvature all determine each other. In higher dimensions this is no longer
SO.

Remark 3.3.10. The following table shows how the different notions of curvature depend on
each other:

[ dimM [ 2 | 3 | >4 |
¢
£ Elow |
ric A 1 1

scal v v v

Remark 3.3.11. In the physics literature the following notation in local coordinates is often
used:

e for R and R ones writes: Rf i and R; i (as here),
» for Ric and ric one write: ric;; = R;; and Ric] = R/,

« for scal one write: scal = R.

3.4 Jacobi fields

In order to better understand the behavior of geodesics we will linearize the geodesic equations.
This leads to the Jacobi fields and relates geodesics and curvature.

Definition 3.4.1. Let M be a semi-Riemannian manifold. A variation of curves
c:(—€,€) xI— M is called a geodesic variation if for every s € (—¢, €) the curve

1 cg(t) := c(s,1)

is a geodesic.
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d
Let &(1) := ac(o,t) be the corresponding variational vector field. Then we have:

V2 VVoJd
<E> §1) = 5.5,3.¢(:0)l=0
VvV
E%EC(S’Z)‘S:O
V V9 de o . 9¢ o
= aEEC(&Z)‘s—O"‘R(E(O7Z)7E(O’Z)> E(

=0 since ¢, geodesic

= R(co(1),&(t))co(t)

0,7)

Definition 3.4.2. The equation for vector fields £ along a geodesic cg

\%

(T) e=ren e

is called the Jacobi equation. Its solutions are called Jacobi fields.

The above computation shows that the variational vector field of a geodesic variation is a Jacobi
field.

Proposition 3.4.3. Let M be a n-dimensional semi-Riemannian manifold, ¢ : I — M a
geodesic and ty € I.
Forall&,n € T, (1,)M there exists a unique Jacobi field J along c with

Jto) =& and %J(to):n.

The set of Jacobi fields along c forms a 2n-dimensional vector space.

Proof. Let Ei(ty),...,Eq(fo) be a basis of T, )M. By parallel transport along ¢ we obtain a
‘ 2

basis E(t),...,E,(t) of T,;yM for all t € I. Write J(t) = ¥}_;v/(¢)E;(t). Then (%) J(t) =

Y ¥/ (t)E;(r) and

R(¢(2),J(1))e(t) = ivj(t)R(é(f),Ej(f))é(f)-

Write R(¢(¢),E;(t))c(t) = Xi, a’;(t)Ek(t). Then J is a Jacobi field if and only if

n n

ko k.j
Y B~ Y dviE
k=1 jk=1
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hence if and only if

n
iik:Za];vJ forallk=1,...,n
=1

This is a linear system of ordinary differential equations of second order. Thus solutions exist
(on all of I) and are uniquely determined by the initial data v(#) and v¥(t), i.e., by J(9) and
%J (2‘0) .

The linearity of the Jacobi equation implies that its solution space forms a vector space. The
map {Jacobi fields} — T, )M © T4 )M, J — (J(to), %J (t0)) is a vector space isomorphism. In
particular, the dimension of the space of Jacobi fields along ¢ equals 2n. O

Example 3.4.4. If M is flat then the equation for Jacobi fields is simply given by

v\ 2
— | J=0.

{Jacobi fields} = {&(r) +1n(1)| &, parallel }.

Hence

Example 3.4.5. Let c be a geodesic in an arbitrary semi-Riemannian manifold. Then the vector
field J(¢) := (a+ bt )¢(¢) is a Jacobi field for any a,b € R. Namely, we have:

v\ 2
<E> J(t)=0, and R(¢,J)¢=(a+bt)R(¢,¢)¢=0.
Such a J is the variational vector field of the geodesic variation

c(s,t) = c(t+s(a+br)) = c((1+4sb)t +sa).

This is a variation of ¢ which is obtained by simply reparametrizing the geodesic. It contains
no geometric information. Therefore such a Jacobi field is uninteresting. Thus there is a two-
dimensional space of uninteresting Jacobi fields.

Remark 3.4.6. If a Jacobi field J : I — T M satisfies:

\Y%
J(t) L ¢(to) and EJ(IO) 1 é(ty) foraryel,
then we have

J(t) Leé(r) and zJ(t) Lé(r) forallrel.

dt
Namely,
d /v V2 vV Vv
- R — —_— A —_— —C = R " J >, C :O
dt<dtj’c> <<dt> J’C>+<dtj’dtc> (R(¢,J)¢,¢)
e

91



CHAPTER 3. CURVATURE

implies <%J, c’> = 0 and from

d , . Vo o\ _
% <J,C> == <EJ,C> =0
we see that (J,¢) =0.

Consequence. Let ¢ be non light-like. In this case we have T, )M = Ré(t) & ¢é(1)*. Then

{Jacobi fields along c} = R-¢®R-t¢ @ {Jacobi fields J along c|J L ¢, %J Leé}.

uninteresting
Jacobi fields

interesting Jacobi fields

Remark 3.4.8. For light-like geodesics c this is not true because ¢ L ¢.

Example 3.4.9. Let (M,g) = (R?, gmink) let ¢ be a light-like geodesic and let £ be a light-like
parallel vector field along ¢ which is linearly independent of ¢.

Since & is parallel and R = 0, the vector field £ is also a Jacobi field and we have:

{Jacobi field along c} = R-¢c®R(t¢)DREDR(E)
e ——

= {Jacobi field J along c|J L ¢, %J 1Lé}

Definition 3.4.10. For k¥ € R the generalized sine and cosine function s,,c, : R — R are
defined by

ﬁsm(ﬁ"’)a k>0 cos( k), K>0
se(r):=4qr K=0 and c¢(r):=<1, k=0

sVl -r), <0 cosh(/[k[-7), k<0

respectively.
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It is easy to check that

K52K+C2K =1,
5= ¢y and s,(0) =0,
d.=—kse and ¢c(0) =1

Example 3.4.11. Let (M, g) be a Riemannian manifold with constant sectional curvature K = «.
Let ¢ be a geodesic, parametrized by arc-length. Let & be a parallel vector field along ¢ with
& L ¢. Set

J(t) == (asc(t)+be(r)E(r)  witha,b ER.

Then

2
<%> J=(asc+btx) =—xk(asc+be)§ =—xlJ.

For the curvature tensor we here have R(&,1)8 = x((n,&$) & — (€,8)n). Thus

R(év‘])é: (aSK—FbCK) : K(@C—@é) = —K(ClSK—FbCK)g =—KJ.
= =1

Hence J is a Jacobi field and

\%
{Jacobi fields along ¢ |J L ¢, EJ 1 c'}
= {(asc+bcc)&|a,b €R, & parallel along ¢,& L ¢}.

AP T e
/LT—J‘JJ-I-LLLLJJ—I—LLLLI:}\

K<O0
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Proposition 3.4.12. Let M be a semi-Riemannian manifold and c : [a,b] — M a geodesic. Let
& be a smooth vector field along c. Then

& is a Jacobi field <= & is the variational field of a geodesic variation.

Proof. The implication “<” is already known. We show “=".

lo
Let £ be a Jacobi field along ¢. Choose a tj € [a,b] and é(L)
choose a smooth curve y: (—€,€) — M with y(0) = & \ T
c(to) and 7(0) = &E(19). Let 1y be the parallel vector o) —
field along y with 1;(0) = ¢(#). Let 1, be the parallel /Er >
vector field along y with 1(0) = Y& (1o). Y ul

Set n(s) := N1 (s) +sm2(s) and

n
c(s,1) == expyy) ((t—10)1(5)). / %
Y

Since the domain of definition of exp is open, c(s,?) is
defined for |s| sufficiently small and for all # € [a,b].
Then we have

€(0.1) = expy0 (1~ 10)1(0)) = expegy) (1 — 10)e(i0)) =)

Hence c(s,t) is a geodesic variation of ¢(r). Let J(r) := 2¢(0,7) be the corresponding variational

field. Then J is a Jacobi field. We show: ’

Eli0) =) and &) =~ J(o).

Then we get & = J because Jacobi fields are uniquely determined by their initial data and hence
& is the variational field of the geodesic variation c(s,?).
We calculate

dc d d o
J(to) = 5(0710) =@l eXPy(5)(0) = as| ¥(s) = 7(0) = &(%0)
and
\vJ V dc V dc \Y \Y
Ef(to) = 55(0,10) = ag(oﬁo) = aﬂ(o) =m2(0) = %‘5(%)- mi

We are now able to generalize Lemma 2.6.26 and can identify the differential of the exponential
at arbitrary points in its domain.
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Proposition 3.4.13. Let M be a semi-Riemannian manifold, p € M and & € T,M. We assume
that the geodesic y(t) := exp ,(t§) is defined on [0, 1], i.e., & lies in the domain of exp,,.

Forn € TyM(=T,:T,M) let J be the Jacobi field along y with J(0) = 0 and ¥.J(0) = 1. Then
we have for all t € (0,1]:

dexpp ‘té (n) =

J(t)
o

Proof. Consider the geodesic variation c(s, 1) := exp,, (1(§ +s1)).

Let { := 2¢|,_ be the corresponding variational Jacobi field. Then we have
ds

dc d
C(O) $(070) = % epr ’s:O(O) =0= J(O)
and
\Y% V dc V dc \vJ \vJ
27 6(0) = =-5-(0,0) = =-=-(0,0) = —(§ +sn)|s=0 = 1 = =-J (0)

Hence { =J. Now we compute for fixed 7 € (0, 1]:

dexp, e (m) = o-exp, 1 +sm)lo = ooexp, (1 (£4+5m))| =1¢0="1s0). o

s=0 t t

Corollary 3.4.14. Let M be a semi-Riemannian manifold, let p € M and let & be in the domain
of exp,,. Then

ker(dexp,, |z ) = {Jacobi field along y(1) = exp ,(t§)[J(0) = 0,J(1) = 0}.
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Definition 3.4.15. Let M be a semi-Riemannian manifold and y: I — M a geodesic.
Then t1,5, € I, t; # 1, are called conjugate points along v, if there exists a non-trivial Jacobi
field J along y with J(#;) = 0 and J(#;) = 0.

Consequence. dexp,|¢ is non-invertible if and only if 0 and 1 are conjugate points along y(t) =
exp,,(t&).

Example 3.4.17. Let M be a Riemannian manifold with constant sectional curvature K = K.

Case 1: k¥ < 0. Every Jacobi field has at most one zero.
= There are no conjugate points.
= dexp, [ is invertible for all § € 7,

= The map exp,, : 7, — M is a local diffeomorphism.

Case 2: ¥ > 0.

For a geodesic parametrized by arc-length, the con-
jugate points belonging to 7 are the points % +m%
for m € Z\ {0}. Considering the case m = 1 we have

exp, ({§ € T,8"| |€]| = m}) = {-p}.

For ||&|| = 7 we obtain

kerdexp, |¢ = EL.

Proposition 3.4.18. Let M be a semi-Riemannian manifold and let c : [ty,t;] — M be a
geodesic. Let ty and t| be not conjugate with each other along c.
Then for & € T4 )M and M € T, ;)M there exists exactly one Jacobi field J along c with

J(t())=§and.](t])=1’].

él ;
| Thres c(r1)
(i) T,
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Proof. The linear map
2n-dimensional (n+ n)-dimensional
———
{Jacobi field along ¢}  — T \M © T, )M,
J — (J()J (1)),

is injective since fy and ¢; are not conjugate to each other along c. For dimensional reasons, this
map is an isomorphism. |

Proposition 3.4.18 means that in the non-conjugate case we can also characterize Jacobi fields
by the boundary values J(fy) and J(¢;) instead of the initial values J(zp) and %J (o). In the
conjugate case this is certainly wrong.

Example 3.4.19. Let ¢ be a geodesic emanating from ' p = c(to)
p € 8" which is parametrized by arc-length. The set of

n € T_,S" for which exists a Jacobi field J along ¢ with

J(0) =0and J(m) = n is given by

{n=a-¢r)|aecR} —p=c(ty)
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4 Submanifolds

4.1 Submanifold of differentiable manifolds

Definition 4.1.1. Let M be an m-dimensional differentiable manifold. A subset N C M is
called an n-dimensional submanifold if for every p € N there exists a chart x : U — V of M
with p € U such that

x(NNU)=VnN(R"x{0}).

0} x R
{0} V CR"

X
N U /\

i
N
M

Such a chart is called submanifold chart of N. The number m — n is called the codimension
of Nin M.

R" x {0}

Example 4.1.2. (1) Codimension n =0: A subset N C M is a submanifold of codimension 0 if
and only if N is open subset of M.

(2) Dimension n = 0: A subset N C M is a submanifold of dimension O if and only if N is a
discrete subset of M.

(3) Affine subspaces: Let N C M = R™ be an affine subspace, i.e., N is of the form N =N’ + p,
where N’ C R™ is an n-dimensional vector subspace and p € R™ fixed. Choose A € GL(m)
with AN' =R" x {0}. Thenx: U =R™ — V =R", given by

x(q) :==A(q—p),
is a submanifold chart.

(4) Graphs: Let M| and M, be differentiable manifolds and let f : M| — M, be a smooth map.
Set M = My x M> and

N=Ty;={(En)eM xMy|n=f(&)}.
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U] X U2 T I -
JU2 x1 xx2 /\ xaefox™
T ¥
L m
M, U Vi xV,

Choose charts x; : U; — V; of M; with p € Uy x U. W.lo.g. let f(U;) C U,. For w € V; and
z €V, set

v(w,z) == (wz— (xzofoxfl)(w)).

Then x := yo (x; X x2) is a submanifold chart, defined on U; x Us.

Theorem 4.1.3. Let M be an m-dimensional differentiable manifold. Let N C M be a subset.
Then the following assertions are equivalent:

(i) N is an n-dimensional submanifold.

(ii) For every p € N there exists an open neighborhood U of p and smooth functions
fis--os fmen : U — R such that

() NOU ={q €U | fi(q) = ... = fu-n(q) =0},
(b) The differentials dfi|p,...,dfm-n|p € T, M are linearly independent.
(iii) For every p € N there exists an open neighborhood U of p, an (m — n)-dimensional

differentiable manifold R and a smooth map f : U — R with

(@) NNU = f~'(q) where g = f(p);
(b) df|,: T,M — T R has maximal rank.

Proof. “(i))=(i)": Let p € N and let x: U — V be a submanifold chart for N with p € U. W.Lo.g.
let

(1) x(p) =0 € R™ (otherwise compose x with a suitable translation);
(2) V=V; xV, where V; C R" and V, C R™" (otherwise make U smaller).

Now fj:U =R, fj :==x""/, do the job (j = 1,...,m —n).
“(ii)=-(iii)” is obvious. Simply set R :=R"™ " and f := (fi,..., fm—n)-
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“(iii)=()": R
/\
g
U
M 0
o

V/o/

" - ¢(q)
v ~ofoer”

Choose a chart ¢ : U — V of M around p and a chart ¢ : U — V of R around g := f(p). W.Lo.g.
we assume that f(U) C U. Since ¢ and @ are diffeomorphisms, we have

rank D(Qo fo (p_l)](p(p) =rankdf|, =m—n.

The implicit function theorem yields: One can shrink V and U to smaller neighborhoods of ¢
and p, respectively, such that V = V| x V, and one can find a smooth map g : V| — V, such that

(pofoe ) ' (Plg) =(fop ") '(g) =T,.

If we compose ¢ with a submanifold chart for graphs as in the Example 4.1.2 (4) then we get a
submanifold chart for N in M around p. O

Definition 4.1.4. Let M and R be differentiable manifolds and let f : M — R be smooth. A
point p € M is called a regular point of f if df|, has maximal rank. Otherwise p is called a
critical point of f.

A point g € R is called a regular value of f if all p € f~!(g) are regular points. Otherwise ¢
is called a critical value of f.

Example 4.1.5. Let M = R=R and f(t) =t>. We have R
critical
df’l(é) = f,(t) : g ° ( point critical
value
Hence 7 is a critical point of f if and only if /() =0. In M Lx 0
this example ¢ = 0 is the only critical point and f(0) =0 regular values ™~
is the only critical value. regular points Punkte

R
Example 4.1.6. Let M = R = R and
f(t)=1t*(t—1). Here f has the critical M 0
points t =0 and t = % The critical values
are f(0) =0and f(3) = —5.

SN
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Example 4.1.7. Let M = R = R and
f(t)=0. In this case all # € R are critical
points but O is the only critical value.

The examples indicate that there may be many critical points but there are always only few
critical values. This is true in general:

Theorem 4.1.8 (Sard). Let M and R be differentiable manifolds and let f : M — R be smooth.
Then the set of critical values of f is a null set in R. In other words, for every chart x : U —V
of R the set x(U N{critical values of f}) CV is a null set (in the sense of Lebesgue measure
theory).

For a proof see [M65, Chapter 3].

Corollary 4.1.9. If f : M — R is smooth and if q € R is a regular value of f, then N = f~!(q)
is empty or a submanifold of M with codim(N) = dim(R).

Proof. This follows directly from Criterion (iii) in Theorem 4.1.3. m|

Example 4.1.10. Let M = R**! and R = R. Let f: R""' — R be given by f(x) = |x||* =
()24 ...+ (x")%. Then " = f~!(1) and for any x € R"*! we have

Df].= (2x°,...,2x").
1, x#0
= rank(Df\x):{ 0 %e0

= Forall x € f~!(1) we have rank(Df],) = 1.
= 1 is aregular value of f.

419 gn « R+ is a submanifold of codimension 1.

Remark 4.1.11. In this example all ¢ € R\ {0} are regular values. We have

rig={ Sy
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For the critical value ¢ = 0 we have that £~!(0) = {0} is also (by coincidence) a submanifold, but
of the wrong codimension n+ 1. In general, the preimage of a critical value is not a submanifold.

Remark 4.1.12. Sometimes the set f~!(g) is a submanifold with codimension dim R even if ¢
is a critical value.

Example 4.1.13. Let g : R""' — R, g(x) = (||x]|* — 1)2. Then 0 is critical value of g but §" =
¢ 1(0) is a submanifold of codimension 1.

Remark 4.1.14. Submanifolds of differentiable manifolds are themselves differentiable mani-
folds. Namely:

Let N C M be a submanifold and p € N and x:U —V a submanifold chart with x =
(x0T ™), then

(x',...¥"):UNN = VAR"

is a chart of N. The set of charts of NV obtained in this manner by restricting submanifold charts
to N is a C™-atlas for N.

Theorem 4.1.15. Let N C M be a submanifold. Let 1 : N < M be the inclusion map, 1(p) = p.
Then we have:

(i) 1 is smooth and dti|, : T,N — T,M is injective.
(ii) If f : M — P is smooth then f|y : N — P is also smooth.

(iii) If g : Q — M is smooth with g(Q) C N then g : Q — N is also smooth.

Proof. (i) Let x = (x!,...,x™) be a submanifold chart of N in M and % = (x!,... x") the
corresponding chart of N. The following diagram commutes:

N> UNN UcCM

1

X

0
&—(£,0) v

X

VNR"

Obviously, & — (&,0) is smooth. Since this map is linear, it coincides with its differential,
such that the differential is in particular injective.

(ii) The function f|y = fo1 is the composition of two smooth maps and therefore again
smooth.

(iii) Letg € Qand x= (x!,...,x™) be a submanifold chart of M around g(q). Since g is smooth
the functions g’ := x’ o g are also smooth. From g(Q) C N we see that (g',...,¢") =
(g',...,¢",0,...,0). Now (g',...,g") is smooth and thus also g: Q — N. o
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Remark 4.1.16. One identifies 7,N with dt|,(7,N) and thinks of it as a vector subspace of
T,M.

Remark 4.1.17. If M =R", i.e., N C R"™, then one often considers 7, N as a vector subspace of
R™ via T,N C T,R" — R".

isom.

Example 4.1.18. For N = §" C R""! we have T,5" = p*.

4.2 Semi-Riemannian submanifolds

Definition 4.2.1. Let (M, g) be a semi-Riemannian manifold. A submanifold M C M is called
a semi-Riemannian submanifold, if for all p € M

(g‘p)‘TprTpM =: g‘p

is non-degenerate.

Example 4.2.2. If (M, ) is Riemannian, then every submanifold is a semi-Riemannian subma-
nifold.

Example 4.2.3. Let (M,g) = (R?, gumink) be 2-dimensional Minkowski space, i.e., gmink =
—dx® @ dx® + dx' ® dx'. Then

Ny = {(x°,0) |x° € R} is semi-Riemannian (with negative-definite metric).
N, = {(0,x") |x! € R} is semi-Riemannian (with positive-definite metric).

N3 = {(t,t)|t € R} is not semi-Riemannian, since the restriction of gmink on 7,N3 van-
ishes.

Ny = S! has 4 points at which the restriction of gnink degenerates.

104



4.2. SEMI-RIEMANNIAN SUBMANIFOLDS

K0 M M
Ny —

N3 Nl

Definition 4.2.4. Let M C M be a semi-Riemannian submanifold. Then we call
N,M :=T,M*+={&€T,M|gl,(,,n)=0Yn € T,M}

the normal space of M at the point p.

Remark 4.2.5. We have T,M = T,M & N,M since
(1) dimN,M > dimT,M —dimT,M.
(2) If there existed a & € T,M NN,M with & # 0, then we would have & € T,M with g|p(§,n) =
0 for all n € T,M. Then (g| p)]TpMerM would be degenerate, which is a contradiction.
Let M C M be a semi-Riemannian submanifold and p € M. Let
tan :T,M — T,M,
nor :7,M — N,M,

be the orthogonal projections. Both M and also M have, when seen as semi-Riemannian man-
ifolds in their own rights, a Levi-Civita connection V and V, respectively. Now we want to
investigate, how we can determine V directly from V.

(M,g)------- > ? Levi-Civita connection
! 1
l 12
! 1
\ ¥
(M,g)------- >V Levi-Civita connection

Here gl := (8lp) 1,mx7,m-
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LetpeM,EeT,Mandn € C*(U,TM), where U C M
is an open neighborhood of p. Choose a smooth exten-
sion 7 of 7] to an open neighborhood U of p in M. Then
?5 7] € T,M does not depend on the choice of continu-
ation 1].

Namely: the tangent vector & € T,M is of the form & =
¢(0) witha curve c: (—€,€) — M. Hence ﬁgﬁ depends
on 7] only along c, that is, only on 7).

We can also write:

Example 4.2.6. Let M = (R?, gye) and M = S'. Set n(x!,x*) = (—x%,x!).
For ¢ : R — S! with ¢(t) = (cos(t),sin(t)) we have

Then we get:

Von = %c’ = ¢ = (—cos(t),—sin(t))

which is not tangent to S'.

n

Van

We set Vi1 :=tan(Ven).

Theorem 4.2.7. Let (M,g) be a semi-Riemannian manifold and M C M a semi-Riemannian
submanifold with induced semi-Riemannian metric g. Let V be the Levi-Civita connection of
(M, g). Then

Ven =tan(Ven)

is the Levi-Civita connection of (M, g).

Proof. We check that V satisfies the axioms of the Levi-Civita connection for (M,g). By the
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uniqueness statement in Theorem 2.3.8, V must then be the Levi-Civita connection of (M, g).
(i) Locality is clear because V is local.
(ii) Linearity in & is clear because tan is linear and V is linear in .

(iii) Linearity in ) is clear by a similar argument.

(iv) Product rule I: Let f € C*(U) and n € C*(U,TM), where U C M is an open neighborhood
of pand & € T,M. Let 7] and f be smooth extensions of 1) and f to an open neighborhood
U of pin M. Then

Ve(f-n) = tan(Ve(f-n))

= def nlp+f(p)Ven.

(V) Product rule II: Let & € T,M and 1,12 € C*(U,TM). Choose smooth extensions ], > €
C=(U,TM). Then

deg(Mi,m) = 9e&(M, M)
= &gl (Ve malp) +&lp(Mip, Veno)
=12|p, in particular tangent to M
= glp(tan (Vem),malp) +glp (m . tan (Ve o))
= glp(Vemumalp) +lp(mlp, Vem).

(vi) Freeness of torsion: Let x!,... x™ x"t1 ... x™ be submanifold coordinates on M. Here

x!,...,x™ are coordinates on M. For 1 <i,j < m:

0 - d - d d
- = \vJ — | = \vJ — | =V —.
dx/ tan ( = , 8x1> tan ( P ) 8xl> P ,0x' .

Example 4.2.8. Let M = S' ¢ M = R?> with § = gewat.  Set 7n(c(t)) = ¢(t) where
c(t) = (cos(t),sin(z)). Then

oxl | p

V1 = tan <?nn|p> = tan(—p) = 0.

Hence c is a geodesic in S ! (but not in R?).
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Lemma 4.2.9. Let § € T,M and ) € C*(U,TM), where U C M is an open neighborhood of
p- Thennor(Ven) € N,M only depends 1 via 1| .

Proof. Letx!,...,x" x™*1 ... x™ be submanifold coordinates on M around p. Let I“f»‘j :U—R
be the Christoffel symbols of V, 1 < i, j k < m, and I_“f»‘j : U — R be the Christoffel symbols of
V,1< i,j,k<m.OnU we write ] = Z’;’Zl nj% and we define on U:

. ni(x',...,¥") forj=1,....m
X"
0 for j=m+1,....m

Set 7] := Y| )/ 2. Furthermore, write & = Y, &/ —‘ Then we have:

nor(Ven) = nor(Ved)
= Ven—Ven

m. 81‘1"

i:ZI k;l dx x(p)
m ; m ank

—Zé )y ( ox!

d

T~ LA s
+j; l]|x(l7) n |x(1’)> Ok )

d

+ Y il L) | 5=
) ];1 jlx(p) (p) axkp

m . ) m B a m a
- él nj‘x f‘x .5 Fi'c"x .k .
,-; ,221 (») k; hin 55 k; i) 7|
This only depends on nj|x(p), i.e., only on n|,. m]

Definition 4.2.10. The map /1 : T,M x T,M — N,M, given by

neé,n) = nor(ﬁgn),

is called the second fundamental form of M in M (at the point p € M).

Lemma 4.2.11. The second fundamental form 11 is bilinear and symmetric.

)éin"-
p

Proof. In the previous proof we have shown that

nen- % (£ 5

m a
“LUige
k=1

i,j=1 p
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Clearly, II is bilinear. By the symmetry of the Christoffel symbols in the lower indices, II is also
symmetric. O

Example 4.2.12. Let M = S' ¢ M = R? and 1 as in Example 4.2.8. The second fundamental
form is then given by II(n,n) = —p.

Conclusion. The equation

Ven = Ven+1(&,n|,)

is the splitting of ?5 7 into its tangential and normal parts.

Notation 4.2.13. For better readability we will from now on write (§,7) instead of g(&,n)
or g(5,n).

Since one can compute the Levi-Civita connection V of the submanifold M from the Levi-Civita
connection V of M, one should also be able to compute the curvature tensor R of M from that of
M. Indeed this is possible.

Theorem 4.2.14 (GauB Formula). Let M C M be a semi-Riemannian submanifold and p €
M. Let&,n,{,v € T,M. Then we have

(R(E,v)e,n) = (R(E,v)&,m) + ((v,&),1(E,m)) — (I(E, £),1(v,n)).

Proof. Let x',... x™ be coordinates of M around p coming from a submanifold chart
xl, X X, By multilinearity, it suffices to show the assertion for & = % ,
_ 0 _ 0 _ d
n—ﬁp,C—WpandV—Wp.Wehave
_ - - d = JdJ - - J = d
REVIEM =AYV a5 =Vo, Zaa Vg TV,
BVklp axl‘l
- - dJd - - 4
torsion1®< Cvgilﬁ_vvvaikﬁ’n>
- J - Jd d - d
=(VVy —+V/Il| —,— | -V\Vis ——-V,II —
< Vg Ve (axl’axz> A T (a k’axt>’">
d d
=(V¢Vy —-V,V,, —
< aroxd V' 8x”n>
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Corollary 4.2.15. If E C T,M is a non-degenerate plane with basis &1, then we have

<H(§a§)’n(n’n)> — <H(§’n)an(§’n)>
<§7§> (TI7TI> _ <§7n>2

K(E)=R(E)+

Proof. This follows directly from the definition of sectional curvature and the Gaufl formula. O

Lemma 4.2.16. Let M C M be a semi-Riemannian submanifold. Let ¢ : M — N be a local
isometry. Set (M) =: N. For §,n € T,M we have

Iy (do|,(§),dol,(1n)) = dol,(Tu(§,m)).

Proof. Local isometries preserve V and V. Since II is the difference of V and V we get the
assertion. |

4.3 Totally geodesic submanifolds

Let M C M be a semi-Riemannian submanifold and ¢ : I — M a smooth curve. Let & be a smooth
vector field at M along c. Then the splitting in tangential and normal parts of the covariant
derivative is given by

\% \ _
Eé = Eé +11(€,¢).

In particular, we have for § = ¢

. V .—|—II(. .)
C= —¢C c,C).
dt ’

&
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4.3. TOTALLY GEODESIC SUBMANIFOLDS

Therefore the curve c is a geodesic in M if and only if

v v
% ¢=10(¢,¢), ie.,if o ¢(t) € NeyM for all t € 1.

Example 4.3.1. Let M = S" C M = R""! with Euclidean metric. Let ¢ : I — S" be a great circle,
c(t) =cos(t)- p+sin(t) - €.
with p € §", & € T,§" C R*"! and ||| = 1. From this we get
Vo .
Ec(t) =(t) = —cos(t) - p—sin(t) - & = —c(t) € No»S".

Hence c is a geodesic in S".

Definition 4.3.2. A semi-Riemannian submanifold is called totally geodesic if IT = 0.

Theorem 4.3.3. For a semi-Riemannian submanifold M C M the following statements are
equivalent:

(i) M ist totally geodesic.
(ii) Every geodesic in M is also a geodesic in M.

(iii) For any p € M and & € T,M there exists an € > 0 such that the M-geodesic
c:(—¢&,&) = M with c(0) = pand ¢(0) =& liesin M, i.e., c(t) € M for all t € (—¢,€).

(iv) Let ¢ : I — M be a smooth curve. Then the parallel transport along c w.r.t. M and w.r.t.
M coincide (for tangent vectors of M).

Proof. “(ii)=(iii)”: Let p € M and & € T,M. Let ¢ be the M-geodesic with ¢(0) = p and
¢(0) = €. Let & be the M-geodesic with ¢(0) = p and ¢(0) = &. By (ii), ¢ is also geodesic in
M. Since we have é(0) = ¢(0) and ¢(0) = ¢(0), the two M-geodesics must coincide, ¢ = ¢ on
(—¢€,€) for a € > 0. In particular, c lies in M.

“(iii)=-(1): Let p € M and & € T,M. Let c¢ be the M-geodesic with c¢ (0) = p and ¢¢(0) = &.
By (iii), c¢ lies in M for ¢ € (—¢,€) with suitable € > 0. On (—¢,¢&) we get:

v. V. .
:ECE = EC& +II(C€,C€)
~—— T

tangential

0

normal

In particular, we have
(¢e(r),¢(r)) =0forallr € (—¢,€).
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For t = 0 this means that II(§, &) = 0. Since & is arbitrary, polarization yields I = 0.
“(i)=>(iv)”: We have 5-& = Y &. Hence & is parallel in M if and only if & is parallel in M.
“(iv)=-(ii)’: Let c be a geodesic in M.

= ¢ is parallel in M.

@v)

= ¢ 1is parallel in M.

= cist geodesic in M. i

Example 4.3.4. Let M C M = R" be an affine subspace where R" is equipped with geycl OF gMink-
Criterion (iii) shows that M C R" is totally geodesic.

Example 4.3.5. Let M be an arbitrary semi-Riemannian manifold.

(1) All O-dimensional submanifolds are totally geodesic.

(2) Every submanifold of codimension 0, i.e., every open subset of M, is totally geodesic.

(3) LetM = {c(t)|t €I}, where ¢ : [ — M is a geodesic. If M is a semi-Riemannian submanifold

(has no self-intersection, for instance), then M is totally geodesic.

Remark 4.3.6. Most semi-Riemannian manifolds M do not have totally geodesic submanifolds
of dimension m € {2,...,m—1}.

Theorem 4.3.7. Let M C M be a semi-Riemannian submanifold. Assume that there exists an
isometry @ € Isom(M), such that M is a connected component of

Fix(¢) = {p € M|9(p) = p}.

Then M is totally geodesic.

Proof. We check Criterion (iii) in Theorem 4.3.3. Let p € M and & € T,M. We first show that

dolp(5) =&
Namely, let y: J — M be a smooth curve with y(0) = p and 7(0) = &. Then
. d .
dolp(c) =dol,(1(0)) = — (@) im0 = 7(0) =¢. v
——

—v, since
McFix(¢)

Now if ¢ is the geodesic in M with ¢(0) = p and ¢(0) = & then, by Proposition 2.6.20, c lies
entirely in Fix(¢). Since ¢() is connected, ¢ remains in M. ]
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Example 4.3.8. Let M = 5". Let W C R""! be a sub-
vector space. Let A € O(n+ 1) be the reflection about
w.

= @:=A|s € Isom(S5")

= Fix(@) =WnNS§" is totally geodesic

Hence all “great subspheres” in $” are totally geodesic w \/

submanifolds. In particular, S" admits totally geodesic
submanifolds of every codimension.

The Gauf3 Formula (Theorem 4.2.14) tells us that if M C M is totally geodesic, then

tan(R(&,1)¢)! forallpe Mand &,n,{ € T,M,
K(E) for all non-degenerate planes E C T,M.

R(&,m)¢
(E)

4.4 Hypersurfaces

Definition 4.4.1. A semi-Riemannian submanifold M C M is called a semi-Riemannian hy-
persurface if codimM = 1.

The signature of M is & = +1 if (g|,)|n,mxn,m is positive definite, and € = —1 if
(8lp)In,mxn,m is negative definite.

Remark 4.4.2. For € = +1 we have Index(M,g) = Index(M,g) while for € = —1 we get
Index (M, g) = Index(M,g) + 1.

Notation 4.4.3. For & € T,M we write

&= VI(E. &)

Caution! This does not define a norm unless (-,-) is definite. In particular, it can occur that
|E| =0evenif & #0.

I'This formula even holds without the tangential projector as a consequence of the Codazzi equation which we did
not treat.
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Gradient of a differentiable function

Let (M, g) be a semi-Riemannian manifold of dimension n. Let f : M — R be differentiable and
pEM. Thendf|, € T,M. In coordinates we have

df:fa—f.dx".

= oy
Since g|, is non-degenerate there exists exactly one & € T,M such that

dfl,(n) =glp(&,n) foralln e T,M.

Write € =: gradf|,. In local coordinates, write gradf =Y | o a :. Then we have:

d d .0 d
Bxl Z&x’ <ﬁ> :df<ﬁ> (Z oxi’ 8x1>
:; <ax”axl> Zo‘gw

. P d
Matrix multiplication with (gV);; yields o' =) " B—f thus
=0

0
gradf = Z 8f i o

78
i,j=19%

Lemma 4.4.4. Let M be a semi-Riemannian manifold and f : M — R smooth and ¢ €R be a
regular value of f. Then M := f~1(c) C M is a semi-Riemannian hypersurface of signature

& if
(gradf,gradf)-€ > 0.

Moreover, we have v := égg;:i‘ € NyM and (v,v) = &.

Proof. Since c is a regular value, M is a hypersurface. The lemma follows once we show
gradf|, L T,M.

Let & € T,M. We choose y: I — M with ¥(0) = & and we obtain:

_d f( 7(0)) o = df1,(€) = (grad |, &) . o

C
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Definition 4.4.5. Let M C M be a semi-Riemannian hypersurface and
pEM. Letv e N,M with [v| = 1.

The linear map Sy : T,M — T,M, characterized by

(Sy(&),m) = (I(E,m),v) forall §,n € T,M,

is called the Weingarten map.

Lemma 4.4.6. The Weingarten map Sy is self-adjoint.

Proof. This is clear because II is symmetric. |

Remark 4.4.7. We have S_, = —S,. Without specifying the choice of v, the Weingarten map
is only determined up to a sign.

Lemma 4.4.8. Let M C M be a semi-Riemannian hypersurface and
pEM. Let U C M be an open neighborhood of p and
v € C*(U,NM) with |v| = 1. Then we have

SV(E) = —V;v.

Proof. Foralln € C*(U,TM) we have:

=0
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Gaulf} formula:
Let M C M be a semi-Riemannian hypersurface with signature €. Let £, 1, € T,M. Then:

R(E,m)C =tan(R(E,m))+e{(Sv(n),£)Sv(&) — (Sv(&), ) Sv(m)}.

For any non-degenerate plane £ C T,M we have

(Sv(&),8) (Sv(m),m) — (Sv(§),m)?

S8 (8 m)
K =K e e ) — @)’

where &, 1 is a basis of E.

Pseudospheres and pseudo-hyperbolic spaces

Now consider M = R"! with § = —Y* 1 dx' @ dx’ + Y7, dx' ® dx' in Cartesian coordinates
x0,...,x". Then (M ,&) is a semi-Riemannian manifold of index k. For k = 0 we have the
Euclidean metric and for k = 1 the Minkowski metric. For general k the representing matrix of

g in Cartesian coordinates is given by

(&) = 0'_1 1'..1

In particular, all g;; are constant. Hence all Christoffel symbols vanish in Cartesian coordinates.
Therefore the curvature vanishes:

R=0, K=0, ric=0 and scal=0.

Now consider the function
FRT SR O, ==Y (P + Y () =Y al)
For the gradient we get

gadfl, = Y L0072
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Thus gradf|, = 0 if and only if x = 0. Consequently, the only critical point of f is x =0
and 0 = £(0) is the only critical value of f. If ¢ # 0 then M := f~!(c) therefore defines a
differentiable submanifold of codimension 1. We compute:

< ia < ia
(gradf|,.gradfl,) = 4<i_20x ﬁ,goxﬁ>

n
— iy
= 42 x'x’/gij
i,j=0

= 4 i Ej(xj)2
=0
— 4.

Hence for ¢ > 0 we have that f~!(c) is a semi-Riemannian hypersurface of signature € = +1,
for ¢ < 0 it is a semi-Riemannian hypersurface of signature € = —1.

Definition 4.4.9. Let r > 0. The semi-Riemannian hypersurface
Si(r) =17

of (R"*! g) is called the pseudo-sphere of radius r and with index k. The semi-Riemannian
hypersurface

Hi (r) = (=),

is called the pseudo-hyperbolic space of index k — 1.

Example 4.4.10. Let £k = 0 and § = geycl- Example 4.4.11. The case k =1 and g =
Then Si(r) = S"(r) is the standard sphere of  gmink is also of great interest.
radius r.

S"(r)
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Definition 4.4.12. The hypersurface H" := {x € H}(1)|x° > 0} together with the induced
Riemannian metric gy, is called the n-dimensional hyperbolic space.

Definition 4.4.13. The hypersurface S{(r) together with the induced Lorentzian metric is
called deSitter spacetime and H{ (r) is called anti-deSitter spacetime.

Remark 4.4.14. The pseudo-sphere S?(r) is diffeomorphic to R¥ x §"* while the pseudo-
hyperbolic space H](r) is diffeomorphic to Sk x R"*. See the exercises or [ON83, page 111]
for a proof of this fact.

We determine the curvature of these hypersurfaces. For M = f~!(c) with ¢ # 0 we recall

(gradf|y, gradf|,) = 4f(x) = 4c,

hence

_gradf|, gradf|. 1 i

Vi = = -
VA 2r =i

i 9
Y ox

By Lemma 4.4.8 we get

Sv == __ld
r

Now the Gauf3 formula yields

REME=5(n.0E-E0m) | ad | K=5
We compute
ric(§,n) = i}&@(é,ei)ei,m
= f—zl_zle,»<<e,-,e_,->é—<é,el>enn>
= S(n(Em) - &),
thus
ric = s(nr; ])g and scal = e(nr—z D

Remark 4.4.15. For the Einstein tensor of Si(r) or H{ (r) we get

.o 3e l1e-3-4 €
G:rlc—iscal-g: r_zg_ir—zg:_3r_2g'
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Thus deSitter and anti-deSitter spacetime are vacuum solutions of the Einstein field equations
with cosmological constant A = % and A = —3—2, respectively.

Next we determine the geodesics of the pseudo-spheres and pseudo-hyperbolic spaces. Let
p €M where M = S}(r) or M = H}' |(r) and let & € T,M C T,R™™" = R"! with & # 0. What is
the geodesic ¢ with ¢(0) = p and ¢(0) = §?

Note that p # 0. Then p and &, considered as vectors in R"*!, are linearly independent because
EeT,Mand pe N,M. Let E C R"*! be the plane spanned by p and &. If & is space-like or
time-like, then E is non-degenerate for g. Then the reflection (w.r.t. &) about E is an isometry of
(R"*1 g). The restriction of the reflection to M yields an isometry ¢ of M, see the discussion of
isometries below. Now E N M is the fixed point set of ¢, hence a 1-dimensional totally geodesic
submanifold. In other words, if we parametrize the connected component of £ N M containing
p proportionally to arc-length or eigentime, respectively, in such a way that ¢(0) = &, then it is
the geodesic ¢ we are after.

If & is light-like, then E is degenerate. But now E MM consists of two parallel straight lines. If
we take any affine parametrization of the straight line containing p, then we get a geodesic in
(R"*! &) which contains p and lies entirely in M. Thus it is also a geodesic in M. When choose
the affine parametrization such that ¢(0) = p and ¢(0) = &, then we found the right geodesic
also in the light-like case.
In order to determine the isometry group of pseudo-spheres and pseudo-hyperbolic spaces we
define

O(n+1—k,k) :={A € GL(n+1)| (Ax,Ay) = (x,y) Vx,y € R""1}.
Here (x,y) = — Z];;(l)xjyj +Z?:kxjyj. We have O(n+1,0) = O(n+1) and O(n, 1) is the Lorentz
group. For any A € O(n+ 1 — k,k) we have

A(Sg(r)) = Sg(r) and  A(H_(r)) = Hi_y(r)-

Since the semi-Riemannian metric of M is obtained by restricting g to M, the restriction of
isometries of (R"*!, g) to M are isometries of M. We have constructed an injective group homo-
morphism

O(n+1—kk) — Isom(M),
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Next we show that this homomorphism is also surjective.

Proposition 4.4.16. Let M be a semi-Riemannian manifold, let p € M and ¢,y € Isom(M)

with @(p) = y(p) and d¢|, = dy/|,.
Then ¢ and y coincide on the set of all points which can be joined with p by a geodesic.

Proof: Let ¢ : [0,1] — M be a geodesic with ¢(0) = p
and ¢(1) = ¢q. Then é:= @oc and ¢ := yoc are also
geodesics and we have ¢(0) = (p(p) = y(p) = ¢(0) and
é(0) = dg|,(¢(0)) = dy],(¢(0)) = é(0). Therefore &= ¢.
In particular, 9(g) = (1) = &(1) = y(q).

Corollary 4.4.17. If all points of M can be joined by geodesics with p, then every isometry @
of M is uniquely determined by @(p) and d@|,.

Example 4.4.18. Let M = (R", geyc1). We already know

{Euclidean motions} C Isom(M),

where a Euclidean motion ¢ : R"” — R” has the form ¢ (x) = Ax+ b withA € O(n) and b € R". We
can now use Proposition 4.4.16 to show that there are no further isometries of Euclidean space.
Let ¢ € Isom(M). Put b:= ¢(0) and A := d@|o € O(n). Then the Euclidean motion ¢(x) :=
Ax+ b satisfies ¢(0) =b = ¢(0) and dP|o = A = d@|o. Since any two points in Euclidean space
can be joined by a straight line we can apply Corollary 4.4.17 and conclude ¢ = (. This proves

{Euclidean motions} = Isom(M).

Similarly one can show

Isom(R", gmink) = Poincaré group.

Remark 4.4.19. The assumption that the points can be joined with p by geodesics is necessary
for the statement of Corollary 4.4.17.
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Example 4.4.20. Let M = {p;,p2,p3} be a O-dimensional manifold
consisting of 3 points. On a O-dimensional manifold all tangent spaces
are trivial so g = 0 is a Riemannian metric. All bijective maps M — M

are isometries. Consider the following two maps: I
P1—pi
¢r:=id, and @ :=¢ pr—p3 P, L2
p3—p2

Then ¢, # ¢, despite @;(p1) = @2(p1) and d@y|,, =0=d@,|,,.
Example 4.4.21. Here is a 1-dimensional example. Let M =
{(x,y) €R?||y| = 1} = MT UM~ where M* = {(x,y) € R?|y =
+1}. Let p=(0,1) € M. We provide M with the Riemannian

metric induced by the Euclidean metric on R?. Put Iz
. . (x,y)on M+
¢ 1= 1d7 and (Pz(x,y) T { (_x,y) on M~

-
Both ¢; and ¢, are isometries. Now @;(p) = @2(p) and d ¢y |, =
dgs|, but @1 # ).

Lemma 4.4.22. On M = S}(r) (where 0 <k <n—1), on M = H]!(r) (where 1 < k < n) and
on M = H"(r) any two points can be joined by a geodesic.

Proof. W.l.o.g. we assume n > 2. Let p,g € M. Since M is connected we can choose a contin-
uous curve ¢ : [0,1] — M with ¢(0) = p and ¢(1) = g. W.l.o.g. we assume c(t) ¢ {p,—p} for
all # € (0,1). Then p and ¢(¢) are linearly independent for all # € (0,1) and span a unique plane
E(r).

For any 7 € (0, 1) the intersection M NE(t) consists of an ellipse or a pair of hyperbolas or a pair
of straight lines. For t — 0 the points ¢(¢) converges to p; hence the points p and c(t) lie on the
same connected component of M N E(t) for sufficiently small 7.

For ¢t € (0,1) we choose X(t) € R""! depending continuously on ¢, which spans E(t) to-
gether with p and which, w.r.t. to the Euclidean skalar product (-,-).,. satisfies X (¢) L p and
[ X (#)]lea = 1. Since S" is compact there is a sequence ; € (0,1) with ; — 1 such that X (z;)
converges. Put }LmX(ti) =: X(1). By continuity, X(1) L p and || X(1)||,,, = 1. Hence p and
X (1) are linearly independent and span a plane E(1). By continuity, p,g € MNE(1) and they
lie in the same connected component of M NE(1). O

Theorem 4.4.23. Restriction yields isomorphisms

Isom(S;(r)) = Om+1—kk) for0<k<n—1
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[l

Isom(H}/(r))
Isom(H"(r))

O(n—k,k+1) for1<k<n
SO(n,1) := {A € O(n,1)|A) > 0}.

[l

Proof. Put M = S} (r), M =H}!(r)or M =H"(r)and G=0(n+1—k,k), G=0(n—k,k+1),
or G =SO0(n, 1), respectively. We need to show: Every isometry of M is of the form

@ =A|y with A € G.

a) We first show that G acts transitively on M. This means that for all p,g € M there exists an
A e GwithAp =gq.

Namely: W.lo.g. let p =r-ey = (1,0,...,0). From (g,q) = £r> we see that by := %q

satisfies (bo,bg) = +1. We extend by to a generalized eigenbasis by, by, ..., b, of R™! Now
A:= (by,by,...,b,) € Gand Ap = rAey = rby = q.

b) Next we show: For any linear isometry B : T,yM — T, M where py = re, there exists an
A € G such that ¢ = A|y satisfies ¢(po) = po and d¢|,, = B. Namely:

does the job.

¢) Let now ¢ € Isom(M). Put p; := @(po) where py = reg. By a) there exists an A| € G with
A1po = p1. Hence v ::Al_1 |m © @ is an isometry of M with y(pg) = po.

Moreover, B :=dy/|,, : T,yM — T,,M is a linear isometry. By b) there is an A> € G such that
X :=As|y satisfies dx|,, = B. Lemma 4.4.22 and Corollary 4.4.17 imply ¥ = y. Thus

(P:AI‘MOW:AI‘MOX:AIIMOAZ‘M:(AIOAZ)‘M- O
G
€

4.5 Trigonometry in spaces of constant curvature
We want to extend the classical trigonometry of the Euclidean plane to 2-dimensional model

spaces of constant curvature. This means that we investigate length- and angular relations in
geodesic triangles.
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Notation 4.5.1. The model space M. is defined as

S”(%) if K > 0,

M. := ¢ R” if k=0,

= (Jm)

if € <O0.

Thus MY is an n-dimensional Riemannian manifold with the constant sectional curvature x.

Remark 4.5.2. Since for any given three points there exists a two-dimensional totally geodesic
submanifold of M”. isometric to M2 which contains these points, it suffices to consider the case
n=2.

Define the bilinear form on R>
() e =200 + e (xly! +x7y7).

Set My := {x € R3| (x,x), = 1} and put

M {MK if k>0,

{x €M [x* >0} ifx<O.

In the case k # 0, the metric 1 (-,-),_ on R? induces a
Riemannian metric on M. In particular,

ML )8 ifk=1
T\ H? ifx=—1.
In the case k = 0, every bilinear form on R3 of the form A -x%y° + x'y! +x?y? induces the same

Euclidean metric on M, independent of A € R. We choose A = 0 and in the case Kk = 0 we
make the definition:

1 .
+ ()= x4 a2y

Lemma 4.5.3. For every k € R, the isometry group of My contains the subgroup
Gy := {9 | @ =A|u, where A € GL(3) with (Ax,Ay), = (x,y),

1 1
- (Ax,Ay) . = - (x,y) . Vx,y € R® and A(My) = My}

Remark 4.5.4. In the case k # 0 the conditions (Ax,Ay), = (x,y), and L (Ax,Ay), = L (x,y),
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are of course equivalent and we could omit one of them. But in the case ¥ = 0 we need both of
them.

From (Ax,Ay) . = (x,y) . it already follows that A(M) = M. In the case k < 0, A could possibly
exchange the two connected components of M. This is ruled out by the condition A (M) = M.
In the case k¥ > 0 we could omit this condition.

Proof of the Lemma. Let A € Gy. Since @ = Ay, is the restriction of the linear map A, we get
that for p € M the differential do(p) : T,M; — Ty ()M also is the restriction of A,

do(p) :A|TPMK

Here, the tangent spaces of M, are viewed as subvector spaces of R?. Since A respects the
bilinear form 1 (-, ) ., the differential d@(p) is a linear isometry for every p € My. Thus ¢ is an
isometry of Riemannian manifolds. m|

Remark 4.5.5. Indeed, we have Isom(M,) = G but we will not need this fact.

For k = 1 we have
Ge={A € GL(3) | {Ax,Ay) = (x,y) Vx,y e R’} =0(3)

the group of orthogonal transformations. For k = —1, Gy is the group of time-orientation
preserving Lorentz transformations.

In case k¥ = 0, we have:

Go = {A € GL(3) | (Ax,Ay)o = (x,)0, 5 (Ax,Ay)o = & (x,3)o Vx,y € R}, AMy = M}
1 00

—{ A= b! b',b* €R,B€O(2
b? B

This holds true since for any A € Gy,

= (Ax)°(Ay)° = (A" + Afx + A7) (A0’ + ATy +A%y?)

Thus
Forx=y=ey 1=(A9)? = AQ=41 "B 4oy
For x =y =e;: 0= (A9)? = A9=0.
For x =y =e;: 0= (A9)? = A9=0.

For £,§ € R? we have with x = (0,£)" and y = (0,9) :
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Hence B € O(2) and therefore

GOC{A (; g)'beRz,BEO(Z)}.

The other inclusion ”‘2”” follows by a direct computation.
We now analyze, how Gy acts, if we identify M with RZ.

(35)

RZ - My, — My - R?

. 1 10\ /1) [ 1 .
<o (a) o ) ()= (odae) e

Hence the group Gy acts like the group of Euclidean motions.
As seen in the last paragraph, the geodesics in My, viewed 7
. ’
as a set of points, equal the sets of the form / ) 0

M, NE, £ 0

where E C R3 is a two-dimensional subvector space.

Lemma 4.5.6. The geodesics parametrized by arc-length y: R — My with y(0) = e are then
given by

Y(r) = s«(r)-sin(@)

where @ € R is fixed.

Proof. The curve ¥ stays in M because

(y(r),y(r) e = CK(’)Z + K(s,((r)2sin((p)2 + 5;2<COS(‘P)2) = CK(”)2 + KSK(’)z =1

Since ¥(0) = ¢y € M and 7 is continuous, Y remains in M. Moreover, ¥ lies in the plane E,
which is spanned by e and (0,sin(¢@),cos(¢))". Hence ¥ is contained in M, N E. In addition, y
is parametrized by arc-length because

—Ksx(r) —Ksx(r)
(V)70 = % < ce(r)sin(@) |, | cx(r)sin(@) >
¢ (r) cos(¢) ex(r)cos(e) /1

= L(k2sx()? + K (ex()?sin(9)* + cx(r)cos()?)

= K’SK(}’)2 + c,((r)2
= ]_ O

125



CHAPTER 4. SUBMANIFOLDS

The generalized sine and cosine functions allow us to explicitly write down many isometries in
GK"

Example 4.5.7. Rotations about the ep-Axis are isometries,

1 0 0
0 cos(@) —sin(@) | € G
0 sin(@) cos(@)

for any ¢ and any k € R. Using ks> -+ ¢2 = 1 one easily checks that

te(r) —Kse(r) 0
s, (r) ¢ (7) 0] € Gy
0 0 1

for all » € R. In the case k¥ = 1 this is a rotation about the e,-axis. For k¥ = 0 this is the identity,
hence uninteresting. In the case k¥ = —1 such isometries are called Lorentz boosts. Similarly,
one sees that
te(r) 0 Kse(r)
L= 0 1 0 € Gg.
sc(r) 0 —c(r)

Before using these isometries we observe that

()
L.ey= 0
s, (r)
and
e (r) a(r) 0 Ksi(r) e (r)
L, 0 = 0 1 0 0
() sc(r) 0 —c(r) ()
e (r)? + ks (r)? 1
= 0 = 0 = ey.
$ic(r) e (r) — ¢ (r)sic(r) 0

Thus L, interchanges the points ey and (¢ (r),0,5,(r))".

Definition 4.5.8.

Let M be a Riemannian manifold. A geodesic triangle is a
6-tupel Y8
(A,B,C, yAaYBaYC)a

where A, B,C € M are pairwise disjoint points, ¥4, ¥ and Y B
geodesic segments with endpoints Band C,CandAorAand 4 Yc

B, respectively.
The points A, B and C are the vertices, the geodesic segments ¥4, ¥z and ¢ are the sides of

YA
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the geodesic triangle. The angle at a vertex is defined to be the angle of the tangent vectors of
the sides at that vertex.

Let (A,B,C, Y4, V8, ¥c) a geodesic triangle in M. The sides have the
lengths a, b and c, respectively, and the angles are denoted by o, 3
and 7, respectively.

Here the length of a geodesic segment 7y is defined as the length of the parameter interval x
the norm of 79, which is constant. A more general definition of the length of a differentiable
curve in a Riemannian manifold will be introduced later. Since the isometry group of My acts
transitively, we can assume w.l.o.g. that

Applying an isometry of the form

1 0 0

0 cos(p) —sin(@)
0 sin(@) cos(@)

(rotation about the ep-axis) we can rotate B in the ep-e;-plane without moving A = eg. The
formula from Lemma 4.5.6 for the geodesic }¢ with @ = 0 and r = c then tells us

Hence the isometry L. interchanges the points A and B
and we obtain a new geodesic triangle. On the one hand
one can compute L.C similarly as C itself and one obtains
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( te(c) 0 Kse(c) ) ( () )
LC= 0 1 0 sc(b)sin(ox)
sc(c) 0 —ck(c) sc(b)cos(a)
()t (D) + ks (c)sic(b) cos(a)
= sc(b)sin(cr)
5ic(¢) i (b) — ¢ (c)sk(b) cos()

On the other hand

Thus we obtain the equations:

te(a) = c(c)ee(b) 4 Kse(c)sc(b)cos(a) (Law of Cosines) (1)
sc(a)sin(B) = si(b)sin(a)
@) o s(0) w of Sines
sin(o)  sin(B) (Law of Sines) @
sc(a)cos(B) = sk(c)ex(b) — ¢x(c)sic(b) cos(or) 3)
Equation (3) with the roles of B and C interchanged yields
sic(a)cos(y) = sx(b)cic(c) — i (b)si(c) cos(x) 4)
Equation (3) - cos(a) — (2) -sin(a)? - sin(B) then yields
si(a) cos(B) cos(a) — si(a)sin(B) sin(a)

— () cx(b) c05(0) — x(€)sx(b) cos(@)? — s(b)sin(01)?
Hence
sx(a) (cos (@) cos(B) — sin(a) sin(B))

D 6 (b)cxlc) — 5e(a) c05(7) — e(b)exlc) cos (1) — si(b) sin(a)?
= se(b)cx(c)sin(00)? — si(a) cos(y) — si(b) sin(a)?
D (@)clc)sin(@)sin(B) — se(a) cos(y) — se(a)sin(t)sin(B)
and thus cos(at) cos(B) = cx(c) sin(a)sin(B) — cos(y), hence

cos(y) = ck(c)sin(a) sin(B) — cos(a) cos(B) (Cosine Rule for Angles).

We have proved

Theorem 4.5.9. Ler k € R. For a geodesic triangle in My with the side lengths a, b, ¢ and the
angles o, B, v we have

(1) Law of Sines:
se(a)  se(b)  sk(c)

sin(@) _sin(B)  sin(y)
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(2) Law of Cosines (Cosine Rule for Sides):

te(a) = e(b)ex(c) + Kse(b)sk(c) - cos(ar),
k(b)) = la)ee(c)+ Kse(a)sc(c)-cos(B),
te(c) = (a)ek(b) + Kse(a)sc(b) - cos(y).

(3) Cosine Rule for Angles:

cos(a) = ¢(a)sin(B)sin(y) — cos(B)cos(y),
cos(f) = ¢ (b)sin(e)sin(y)— cos(er)cos(y),
cos(y) = (c)sin(a)sin(B) —cos(a)cos(B).

Now we analyze the sum of angles in the model space of constant curvature.

Theorem 4.5.10. Let k € R. For the sum of angles ot + B + ¥ of a geodesic triangle in M,
with the inner angles 0 < a, B,y < T we have

> 7, ifk>0
a+ﬁ+'}/ = T, lfK:O
< m ifk<0

[ L A

Proof. W.l.o.g. we assume that o > 3. For this proof we will use the notation “S” for “<”, if
K > 0, for “=", if ¥ = 0, and for “>", if k¥ < 0. We have —«k = 0, for instance.
If is k¥ > 0, then M is the sphere of radius ﬁ Thus in this case the side lengths have to be

< z—ﬁ In the case ¥ <0, we do not have any bounds on the side lengths. We use the convention

= oo, if ¥ < 0. With this convention we have in all cases

2

in the interval (0, %) Since sin is positive on (0, ) the Cosine Rule for Angles yields

cos(a) = c(a)sin(P)sin(y)— cos(B)cos(y)
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VIA

sin(B) sin(y) — cos(B) cos(7)
—cos(B+7)
cos(m—(B+7))
cos(B+y—nm).

Since 0 < B,y < wwehave -t <— (f+7) < 7.

First case: T1— (B +7v) > 0.
Since cos is strictly monotonically decreasing on [0, 7], the relation cos(at) < cos(w — (B + 7))
yields 7 — (B +7) S a and thus 7 S o + 8 + 7. This is what we wanted to show.

Second Case: m— (B +7) <O.
If ¥ > 0, we obtain @ < B +7v < a + 8 + y directly, which proves the claim. Hence, let k¥ < 0.
Then from cos(a) > cos(B +y— ) we may deduce that o« < +y— 7. Since o > B and y< 7
this implies

a<o+T—T=aq,

giving a contradiction. |

Remark 4.5.11. Since the inner angles are < 7, we always have for the sum of angles in a
geodesic triangle oo + B + v < 37. It is easy to see that for M with k¥ > 0 the sum of angles of
a geodesic triangle can take all values in (7,37). For M with k¥ < 0 all values of the interval
(0,7) occur.
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5 Riemannian Geometry

From now on we concentrate on Riemannian geometry, that is, on semi-Riemannian manifolds
whose metric is positive definite and hence defines a Euclidean scalar product on each tangent
space. One special feature of the Riemannian case is that each connected Riemannian manifold
naturally becomes a metric space.

5.1 The Riemannian distance function

General Assumption. Let M be a connected Riemannian manifold and let (-,-) denote the
Riemannian metric.

Definition 5.1.1. Let c : [a,b] — M be a continuous piecewise C'-curve. Then we call

b
Lie):= [ (o)l dr

the length of c.

Remark 5.1.2. The length does not depend on the parametrization of the curve. Namely, if
¢ :[a,b] — [a, B] is a parameter transformation, then we have

Llcop] = dt

d
E(CO‘P)(Z)

le(o (@)l [@(r)]dr

K\ B
Substitution / .

s=0(t)

Q\w Q\w
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Definition 5.1.3. Let p,q € M. Then we call
d(p,q) =inf{L[c]|c: [a,b] — M piecewise C'-curve with c(a) = p,c(b) = q}

the Riemannian distance of p and g.

Remark 5.1.4. The infimum is, in general, not a minimum. In other words, there need not exist
a shortest curve connecting p and g.

Example 5.1.5. M =R"\ {0} and p = —g. We have d(p,q) = 2||p||, but every curve ¢ from p
to ¢ has length L[c] > 2||p|.

Theorem 5.1.6 (GauB} lemma). Let p € M and § € T,M. The geodesic y(t) = exp,(t§) is
supposed to be defined on [0,b].
Then exp,, is defined on an open neighborhood of {t& |0 <t < b} C T,M and we have

(i) dexp, |z (&) = 7(t).
(i) Forn € T,:T,M = T,M we have
(dexp, |z (n),7(t)) = (n,E).

In particular; dexp, \,5 (n) Ly(), ifn LE.
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. d d .
Proof. (i) We compute dexp, |,z(§) = T exp,(t& +58)[s=0 = o Yt +s)|s=0 = ¥(¢).

(i) By (i) it suffices to consider the case 11 L &. Let J be the Jacobi field along y with J(0) =0
and %J (0) = n. Proposition 3.4.13 yields

J
dexp, |,e(n) = Q fort > 0.

Since both J and %J are perpendicular to y at r = 0, this holds for all z. We conclude
. J(t) .
(dexpy () 10)) = { 7050 ) =0 = (n.8). :

We now consider the diffeomorphism

. X
q)TPM\{O}—)(ano)XS 17 x:t-yH(t,y):(HXH,—

where "1 C T,M is the unit sphere in the tangent space. There exists an r > 0, such that exp,,
maps B(0,r) C T,M diffeomorphically onto a neighborhood U of p in M. Then the map

(0,r) xS ' > U\{p}, (t.y) —exp,(ty),

is a diffeomorphism. Now let y?,...,y" be local coordinates on an open set U; C S"~!. Then the
coordinates given by the diffeomorphism

exp,(ty) — (t,y%,...,y"),

are called geodesic polar coordinates.

.M : |
S
B(0,7)" N - \g

(gij) =
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Corollary 5.1.7. Let r > 0 so small that exp, | ) is a diffeomorphism onto its image. Let
¢ [a,b] = M be a piecewise C'-curve with c(a) = p and c(b) & exp,(B(0,r)). Then L[c] > r.

Proof. Let B € (a,b) be minimal such that ¢(B) € dexp,(B(0,r)) = exp,(S"~'(r)). Let & €
[a, B) maximal such that ¢(a) = p. Now it is ensured that for T € (¢, ) the curve ¢(7) lies in
exp,(B(0,7)) \ {p}. For 7 € («, B] we write

2(r) = exp, (e(1) = 1(1) ()

where ¢(7) := ||é(7)]| € (0,r] and y(7) := % € 5" 1. Let € be the unit vector field on T,M\
{0} which corresponds to & (x) = Ty under the canonical isomorphism 7,7,M = T,M. Using the

diffeomorphism exp,, we transport this vector field to the manifold, that is, on exp ,(B(0,7))\ { p}
we set

E(q) i=dexp, (&(exp, (@) )

The first part of the GauB lemma implies ||| = 1. Because of

d _ dt d
Za(ry = y(r) +1(1)- Z(x)
art dt Ko dt
3 ~
=(E() L&)

part (ii) of the Gauf} lemma yields

(&(c(1)),e(1)) = <dexpp (5 (¢(t))).dexp, (5(1))> = <§(5(1)),5(1)> =

Thus we get

L[d]

IV

h
~
5
=
~
=<

inequality =

/ﬁ
o
B
Cauchy-gl;vb*> /
o
/ﬁ
o
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Theorem 5.1.8. (M,d) is a metric space.

Proof. a) Obviously we have d(p,q) > 0 and d(p, p) = 0 because the constant curve has length
0. Now let p # g. We have to show d(p,q) > 0. Choose r > 0 such that exp, [, is a
diffeomorphism and ¢ ¢ exp,,(B(0,7)). Then by Corollary 5.1.7 every curve from p to g has
length r at least. Hence d(p,q) > r > 0.
b) Symmetry d(p,q) = d(q,p) is clear. Simply traverse the curves in the opposite direction.
¢) It remains to show the triangle inequality d(p,q) < d(p,r)+d(r,q).

r

Let € > 0. Choose a continuous piecewise C!-curves c;

from p to r with L[c] < d(p,r)+ € and ¢, from r to g e
with L[cs] < d(r,q) + €. Now concatenate ¢; and ¢; to a €1
continuous piecewise C'-curve ¢ from p to g. Then we Y
have
D
d(p,q) < Llc] =Llei] +Llc2] <d(p,r)+€+d(rq) +e.
Taking the limit € \ 0 yields the assertion. |

Notation 5.1.9. For p € M and r > 0 set

=
=
~

) :={qeM|d(p,q) <r},
):={qeM|d(p,q) <r},
S(p,r) :={qeM|d(p,q) =r}.

/0\:“
=
~

Definition 5.1.10. For p e M

injrad(p) := sup{r| exp, |, : B(0,r) — exp, (B(0,r)) is diffeomorphism }

is called the injectivity radius of M at p.

Example 5.1.11. The injectivity radius depends on p.

here injrad is large

here injrad is small
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Remark 5.1.12. For 0 < r < injrad(p) we have exp,(B(0,r)) = B(p,r). Namely:

“C” Letg=exp,(§) with ||| <r. Thent — exp,(t§),t € [0, 1], is a curve from p to g with
length ||| < r. Hence d(q,p) < r,i.e., g € B(p,r).

“D>”: Corollary 5.1.7.

Theorem 5.1.13. The metric d induces the original topology on M.

Proof. For the moment we denote the open subsets w.r.t. d of M as “d-open”. We have to show:

d-open = open.

a) Claim: Every d-open set is open.

Let U C M be d-open. For every p € U there exists a r(p) > 0, such that B(p,r(p)) C U. W.Lo.g.

let r(p) < injrad(p). Then B(p,r(p)) = exp,(B(0,r(p))) is the diffeomorphic image of an open
~———

open in T,M
subset of T,M. Hence it is open itself. Therefore U = |J B(p,r(p)) is the union of open subsets
PEM
of M and thus open.
b) Claim: Every open set is d-open. The proof is similar. O

Corollary 5.1.14. The map d : M x M — R is continuous.

Remark 5.1.15. If ® € Isom(M). Then we have L[®oc] = L[c] and thus also d(®(p),®(q)) =
d(p,q).

b
Recall that E[c] = 1 [é(0)||* dt is the energy of c.
a

Proposition 5.1.16. Let M be a Riemannian manifold and c : [a,b] — M be a continuous,
piecewise C'-curve. Then we have

Llc]?* <2(b—a)-Elc].

Equality holds if and only if ¢ is parametrized proportionally to arc-length.

Proof. With the Cauchy-Schwarz inequality for the L?-scalar product we obtain:

b 2 b
Li? = /||é(t)||-1dt §/||é(t)||2dt-/12dt — 2E[d- (b—a).
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Equality holds if and only if ||¢| and lare linearly dependent (as functions) . This means that ||¢||
is constant, i.e., that ¢ is parametrized proportionally to arc-length. O

Corollary 5.1.17. A curve ¢ minimizes the energy in the set of all continuous piecewise C'-
curves connecting p and q if and only if ¢ minimizes the length and is parametrized propor-
tionally to arc-length.

Remark 5.1.18. By Corollary 2.6.10 energy minimizing curves are geodesics.

Corollary 5.1.19. Every shortest curve c from p to q with ¢(t) # 0 for all t is a geodesic up to
parametrization. It is a geodesic if and only if it is parametrized proportionally to arc-length.

Caution! The converse is not true. Not every geodesic is a shortest curve connecting its end-
points.

Example 5.1.20. Great circles on $" are geodesics connecting points to themselves. But the
only shortest curves connecting a point to itself are constant curves which have length 0.

Definition 5.1.21. A geodesic ¥ : [a,b] — M with L[y] = d(¥(a),y(b)) is called minimal.

5.2 The second variation of the energy

We recall: If ¢, is a C?-variation of ¢ : [a,b] — M with varia- &
tional field &, then the first variation formula (Theorem 2.6.5)
says:

£ Elallo = (§,5¢) dr+ €01

If ¢, is continuous and only piecewise C2, that is, there
exists a partition a =g < t; < --- < ty = b, such that
(s,t) = cy(t) is continuous on (—¢,€) x [a,b] and C* on
(—€,€) X [ti—1,1;], then we have

E[Cs|[t,-,1 ,t,-]] ls=0

IS
=

2 Bl =
ds Cslls=0 =
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_ ﬁ( [ (e e (g2 - (et 0.2

_ _/ab<g,%c> dr+(&(b),¢(b™)) —(&(a),¢(a™)) +i;<§(z,-),c~(z;) — ()

uestion: If ¢ is a continuous and only piecewise C2-curve with £ E|[c¢,]|s—o = O for all continu-
yp s

ous, piecewise C2-variations ¢, with fixed endpoints, does ¢ then have to be a geodesic (and thus
in particular C*)?

Answer: Yes. Namely: First of all, consider only such varia-
tions with &(7;) = 0 for all i € {0,...,N}, then it follows as in
the proof of Corollary 2.6.10 that ¥ 2¢ =0 on every [t;1,4] for
i=1,...,N.

= The curve cis piecewise a geodesic.
If ¢(17) # ¢(1;7) forani € {1,...,N — 1} then we can choose an 1) € T,(,\M with

(n,e(t;7)—eé(th)) > 0.

Now continue 7 via parallel transport along c. Choose a smooth function ¢ : R — R with

o) =1land @ =00nR\ (t;_1,t;+1). Set &(¢) := @(t)n(¢). Then we have & (a) = & (b) =0 and
thus
0= ;’s (esllsmo = (E (1), 6(67) — () = (0, é(67) — é(67)) > 0.

This is a contradiction. We summarize:

Theorem 5.2.1. Let M be a semi-Riemannian manifold and c : [a,b] — M be a continuous,

piecewise C?-curve. Then for every continuous piecewise C?-variation c, of ¢ with variational
field & we have

s_f—a/b<¢5 Yar (e

where a =1ty <t} < --- < ty = b is a partition for which both c and c are C? on the intervals
[li_l,ti], i=1,...N.
The curve c is a geodesic if and only if for all such variations with fixed endpoints we have

— E[cy]

+2<¢r, () —e(th),

2 Ele,

ds =0

s=0

To investigate the minima of the energy, we have to consider the second variation of the energy.
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Theorem 5.2.2 (Second Variation of the energy). Let M be a semi-Riemannian manifold.
Let ¢ : [a,b] — M be a geodesic. Let c; be a C3-variation of ¢ with variational field & and
fixed endpoints. Then we have

L J((ZeZe) - meana)a

Proof. In the proof of Theorem 2.6.5 we have already shown that
PV de, d
Cs OCy
— E == dt
e = /<az s’ az>

holds for all s, not just for s = 0. Therefore

F(/V V0 vV, Vo

TG

=0 dsdt ds |,_ dt 7 ds dt | _,

b
V V dc
:/<E$xs_ >df+/ df+/< > 1.

The assertion follows from
\vJ
,—C dt
o0 dt > )
~~

JIvo g f(2(v
dtasas |y /" ) \or\asas | _
=0

_ (Y ’
"\ ds ds

)
s=0 a

because ¢ is a variation with fixed endpoints. O

— Elcy]

A\ Zacs
O’C ds ds |,_

:()7

5.3 Completeness

General Assumption. Throughout this section let M be a connected Riemannian manifold.

Definition 5.3.1. Let p € M. Then M is called geodesically complete at p if exp,, is defined
on all of T,M, i.e., if all geodesics through p are defined on all of R.
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Theorem 5.3.2 (Hopf-Rinow). Let M be a connected Riemannian manifold and p € M. Then
the following assertions are equivalent:

(1) M is geodesically complete at p.

(2) M ist geodesically complete at all g € M.

(3) The closed balls B(p,r) are compact for all r > 0.

(4) The closed balls B(q,r) are compact for all r > 0 and all g € M.

(5) (M,d) is complete as a metric space, i.e., all d-Cauchy sequences converge.
All of these conditions imply in addition

(6) Every point q can be joined with p by a minimal geodesic.

Remark 5.3.3. Assertion (6) is weaker than (1) through (5). ST T

Example 5.3.4. Let M = {x € R"| ||x|| < 1} with the Euclidean met-
ric. Then M satisfies (6), but not (1)—(5). -’ N .

Definition 5.3.5. If the equivalent conditions (1)—(5) in Theorem 5.3.2 hold, then one calls M
a complete Riemannian manifold.

Corollary 5.3.6. Every compact connected Riemannian manifold is complete.

Proof of Corollary 5.3.6. We check condition (3) in the Hopf-Rinow theorem. Indeed, B(p,r) C
M is a closed subset of the compact space M and thus compact itself. O

Proof of Theorem 5.3.2. We will prove this theorem in five steps. The structure of the proof is
as follows:

trivial

52 2) 2% 1) 6)

——
(& J @

@ < 3)

a) Let y: (a,B) — M be a geodesic with maximal domain of definition. W.l.o.g. we assume
that 7y is parametrized by arc-length.
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We assume 3 < oo (the case @ > —eo is analogous). Then we have for a sequence t; € (., )
with ; =3 B, that
d(y(t;),v(t)) < LYla] = |t = 1)1.
Hence (¥(1;))icn is a d-Cauchy sequence. Since (M,d) is complete there exists a ¢ € M with
v() =5 q
1. Claim: The limit point q does not depend on the choice of the sequence (t;)icny with
123 B.
Proof. If (t]);en is another such sequence with ¢’ = lim;_,. ¥(#/), then also (¢');cyy is such a
sequence, where
t! = { t{’ {:2]:
1j, 1=2j+1
The sequence (¥(t"));cw is a d-Cauchy sequence with accumulation points g and ¢'. We thus

have g = ¢'. This proves the first claim. v

Thus we obtain a continuous continuation ¥ : (a, ] — M of y by

_ y(t),t € (a,B)
1) =
}/( ) { q ,t=p
2. Claim: The velocity field ¥ also has a continuous extension to (o, 3].

Proof. Let x: U — V be a chart of M around g with x(¢) = 0. Choose r > 0 such that
B(0,r) C V. Since B(0,r) is compact, there exist constants Cy,C,,Cy > 0 with

Ff.‘j(y)‘ < C, forally € B(0,r).

foralla = (a',...,a") € R"and y € B(0,r).
g

* llallma <

G .)'fl a/ L (x71(y))
=

ary;
- )‘ < C4 forally e B(0,r).

Choose € > 0 small enough so that y(t) € x~'(B(0,r)) fort € (B —¢,B). Write y* :=xkoy
and a* := J*. By the equations for geodesics we obtain:

d* =¥ =— ZF ) -V = ZF Y d'a’l

i,j=1 i,j=1

and hence
!ak|<n -Cy - HaH

max *

This implies
<n’Cy -l < 2C-GP 7, = PGP =: G

——
=1

(- s
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b)

We get
j 1
lat) =a(t) |y = | [a@adt] < | 160 dr| < Cali=1].
t; 1
Thus the a(;) form a Cauchy sequence in R” and hence converge to some A € R”. As before

A is independent of the special choice of the sequence (1;);cyy With #; — 8. Thus we obtain
a continuous extension of a by

att) = {Zox < (@-ep)

Hence the velocity field 7 is extended continuously to # = 3. This shows that the extension ¥
of yis C!. v

Differentiation of the geodesics equations yields

= — Z <Z E aaa’+2Ffjdiaj>

i,j=1
This implies
el max <

< P GG+ 207 C1 GG,
= C5

3 2 .
<1 Cy [l +20° Ct [ty ]

max

As before we see that (a(f;))ien forms a d-Cauchy sequence in R". This shows that the
extension ¥ is even a C2-curve. By continuity it satisfies the geodesic equation also at r = 3.
Now let §: (B — 8,8 + &) — M be the geodesic with §(B) = 7(B) and %(B) = ¥(B). Since
geodesics are uniquely determined by their initial values, § and ¥ coincide on their common
domain of definition. This yields a continuation of y as a geodesic on (a, 4+ &). This
contradicts the maximality of 8 and thus shows (2).

Let all closed balls in M be compact. Let (p;);en be a Cauchy sequence in M. Since Cauchy
sequences are bounded, there exists a R > 0 such that p; € B(p,R) for all i € N. Since
B(p,R) is compact, the Cauchy sequence (p;);en has an accumulation point ¢ € B(p,R).
Since accumulation points of Cauchy sequences are unique, (p;);cn converges to g.

Let all B(p,r) be compact for all r > 0. Let ¢ € M and
let R > 0. Set r:= R+d(p,q). Then

B(q,R) C B(p,r), @
because for x € B(q,R) we have

d(x,p) <d(x,q)+d(q,p) <R+d(q,p) =r.

Hence B(q,R) is a closed subset of the compact set B(p, r) and therefore it is compact itself.
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d)

Let (p;)ien be a sequence in B(p,r). We have to show that (p;)icn possesses a convergent
subsequence.

By (6) there exist minimal geodesics ¥; with %;(0) = p and ¥;(t;) = p; for suitable .
W.Lo.g. let % be parametrized by to arc-length. Then #; = L[y] =
d(papl) <r.

The 7(0) are unit vectors in 7,M. Since $"~!(1) C T,M is com-
pact we have, after passing to a suitable subsequence,

7#(0) =3 X € Sn—1(1) C T,M.

The ¢, lie in the compact interval [0, r]. After passing to a subsequence again, f; DS Te [0, 7]
converges t0o. Set g :=exp,(T - X). This definition is possible because of (1). We now have

lim p; = ,'IEE,CXPP (t,- . )/,(O)) = exp, (}ggt,}/,(O)) = expp(TX) =gq.

[—ro0
This proves (3).

Let ¢ € M. We already know, that we can find minimal geodesics from p to ¢, if ¢ €
B(p, injrad(p)).

Let c; be continuous piecewise C!-curves from p
to ¢ with L[cx] = d(p,q) + & with & \, 0.

We assume ¢ ¢ B(p,injrad(p)) because otherwise
we are finished. Choose 0 < ry < injrad(p). Then

B(p,r())

S(p,ro) = exp, (S”fl(ro))
is compact. Let g, be the first intersection point of ¢, with S(p,rg). After passing to a
subsequence, gx possesses a limit g € S(p,ro). We have
d(p,q) < d(p,qx) +d(qk,q) < Lle] < d(p,q) + &
= d(p.g) <d(p.q)+d(3,9) < d(p.g)
= d(p,q) =d(p;q)+d(3:9)

Let y be the unique minimal geodesic that connects p with g. We parametrize y by arc-length.
With (1) we can extend y to [0,d(p,q)].

It remains to show that y: [0,d(p,q)] — M is a minimal geodesic from p to g. Set

I:={r€[0,d(p,q)]|d(p,y(r)) =1 and d(p, (1)) +d(¥(r),q) = d(p,q)}

We have seen that [0,ry] C I. Set #p := sup(/). We have to show that 7y = d(p,q) because
then

d(y(10),q) =d(p.q) —d(¥v(10),p) =d(p,q) —to =0,
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which implies y(#y) = ¢ and that 7 is a minimal geodesic from p to g.
We therefore assume that 7y < d(p,q) from which we
have to derive a contradiction. Set ¢’ := ¥(f9). Choose

e

g € dB(q',r) with

0 < ry <d(p,q) —to such that B(¢',r;) is a normal c]’

coordinate neighborhood. As above, there exists a Y ‘ ﬁ
dlq',q)+d(q.q)=d(q.q).

Now let y; be a minimal geodesic, parametrized by arc-length, with ¥, (fo) = ¢’ and y(to +

/

rl):cj.

= d(p,qd) < d(p,q')+d(d,q)
= d(p,q)+d(qd,q)—d(T,q)
= d(p,q)—d(q,q9)+d(q,q)—d(q q)
= d(p,q)—d(d,q)
< d(p,q)
= d(p,qd) = d(p,q')+d(d,q)

= The curve ¥|(,4] U %1 jsy.10+r] 1S @ shortest one.

= to+r; € 1. This contradicts the maximality of #y. We have proved (6). m]

5.4 The Bonnet-Myers theorem

Definition 5.4.1. Let M be a connected Riemannian manifold. Then we call

diam(M) := sup{d(p,q) |p,q € M} € (0,0

the diameter of M.

Example 5.4.2. For M = §" equipped with the standard metric g = gsq we have diam(S") = 7.
For M = R" with the Euclidean metric g = geuc1 and for hyperbolic space M = H" with g = gpyp
we have diam(R") = diam(H") = oco.
Remark 5.4.3. If M is complete then

diam(M) <e < M is compact.
Namely:

“<”: M is compact = M x M is compact = d : M x M — R is bounded and attains its
maximum C = diam(M) = C < .
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“=": If diam(M) =: R < oo, then for arbitrary p € M we have M = B(p,R). Hence M is
compact by the Hopf-Rinow Theorem 5.3.2.

Theorem 5.4.4 (Bonnet-Myers). Let M be a complete connected Riemannian manifold of
dimension n. Assume there exists a Kk > 0 such that

ric > k(n—1)g.
This means that ric(E,&) > k(n—1)g(&, &) for all E € TM. Then M is compact and we have:

diam(M) <

Bk

Example 5.4.5. (1) Let M = §" with g = ot? - ggq Where « is a positive constant. Then we have

. 1 . n—1
diam(M) = ar, K:?, ric = —3-¢

1
= diarn(M):i and ric = k(n—1)g with x = —.

VK o2

This shows that the estimate in the Bonnet-Myers theorem is optimal and cannot be im-
proved.

(2) Now let M = RP" with g = gyq. Since RP” is locally isometric to S”, we have as for the

sphere ric = (n — 1)g. But diam(RP") = 7. Here we find diam (M) < % where K = 1.

Proof of Theorem 5.4.4. Let p,q € M with p # q. Set 6 :=d(p,q). Since M is complete, there
exists a minimal geodesic from p to ¢ by the Hopf-Rinow theorem. W.l.o.g. let y: [0,6] — M
be parametrized by arc-length with y(0) = p and y(6) = q.
Let e € T,M with e L 7(0) and |le|| = 1. Let ¢(¢) be the vector field along 7y obtained from e by
parallel transport. Set
T

&(t) :=sin <§t) -e(t).
Let 7,(¢) be a variation of y with fixed endpoints and variational
field &, for example

%(t) = exp(p) (s-&(1)).

Since 7 is a minimal geodesic, we have

d

:—E —
0= 2 Elnlle
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and »
0< 4 Ellleo
IR
=/<‘E~§ —<R<5,mé>>dr

P — o °—o °

<H—cos( > (t)Hz_sin <%I)Z<R(3a7)7’,€>> dt
<7; cos <§t>2- 1 —sin <zz)2K(e, }/)) dr.

Ifey,...,e, 1 is a orthonormal basis of 7(0)+, we obtain with e = ¢; and summation over i:

4]

w? TN2 W
0§/<(n—1)§cos<5t> —s1n<gt) rlc(y,y)>dt
0 >(n—1)k-1
y 2 2
(n—1) /(—cos —sin<gt) -K‘> dt

0

1 72 — k8

(=7}

Therefore 0 < 7% — k82 and hence § <
conclude

%. Since this holds for all choices of p and g we

diam(M) <

S

By Remark 5.4.3, M is compact. m]

The theorem tells us that the larger the Ricci curvature of a Riemannian manifold, the smaller
the manifold.

Note that the following general implications hold:

K>x = rnic>(n—-1)x-g = scal>nn—1)k. (1)

Thus the Bonnet-Myers theorem also holds if the sectional curvature is bounded from below
by a postive constant, K > x > 0. Does the Bonnet-Myers theorem also hold under the weaker
condition scal > n(n—1)k?
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The answer is “no” as we see by the following counterexample.
If My and M, are Riemannian manifolds and if M := M; x M,
carries the product metric, then

(Phpz)
gm (&1 + 8,1 +m2) = gm, (&1, M) +8m, (&2, M2)-
——

ETPIM] @7},2/1/[2
=Tty p)M

RMl(‘:lvnl) ‘ 0 >
0 | R (&, m0)

- M,
ric 0
. M
= ric” = .
( 0 | ric*2 >

= scal¥ = scalM' 4 scal™?.

= RM&E+&m+m) = (

For n > 3 we obtain with M = §"~! x R that
scal = (n—1)(n—2)+0= (n—1)(n—2),
but diam(M) = co. Thus the Bonnet-Myers theorem does not hold under the weaker condition

scal >n(n—1)kif n > 3.
For n = 2 on the other hand, the three conditions in (1) are equivalent.
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covariant derivative, 51

covariant derivative of a vector field, 49

covariant derivative, second, 73
critical point, 62, 101

critical value, 101

curvature tensor, Riemann, 75

derivation, 21
deSitter spacetime, 118

diameter of a Riemannian manifold, 144

diffeomorphic, 15
diffeomorphism, 15
diffeomorphism, local, 19
differentiable structure, 13
differential of a map, 18
directional derivative, 21
distance, Riemannian, 132
double cone, 3

Einstein summation convention, 27
Einstein tensor, 118
energy functional
critical point, 62
energy of a curve, 59
exponential map, Riemannian, 67

first fundamental form, 38
fixed point set, 65

flat manifold, 77

fundamental form, first, 38
fundamental form, second, 108

GauB} curvature, 84
GauB} formula, 109

Gaul} formula for hypersurfaces, 116

Gaul} lemma, 132
generalized cosine function, 92

generalized orthonormal basis, 34, 69

generalized sine function, 92
geodesic, 63
geodesic polar coordinates, 133
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geodesic triangle, 126
geodesic variation, 89
geodesic, minimal, 137
geodesically complete, 139
geodesics

existence and uniqueness of, 64
gradient, 114

homeomorphic, locally, 2
homeomorphism, 1

Hopf-Rinow, Theorem of, 140
hyperbolic space, 118

hypersurface, semi-Riemannian, 113

index, 34

injectivity radius, 135
inverse function theorem, 20
isometry, 41

isometry group, 41

isometry, linear, 35
isometry, local, 41

Jacobi equation, 90

Jacobi field, 90
interesting, 92
uninteresting, 91

law of cosines, 129
law of sines, 128
length of a curve, 131
Levi-Civita connection, 44
lightcone, 82
local coordinate system, 4
local diffeomorphism, 19
locally homeomorphic, 2
Lorentz boost, 126
Lorentz group, 119
Lorentz transformations, time-orientation
preserving, 124
Lorentzian manifold, 39
Lorentzian metric, 39

manifold, (semi-)Riemannian, 39
manifold, differentiable, 13
manifold, Riemannian, 39

manifold, topological, 1
map, differentiable, 13
maximal atlas, 13

metric, Lorentzian, 39
metric, Riemannian, 39
metric, semi-Riemannian, 35
minimal geodesic, 137
Minkowski scalar product, 40
Minkowski space, 40

model space, 123

motion, Euclidean, 41

non-degenerate bilinear form, 33
non-degenerate subvector space, 81
normal coordinates, Riemannian, 69
normal space, 105

null curve, 64

open, 1
orthonormal basis, generalized, 34, 69

parallel transport, 57
parallel vector field along a curve, 54
parametrization of a curve
by arc-length, 64
by proper time, 64
proportional to arc-length, 64
proportional to proper time, 64
Poincaré transformations, 42
polar coordinates, 30
polar coordinates, geodesic, 133
proper time, 64
pseudo-hyperbolic space, 116, 117
pseudo-sphere, 117
Pseudosphere, 116
pullback of a metric, 41

real-projective space, 7

regular point, 101

regular value, 101

Ricci curvature, 85

Riemann curvature tensor, 75
Riemannian (4,0)-curvature tensor, 78
Riemannian distance, 132

Riemannian exponential map, 67
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Riemannian metric, 39
Riemannian normal coordinates, 69

Sard, theorem of, 102

scalar curvature, 88

second covariant derivative, 73
second fundamental form, 108
sectional curvature, 84
semi-Riemannian metric, 35

side of a geodesic triangle, 126
signature of a hypersurface, 113
sine function, generalized, 92
sines, law of, 128

standard metric, 39

stereographic projection, 3
submanifold chart, 99
submanifold, differentiable, 99
submanifold, semi-Riemannian, 104
submanifold, totally geodesic, 111
symmetric bilinear form, 33

tangent bundle, 28

tangent space, 16

tangent vector, 15

topological space, 1

topology, 1

torsion freeness, 46, 52
torsion-free, 45

totally geodesic submanifold, 111
transformation of principal axes, 34
triangle, geodesic, 126

variation of a curve, 59

variation of the energy, second, 139
variation of the energy, first, 60
variation, geodesic, 89

variational vector field, 60

vector field, 30

vector field along a map, 50
velocity field, 51

vertex of a geodesic triangle, 126

Weingarten map, 115
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