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Motivation

Problem formulation

o Given: B = M o J as Fredholm integral equation

[Bx](s) = /O K(s, )x(t)dt, (0<s<1)
with

m(s), 0<t<s<1
k(s’t):{ ((),) Eogsgtglg.

where m(s) has got a zero, for example m(s) = s* or
m(s) = e~
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Motivation

Problem formulation

o Given: B = M o J as Fredholm integral equation

[Bx](s) = /O K(s, )x(t)dt, (0<s<1)

with 5. ( )
m(s), 0<t<s<1
k(s’t)_{ 0, (0<s<t<1).
where m(s) has got a zero, for example m(s) = s* or
m(s) = e~

@ Problem: finding the singular value asymptotics of B

Melina Freitag Numerical approaches to singular value asymptotics



Motivation

Problem formulation

@ well-known: singular values of integral operator J:

2
7= T
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Motivation

Problem formulation

@ well-known: singular values of integral operator J:

2
7= T

@ analytical results for the singular value decomposition (Chang
(1952), Reade (1984), minimax principle):

on(B) = (’)(n_l)

only lower bounds on the degree of ill-posedness if m(s) has
got a zero
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Sturm-Liouville problem

Formulation as a Sturm-Liouville problem

Formulate
[Bx](s) = /0 Cms)x(t)dt, (0<s<1),

as a boundary value problem, using the eigenvalue equation
B*Bu = o?u:

m?(7)
—(a(r)d'(7)) = Au(7),  u(1) =u'(0) =0,
1 1
where \ = s and a(7) = 20y
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Finite difference methods for the Sturm-Liouville problem
Galerkin method for integral equations of the first kind
Numerical approaches Summary of numerical results

Finite difference methods for the Sturm-Liouville problem

@ Boundary value problem:

—(a(m)u' (1)) = Au(7)
u(l)=0 and lim a(t)d'(r) = 0.
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Finite difference methods for the Sturm-Liouville problem

@ Boundary value problem:

—(a(m)u' (1)) = Au(7)
u(l)=0 and lim a(t)u'(7) = 0.
@ apply classical finite difference method:

djiy1— a1 a 2a;
( 42 h2)”"1 ol
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Finite difference methods for the Sturm-Liouville problem

@ Boundary value problem:
—(a(m)u' (1)) = Au(7)
u(l)=0 and lim a(t)u'(7) = 0.

@ apply classical finite difference method:

aj+1—aji—1 & 2a;
% 5 JUi-1t+ 5y
4h h h
aj—1— dj+1 aj
+ (T > Uiyl = Auj
@ right hand side 79 :=¢.
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Results for m(

Logarithmic scaling of eigenvalue asymptotics
T T

oL [— a0

--a=1

- a=2

1 a=3

il ——
— exact solution for a=0

eigenvalues in logarithmic scale

number of eigenvalue in logarithmic scale

Figure: Computed eigenvalues of Sturm-Liouville problem —(au’) = Au
for n = 500 and different values for « and exact eigenvalues for a = Q jm==

logarithmic scales
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Results for m

Logarithmic scaling of eigenvalue asymptotics
T

— a=0
- - a=02 i
10 |~ a=05 i

a=1 |
— exact solution for a=0 i

eigenvalues in logarithmic scale

number of eigenvalue in logarithmic scale

Figure: Computed eigenvalues of Sturm-Liouville problem —(au’) = Au
for n = 100 and different values for a and exact eigenvalues for o =
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Galerkin method for integral equations

(B(x)](s) = /01 K(s,t)x(t)dt, 0<s<1, 0<t<l

@ singular value expansion for square integrable kernels:

k(s,t) =Y oju(t)v(s), 0<s<1,0<t <1
j=1
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Galerkin method for integral equations

(B(x)](s) = /01 K(s,t)x(t)dt, 0<s<1, 0<t<l

@ singular value expansion for square integrable kernels:
o0
t)=> oju(t)v(s),0<s<1,0<t <1,
@ algebraic singular value decomposition of A € R™":

n
A=USVT => suyv],
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Algorithm for Galerkin's method

@ Choose {W;} and {®;} orthonormal sets of basis functions in
I =(0,1), Is =(0,1).
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Algorithm for Galerkin's method

@ Choose {W;} and {®;} orthonormal sets of basis functions in
I =(0,1), Is =(0,1).

@ Determine matrix A € R™" with

aij = <B¢j7w,'>l_2(071) I,J = 1, 000 gl
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Algorithm for Galerkin's method

@ Choose {W;} and {®;} orthonormal sets of basis functions in
I =(0,1), Is =(0,1).

@ Determine matrix A € R™" with
aj = (B®;,Vi) 201y f,J=1,...,n
@ Compute the SVD of this matrix
Av = sy,
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Matrix structure for m(s) = s

SO
i SO
S ““““‘::::‘\\‘\
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ture for m(s) = s
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Matrix structure for m(s) = s>

uuu
0035 HH‘H‘

003 ‘H‘HHM‘
0025 \ ! ‘ ‘ “‘%
o ‘\\\\“‘\\\\‘\\\\ \

//,

002 “‘ ‘
0.015 “‘““““““{ ‘::\‘ “
SRR
ouvos ‘:“‘“ e

o
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Matrix structure for m(s)

S
ety
SR TRAT S
1 Sett Kpnetigees
\‘\\‘\“‘::::‘\‘\‘\“‘
piRestiyuestiee
D S \\::““\
SRS
“‘\\‘\\\\\“\
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L
2

Matrix structure for m(s) = e
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Approximation properties

Proposition Let

1 1 0
1B ::/ / |k(s, t)[dtds = ) o7
0 J0 i=1

Then
s <MD <o i=1,...,n

Furthermore, the errors of the approximate singular values s,-(n) are
bounded by

0<o;—s" <6, i=1,...,n,
where

52 = Bl = | All#.

Furthermore
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s <o <[(57)+d)2, i=1,...,n
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Logarithmic scaling of singular value asymptotics

singular values in logarithmic scale

L I
T

10
number of singular value in logarithmic scale

Figure: Computed singular values of integral equation Bv

=ouforn=_
100 and different values for « in logarithmic scales
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Discrete singular values for n — oo

m(s) =s, n=100

singular values in logarithmic scale

" ,
o T 2

number of singular value in logarithmic scale TECHNISCHE UNIVERSITAT
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Discrete singular values for n — oo

m(s) =s, n=150

singular values in logarithmic scale
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Discrete singular values for n — oo

m(s) =s, n=200

singular values in logarithmic scale
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Discrete singular values for n — oo

m(s) =s, n=400

singular values in logarithmic scale
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Discrete singular values for n — oo

m(s) =s, n= 1000

singular values in logarithmic scale
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number of singular value in logarithmic scale TECHNISCHE UNIVERSITAT
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singular values in logarithmic scale

10 s
T 2

number of singular value in logarithmic scale

Figure: Computed singular values of integral equation Bv = ou for n =
100 and different values for « in logarithmic scales
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Further numerical approaches and summary

@ Rayleigh-Ritz method for symmetric kernel B*B
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Further numerical approaches and summary

@ Rayleigh-Ritz method for symmetric kernel B*B

@ Orthonormal/Non-orthonormal basis functions
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Further numerical approaches and summary

@ Rayleigh-Ritz method for symmetric kernel B*B
@ Orthonormal/Non-orthonormal basis functions

o Generalized singular value problem/Generalized eigenproblem
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Further numerical approaches and summary

@ Rayleigh-Ritz method for symmetric kernel B*B
@ Orthonormal/Non-orthonormal basis functions
o Generalized singular value problem/Generalized eigenproblem

@ Comparison yields

on(B) = /0 m(s)ds - o,(J) = /0 m(s)ds - ﬁ,

for the integral operator B = Mo J.
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Further numerical approaches and summary

(*]
(*]
(]
(]

Rayleigh-Ritz method for symmetric kernel B*B
Orthonormal/Non-orthonormal basis functions
Generalized singular value problem/Generalized eigenproblem

Comparison yields

on(B) = /0 m(s)ds - o,(J) = /0 m(s)ds - ﬁ,

for the integral operator B = Mo J.

(]

Combination of analytical and numerical results:

gn—l — UzpprOX(B) < szact(B) < ?n—1’ n — 00
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Conclusion

Conclusions

@ numerical computation of the SVD of the discretized problem
through various methods
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Conclusion

Conclusions

@ numerical computation of the SVD of the discretized problem
through various methods

@ error estimates and approximation properties

@ relationship

1 1
an(B):/O m(s)ds-a,,(J):/O m(s)ds-ﬁ,

for the integral operator B = Mo J.
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Conclusion

Conclusions

@ numerical computation of the SVD of the discretized problem
through various methods

@ error estimates and approximation properties

@ relationship

1 1
an(B):/O m(s)ds-a,,(J):/O m(s)ds-ﬁ,

for the integral operator B = Mo J.

@ no influence of decay rate of m(s) — 0
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Conclusion

Conclusions

@ numerical computation of the SVD of the discretized problem
through various methods

@ error estimates and approximation properties

@ relationship

1 1
2
on(B) = /0 e ) = /0 m()ds - s
for the integral operator B = Mo J.
@ no influence of decay rate of m(s) — 0

° fol m(s)ds is important (generalization of the results by Vu
Kim Tuan and Gorenflo (1994)) for m(s) = s=%)
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