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1. Coding theory

3. …with incomplete information

Mapping network flows2.



1. Coding theory: The minimum 
description length principle
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1. Coding theory: The minimum 
description length principle

Regularities in data can be used to 
compress the data. The best 
compression captures most regularities



2. Mapping network flows: 
The map equation



NETWORKS describe where flowsmove

to depending onwhere they are

MAPS depict regularities using less

information



If we can find a good code

for describing flows on a network,

wewill have solved the dual problem

of finding the important structures

with respect to that flow



Weuse amodular code structure

that can exploit regions in the network

in which units of flow tend to stay

for a relatively long time



Two-level partitions

Howmanymodules are present? Andwhich

nodes aremembers of whichmodules?

Maximal compression of flowwith constraints:

1. Modular code structure

2. Nomore than two levels

3. Each node can only belong to onemodule

Two-level partitionsMapping network flowsMapping network flowsTwo-level partitions



Two-level partitions with themap equation
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Two-level partitions with themap equation

L(M) = qxH(Q) +
mX

i=1

pi�H(P i)
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Multilevel partitions

Into howmany hierarchical levels is a given

network organized? Howmanymodules are

present at each level? Andwhich nodes are

members of whichmodules?

Maximal compression of flowwith constraints:

1. Modular code structure

2. Nomore than two levels

3. Each node can only belong to onemodule

Multilevel partitionsTwo-level partitions with the map equationTwo-level partitionsMapping network flowsMapping network flowsMultilevel partitions
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Multilevel partitions with themap equation
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2. Mapping network flows: 
The map equation

The map equation infers communities 
with long flow persistence using the 
minimum description length principle



3. Mapping network flows with 
incomplete information



The map equation 
Spurious communities resulting from mere noise
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The map equation requires stronger 
regularization for sparse networks



Bayesian estimate of the map equation 

Bayesian estimate of the map equation
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Bayesian estimate of the map equation 
Undirected and unweighted networks



Bayesian estimate of the map equation 
Choosing a prior distribution



Bayesian estimate of the map equation 
Choosing a prior distribution
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Bayesian estimate of the map equation 
Adjusted mutual information

0.0 0.2 0.4 0.6 0.8 1.0
Fraction of removed links, r

0.0

0.2

0.4

0.6

0.8

1.0

A
M

I

0.0 0.2 0.4 0.6 0.8 1.0
Fraction of removed links, r

Standard
0.5ln(V)
ln(V)
2ln(V)
DC-SBM

(a) Synthetic network (b) Jazz collaborations



PHYSICAL REVIEW E 102, 012302 (2020)

Mapping flows on sparse networks with missing links
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Unreliable network data can cause community-detection methods to overfit and highlight spurious structures
with misleading information about the organization and function of complex systems. Here we show how
to detect significant flow-based communities in sparse networks with missing links using the map equation.
Since the map equation builds on Shannon entropy estimation, it assumes complete data such that analyzing
undersampled networks can lead to overfitting. To overcome this problem, we incorporate a Bayesian approach
with assumptions about network uncertainties into the map equation framework. Results in both synthetic and
real-world networks show that the Bayesian estimate of the map equation provides a principled approach to
revealing significant structures in undersampled networks.

DOI: 10.1103/PhysRevE.102.012302

I. INTRODUCTION

Unraveling the modular organization of social and biolog-
ical systems with interactions comprising measured move-
ments of some entity such as people, money, or information
requires reliable maps of network flows [1–5]. To find modu-
lar regularities in network flows, the map equation estimates
a modular description length of the flows with information-
theoretic measures. Optimizing the map equation with the
search algorithm Infomap maximally compresses the modular
description and detects significant flow-based communities
when enough links are observed [2,6]. However, if too many
links are missing, then the map equation may highlight spu-
rious communities resulting from mere noise. While there
are generative methods that can deal with uncertain net-
work structures, including link-prediction algorithms [7–9]
and network reconstruction approaches that often build on
the stochastic block model [10–14], no method can reliably
identify flow-based communities in networks with missing
links.

The map equation estimates the modular description length
of network flows with the Shannon entropy [15]. With missing
data, the Shannon entropy underestimates the actual entropy
of the complete data [16]. Consequently, when a network has
many missing links, the map equation underestimates the ac-
tual description length of the complete network, capitalizes on
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details in the observed network, and favors network partitions
with many small communities. While higher model complex-
ity can further compress the description length, the result-
ing communities become sensitive to network perturbations.
Having more missing links further obscures the community
structure and leads to higher sensitivity. Overfitting happens
when the communities poorly compress the description length
of the complete network or other samples of the complete
network [17,18].

Underestimating the entropy in networks with missing
links also causes problems for standard procedures that evalu-
ate model-prediction performance, including cross-validation:
When the modular description length depends on the number
of observed links, it also depends on the number of cross-
validation folds such that only balanced but wasteful equal-
sized splits of a network into training and test networks give
useful results.

To overcome these problems, we present two regulariza-
tion methods based on entropy estimation for undersampled
discrete data. First, we incorporate a Bayesian approach in
the map equation framework [19] and derive a closed-form
formula for the posterior mean of the map equation under the
Dirichlet prior distribution of network flows. Second, to en-
able more effective cross-validation, we measure the modular
description length of the training and test networks for a given
partition using Grassberger entropy estimation [20].

We show that the Bayesian estimate of the map equa-
tion does not detect spurious communities in the under-
sampled regime in either synthetic or real-world networks.
Also, compared with the degree-corrected stochastic block
model [21,22], this approach gives solutions that are more
robust to missing links in the analyzed networks. Moreover,
with Grassberger entropy estimation, the modular description
length becomes nearly independent of the amount of data:
Instead of wasteful equal-sized splits, we can use most links in

2470-0045/2020/102(1)/012302(12) 012302-1 Published by the American Physical Society

Bayesian estimate of the map equation 
Phys Rev E 102, 012302 (2020)



Bayesian take on the map equation
Directed and weighted networks

Bayesian take on the map equation 
Directed and weighted networks

(c) (d)(b)
-1

-1-1

-1

(a)

2

3

22

3
3

3
1

2

Complete network Incomplete network

Standard teleportation Regularized network �ows

6
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An empirical Bayes estimate of the transition rates 
for the map equation
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3. Mapping network flows with 
incomplete information

The Bayesian estimate of the map equation 
provides a principled approach 
to revealing significant structures in 
undersampled networks.
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