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• Applications



Financial Markets

• Financial market, with underlier

dXt = µtdt+ σtdWt

• Contingent claim, e.x.

– European call option

f(XT ) = (XT −K)+

– Digital Call option

f(XT ) = 1{XT>K}



Main Issues

• Pricing

u(x) = E[f(XT )]

where x = X0.

• Hedging

f(XT ) = u(x) +
∫ T

0
ψtdXt



• Explicit calculation of hedging strategies

ψt =?

• European call option ⇒ delta hedge, i.e.

ψt = ∆t =
∂

∂x
E[f(XT )|Ft]

• Compute ∆ though numerical methods e.g. finite differences



∆ of a digital option



• Reason

∂

∂x
u(x) = E[f ′(XT )

∂

∂x
XT ]

• Problem How to calculate the delta for discontinuous op-

tions?

• Solution Transform it such a way that we take out the deriva-

tive.



• If the density px of X exists then: ∂
∂xu(x) = E[f(XT )π] where

π = ∂
∂x (log px(z))

• Theoritical approach great! Practical?

• Introduction of Malliavin Calculus by Fournie et al.(1999) in

Finance and Stochastics.

Aim Calculate the weight π without any knowledge of the

density px.



Classical Malliavin Calculus (Ω,F , {F}t≥0,P) Wiener Space.

• Ito’s Chaos expansion

• Malliavin derivative

• Properties



Ito’s Chaos Expansion (Intuition)

• Example 1

W2
T =

∫ T

0

∫ t2

0
f2(t1, t2)dWt1dWt2 + T

where f2(t1, t2) = 2

• Example 2

W3
T − 3TWT =

∫ T

0

∫ t3

0

∫ t2

0
f3(t1, t2, t3)dWt1dWt2dWt3

where f3(t1, t2, t3) = 6



Ito’s Chaos Expansion

• Jn(fn) =
∫ T
0

∫ tn
0 . . .

∫ t2
0 fn(t1, . . . , tn)dWt1 . . . dWtn

• Theorem Every F ∈ L2(Ω,FT ) random variable can be

uniquely written as a constant plus a sum of integrals Jn of

deterministic functions fn.

F = E[F ] +
∞∑
n=1

Jn(fn)



Malliavin Derivative

DtJn(fn) =
n∑

k=1

∫ T

0

∫ tn

0
. . .

∫ tk+1

0

∫ tk−1

0
. . .

∫ t2

0
fn(t1, . . . , tk−1, t, tk+1, tn)

× 1{tk−1≤t≤tk+1}dWt1 . . . dWtk−1dWtk+1dWtn

Example 1

DtW
2
T = Dt

( ∫ T

0

∫ t2

0
f2(t1, t2)dWt1dWt2 + T

)
=

∫ T

t
2dWt2 +

∫ t

0
2dWt1

= 2WT



• Malliavin Derivative If F is in the domain of D then

DtF =
∞∑
n=1

DtJn(fn)

• Chain Rule

If f ∈ Cb(R), then

Dt(f(F )) = f ′(F )DtF



SDE

dXt = α(t,Xt−)dt+ σ(t,Xt−)dWt

• α, σ continuously differentiable functions with bounded deriva-

tives in x

• Then if Yt =
∂
∂xXt the first variation of Xt

DrXt = YtY
−1
r σ(r,Xr), ∀r ≤ t



Sensitivities

∂

∂x
u(XT ) = E[f ′(XT )

∂

∂x
XT ]

= E[f(XT )
∫ T

0

Yt

α(t)σ(t,Xt)
dWt],

where α ∈ L2([0, T )) such that
∫ T
0 α(t)dt = 1.

• Global weight π = Yt
α(t)σ(t,Xt)

dWt



Models with Lévy processes

1. Are we able to extend the results of Fournie et al?

2. Working in Incomplete markets.

What is the form of the hedging strategies?



Lévy Processes

A Lévy process Z ∈ L2(Ω) is a right continuous process:

• has independent increments;Zt − Zs, Zs are independent for

s ≤ t

• is stationary; the law of Zt+h − Zt does not depend on t

• is Stochastic continous; limh→0 P (|Zt+h − Zt| ≥ ε) = 0



Decomposition Theorem

Zt = σWt + ”compensated Jump part”

Jump part:

• a compensated Poisson process Nt − λt

• a com. compound Poisson process Jt =
∑Nt
i=1 Yi − E[Yi]λt,

where Yi are i.i.d

• an infinite activity jump process, e.x. Normal Inverse Gaus-

sian



Representation Property

Zt = σWt +
∫ t

0

∫
R0

z(µ− π)(dz, ds)

• Wt: standard Wiener process

• µ(·, ·): Poisson random measure

• π(dz, dt) is the compensator of µ

• µ̃(dz, dt) = µ(dz, dt)− π(dz, dt)



Malliavin Calculus for Lévy processes



Theorem 1. Every square integrable FT random variable F can

represented as

F =
∞∑
n=0

∑
j1,...,jn=0,1

J
(j1,...,jn)
n (fj1,...,jn)

Example 3

J
(0,1,0)
3 (f0,1,0) =∫ T

0

∫ t3

0

∫
R0

∫ t2

0
f0,1,0(t1, t2, z, t3)dWt1µ̃(dt2, dz)dWt3



Directional Derivative

• Define derivatives in the Wiener and the Poisson Random

measure direction, denote respectively as D(0) and D(1)

• Reduce the order of integration as in the classical Wiener

case.



Directional Derivative

Let F ∈ D(l). Then the derivative on the l-th direction is:

D
(l)
ul
F =

∞∑
n=1

∑
j1,...,jn=0,1

n∑
i=1

1{ji=l}D
lJ

(j1,...,̂ji,...,jn)
n

(
fj1,...,jn

)
Example 3

D0
t J

(0,1,0)
3 (f0,1,0)

= D0
t

∫ T

0

∫ t3

0

∫
R0

∫ t2

0
f0,1,0(t1, t2, z, t3)dWt1µ̃(dt2, dz)dWt3

=
∫ t

0

∫
R0

∫ t2

0
f0,1,0(t1, t2, z, t)dWt1µ̃(dt2, dz)

+
∫ T

0

∫ t3

0

∫
R0

f0,1,0(t, t2, z, t3)µ̃(dt2, dz)dWt3



Chain Rule

Theorem 2. Let F ∈ D(0) and f be a continuously differen-

tiable function with bounded derivative. Then f(F ) ∈ D(0)

and the following chain rule holds:

D(0)f(F ) = f ′(F )D(0)F.

1. Let F ∈ D(1) then

D
(1)
(t,z)F = F ◦ ε+(t,z) − F,

where ε+ is a transformation on Ω that implies that we have

a jump of size z at time t.



Clark-Ocone-Haussman (COH) formula

Theorem 3. Let F ∈ L2(FT ) ∩ (∩l=0,1D(l)). Then

F = E[F ] +
∫ T

0
E[D(0)

t F |Ft−]dWt +
∫ T

0

∫
R0

E[D(1)
(t,z)F |Ft−]µ̃(dz, st)



Properties of SDEs

• {Xt}t∈[0,T ]: a square integrable process satisfying the follow-

ing stochastic differential equation:

dXt = α(t,Xt−)dt+ σ(t,Xt−)dWt +
∫
R0

γ(t, z,Xt−)µ̃(dz, dt)

• α, σ and γ are ”nice enough” so there exists a unique solution

• The directional derivatives of X exist and for the Wiener

directional derivative

D
(0)
r Xt = YtY

−1
r− σ(r,Xr−), ∀r ≤ t



Sensitivities

dXt = α(t,Xt−)dt+ σ(t,Xt−)dWt +
∫
R0

γ(t, z,Xt−)µ̃(dz, dt),

X0 = x

∆ = E

[
f(XT )

∫ T

0
α(t)σ−1(t,Xt−)Yt−dWt

]
where α ∈ L2([0, T )) such that

∫ T
0 α(t)dt = 1



Bates Model

dX1
t = rX1

t−dt+
√
X2
t−X

1
t−dW

1
t

+ Xt−dJt

dX2
t = k(m−X2

t−)dt+ σ

√
X2
t−dWt



∆ of a digital option



Hedging strategies in Lévy markets

• dXt = σ(t,Xt−)dWt +
∫
R0
γ(t, z,Xt−)µ̃(dz, dt)

• Contingent claim f(XT )

• Hedging portfolio VT = V0 +
∫ T
0 φtdXt



• (Kunita-Watanabe decomposition)

Let (Xt)t∈[0,T ] be a martingale, then

f(XT ) = E[f(XT )] +
∫ T

0
θtdXt +N,

where (θt)t∈[0,T ] is a predictable process and N is a random

variable orthogonal to all integrals with respect to X.

– Minimize Variance of the Hedging error; i.e. minimize N

inf
θ
E[|f(XT )− VT |2]



Question

Is ∆ hedging the optimal hedging strategy?

Answer

NO!!!



Contingent Claim representation

f(XT ) = E[f(XT )] +
∫ T

0
E[D(0)

t f(XT )|Ft−]dWt

+
∫ T

0

∫
R0

E[D(1)
(t,z)f(XT )|Ft−]µ̃(dz, st)

= E[f(XT )] +
∫ T

0
∆tY

−1
t− σ(t,Xt−)dWt

+
∫ T

0

∫
R0

E[f(XT ◦ ε
+
t,z)− f(XT )]µ̃(dz, dt)



• f differentiable then

θt : =
1

σ
′
t

[
σ(t,Xt−)E[D(0)

t f(XT )|Ft−]

+
∫
R0

γ(t, z,Xt−)E[D(1)
t,z f(XT )|Ft−]ν(dz)

]
,

• f is not differentiable

θt =
1

σ
′
t

[
σ(t,Xt−)∆tY

−1
t− σ(t,Xt−)

+
∫
R0

γ(t, z,Xt−)E
[
f(XT ◦ ε

+
(t,z))− f(XT )

∣∣∣∣Ft−]
ν(dz)

]

• where σ
′
t = σ2(t,Xt−) +

∫
R0
γ2(t, z,Xt−)ν(dz).



• Merton’s model

Xt = X0e
µt+σWt+

∑Nt
i=1 Yi,

λ, Yi N(a, b2) are i.i.d and µ = σ2

2 − λE[eYi − 1]

• f(XT ) = (XT −K)+

•

D
(0)
t f(XT ) = σXT1{XT>K}

D
(1)
(t,z)f(XT ) = (ezXT −K)+ − (XT −K)+



E[D(0)
t f(XT )|Ft]

= σ
Xt

X0

∞∑
n=0

eλ
′(T−t)(λ

′(T − t))

n!
Φ(

− logK′ + (µn + σ2
n
2 )(T − t)

σn
√

(T − t)
)

and

E[D(1)
(t,z)f(XT )|Ft]

= BS(ez
Xt

X0
, σn, T − t, µn,K

′′)−BS(
Xt

X0
, σn, T − t, µn,K

′)
}

where K′ = Xt
X0

and K′′ = ez XtX0
.



• f(XT ) = (XT −K)+

θt =
σE[D(0)

t f(XT )|Ft−] +
∫
R0

(ez − 1)E[D(1)
(t,z)f(XT )|Ft−]ν(dz)

Xt−(σ
2 +

∫
R0

(ez − 1)2ν(dz))

• f(XT ) = 1{XT>K}

θt =
σ2∆t +

∫
R0

(ez − 1)E[D(1)
(t,z)f(XT )|Ft−]ν(dz)

Xt−(σ
2 +

∫
R0

(ez − 1)2ν(dz))

where ∆t = E[f(XT )
WT
X0σT

|Ft−]



Hedging with other derivatives

• Infinite number of risk factors need infinite number of assets

to complete the market

• Example BNS model

dXt = σtXt−dWt

X0 = x

dσ2
t = −κσ2

t dt+ dZt

σ2
0 > 2, κ > 0



• f1(XT ) = 1{XT>K1}

• Hedging strategy with respect to the underlier is given by

θ1t =
σt−E[f1(XT )

1
x

(∫ T
0
dWt
σt−

)
|Ft−]

σ
′
t

• The underlier only hedges the Wiener part.



• Hedge with X and f2(XT ) = 1{XT>K2}

• What is the sde that f2 satisfies?

• Applying Ito’s formula will impose conditions on the jump

part of X

• Use COH-formula to achieve a representation



• Using COH-formula

f2(XT ) = E[f2(XT )] +
∫ T

0
E[f2(XT )

1

x

∫ T

0

dWt

σt−

 |Ft−]dWt

+
∫ T

0

∫
R0

E[1{
St− exp(

∫ T
t

√
σ2
s+zdWs)>K

} − 1{ST>K}|Ft−]µ̃(dz, dt)

• Hedging strategy

θ2t =
1

σ
′
t

(
σt−E[f2(XT )

1

x

∫ T

0

dWt

σt−

 |Ft−]

+
∫
R0

E[1{
St− exp(

∫ T
t

√
σ2
s+zdWs)>K

} − 1{ST>K}|Ft−]ν(dz)
)



• Optimal portfolio

– θ1t of the underlier X

– θ1t of the of the digital option f2


