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This talk is based on the preprint

Ilya Pavlyukevich and Georgiy Shevchenko

A Stratonovich SDE with irregular coefficients: Girsanov’s example revisited

http://arxiv.org/abs/1812.05324
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2. Heterogeneous diffusion process
Space dependent diffusivity:
diffusion in heterogeneous systems,
e.g. Richardson diffusion in turbu-
lence, transport in heterogeneous
porous media, cytoplasmic diffusion
in bacterial and eukaryotic cells...

9X “ |X|α 9B

α P R

Mean square displacement, X0 “ 0:

xX2
t y „ tγ, tÑ 8

γ “ 1: diffusion
γ ą 1: superdiffusion
γ ă 1: subdiffusion



HETEROGENEOUS DIFFUSION 3

3. Heterogeneous diffusion process
In the Itô interpretation: Girsanov (1960) — non-uniqueness for α P p0, 1

2q, also
non-Markovian solutions. Zvonkin (1974) — for α ě 1{2 there is a unique
strong solution, If X0 “ 0, Xt ” 0.

However: Cherstvy, Chechkin and Metzler considered the Stratonovich SDE:

Xt “ X0 `

ż t

0

|Xs|
α
˝ dBs.

The Stratonovich integral is defined as a limit
ż t

0

|Xs|
α
˝ dBs :“ lim

ÿ

k

1

2

´

|Xtk`1
|
α
` |Xtk|

α
¯

pBtk`1
´Btkq

“

ż t

0

|Xs|
α dBs `

1

2
r|X|α, Bst

The definition of the integral contains the quadratic covariation process:

r|X|α, Bst “ lim
ÿ

k

´

|Xtk`1
|
α
´ |Xtk|

α
¯

pBtk`1
´Btkq
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4. Solution away from the origin
Assume X0 ‰ 0. Then for any a ą 0 for t ă τa ^ ξ, ξ — explosion time,
τa “ inftt ě 0: |Xt| R pa,8qu the diffusion X solves

Xt “ X0 `

ż t

0

|Xs|
α
˝ dBs “ X0 `

ż t

0

|Xs|
α dBs `

α

2

ż t

0

|Xs|
2α´1 signXs ds

X can be found explicitly: denote pxqp “ |x|p signx

dX

Xα
“ ˝dB, X0 ą 0,

Xt “

$

’

’

’

’

’

&

’

’

’

’

’

%

´

p1´ αqBt `X
1´α
0

¯
1

1´α
, α ă 1,

X0eBt, α “ 1,
´

1

X
1
α´1
0 ´pα´1qBt

¯
1
α´1
, α ą 1
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5. Solution away from the origin
α “ 0.5
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X
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6. Solution by regularization: α P p0, 1q
Consider smooth approximations σεpxq of |x|α such that σεpxq ą 0 and
approximations

Xε
t “ X0 `

ż t

0

σεpX
ε
sq ˝ dBs “ X0 `

ż t

0

σεpX
ε
sqdBs `

1

2

ż t

0

σεpX
ε
sqσ

1
εpX

ε
sqds,

dXε

σpXεq
“ ˝dB

fεpxq “

ż x

0

dy

σεpyq

Itô’s formula: fεpX
ε
t q “ fεpX0q `Bt,

Xε
t “ f´1

ε pBt ` fεpX0qq

Xε
t Ñ Xt “ f´1

pBt ` fpX0qq, εÑ 0.
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7. Solution by regularization: the “benchmark solution”

- 1.0 - 0.5 0.5 1.0
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0.8

1.0

Recall notation: pxqp “ |x|p signx

fεpxq Ñ fpxq “ pxq1´α “ |x|1´α signx

f´1
ε Ñ f´1

pxq “ pp1´ αqxq
1

1´α

Xε
t Ñ X0

t “ F pBtq “
´

p1´ αqBt ` pX0q
1´α

¯
1

1´α
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8. Another example

- 1.0 - 0.5 0.5 1.0

0.2

0.4

0.6
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1.0

´A ă 0 ă B

σεpxq “ ε, ´Aε ď x ď Bε,

fεpxq “

ż x

0

dy

σεpyq
“
x

ε
, x P r´Aε,Bεs

f´1
ε pxq “ εx, x P r´A,Bs

f´1
ε pxq Ñ fpxq “

$

’

&

’

%

pp1´ αqpx´Bqq
1

1´α, x ą B

0, x P r´A,Bs

´pp1´ αq|x`A|q
1

1´α, x ă ´A
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The limting process XA,B
t “ f´1pBtq “ FA,BpBtq equals to zero on random

time intervals when Bt P r´ A
1´α,

B
1´αs.
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9. Itô’s formula and existence of r|X|α, Bs
We can prove that

X0
t “ F pBtq “ pp1´ αqBt ` pX0q

1´α
q

1
1´α or XA,B

t “ FA,BpBtq

is a solution with the help of the generalized Itô formula:

Föllmer–Protter–Shiryaev 1995: if F is absolutely continuous with locally
square integrable derivative F 1 then rF 1pBq, Bs exists and

F pBtq “ F p0q `

ż t

0

F 1pBsqdBs `
1

2
rF 1pBq, Bst

In our case,

F pBq “ pp1´ αqB ` pX0q
1´α
q

1
1´α,

F 1pBq “ |p1´ αqB ` pX0q
1´α
|

1
1´α´1

“ |F pBq|α

F 1 P L2
locpRq ô 2

´ 1

1´ α
´ 1

¯

ą ´1 ô α ą ´1

Many solutions: the equation is underdetermined ñ Impose more conditions!
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10. Solutions spending zero time in zero
Let X be a (weak or strong) solution of

Xt “

ż t

0

|Xs|
1´α

˝ dBs, pX0 “ 0 for brevityq

ż t

0

IpXs “ 0qds “ 0 a.s., t ě 0.

The first guess: show that

Lawp|X|q “ Law
´

|p1´ αqB|
1

1´α

¯

or in other words
Law

´ 1

1´ α
|X|1´α

¯

“ Lawp|B|q

i.e. describe the law of the absolute value of X, and hence obtain weak
solutions.
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11. Reflected Brownian Motion
How to characterize the Reflected Brownian Motion?
Varadhan (lecture notes):

The RBM is the unique process Px on the canonical probability space with the
following properties:

1. PxpZ0 “ xq “ 1

2. It behaves locally like Brownian motion on p0,8q, i.e. for any bounded
smooth function f : r0,8q Ñ R that is a constant (w.l.o.g. f “ 0) in some
neighbourhood of 0 the process

fpZtq ´ fpxq ´
1

2

ż t

0

f 2pZsqds

is a martingale,

3.
Ex

ż 8

0

It0upZsqds “ 0.
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12. 1
1´α|X|

1´α is RMB, α P p´1, 1q

Denote Zt “ 1
1´α|Xt|

1´α, Z spends zero time in zero.

Let f : r0,8q Ñ r0,8q be a smooth bounded function that is constant in a
neighbourhood of zero. The function gpxq “ fp 1

1´α|x|
1´αq “ fpzq is also

smooth and is constant in a neighbourhood of zero, and

g1pxq “ f 1pzqpxq´α, g2pxq “ f 2pzq|x|´2α
´ αf 1pzq|x|´α´1.

Applying the Itô formula (with a certain care!) yields

fpZtq “

ż t

0

f 1pZsqpXsq
´α dXs `

1

2

ż t

0

´

f 2pZsq|Xs|
´2α

´ αf 1pZsq|Xs|
´α´1

¯

dxXys

“

ż t

0

f 1pZsqpXsq
´α
|Xs|

α dBs `
α

2

ż t

0

f 1pZsqpXsq
´α
pXsq

2α´1 ds

`
1

2

ż t

0

´

f 2pZsq|Xs|
´2α

´ αf 1pZsq|Xs|
´α´1

¯

|Xs|
2α ds

“

ż t

0

f 1pZsq signpXsqdBs `
1

2

ż t

0

f 2pZsqds



HETEROGENEOUS DIFFUSION 13

13. Skew Brownian motion
Question: if |Z| “ |W | what is Z?

For example: Z “W or Z “ |W | or Z “ ´|W |.

Let Z be a time-homogeneous Markov process.

|Z| is a reflected BM ô Z is a skew BM

Markov process with the transition density

pθpt, x, yq “
1

?
2πt

e´
py´xq2

2t `
θ

?
2πt

sign y ¨ e´
´p|x|`|y|q2

2t

Can be constructed by flipping of Brownian excursions with probabilities 1`θ
2

İ

§

and 1´θ
2

§

đ, for some θ P r´1, 1s.

Or as a limit of symmetric random walks perturbed at zero:

PpXn`1 ´Xn “ ˘1|Xn ‰ 0q “
1

2
,

PpXn`1 ´Xn “ 1|Xn “ 0q “
1` θ

2
, PpXn`1 ´Xn “ ´1|Xn “ 0q “

1´ θ

2
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14. Weak solutions
Theorem. Let α P p´1, 1q, and let X be a weak solution such that X is a
strong Markov process spending zero time at 0. Then there is θ P r´1, 1s, such
that

X
d
“

´

p1´ αqBθ ` pX0q
1´α

¯
1

1´α

for a θ-skew Brownian motion Bθ.
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15. Skew Brownian motion as a solution to an SDE
Harrison and Shepp, 1981: SMB Bθ, θ P r´1, 1s is the unique strong solution
of

Bθt “ Bt ` θL
0
t pB

θ
q,

L0
t p¨q is the symmetric local time at zero.

The SBM is a homogeneous strong Markov process however it is not the
unique process whose absolute value is distributed like |W |.

Indeed consider variably skewed Brownian motion with a variable skewness
parameter θ : RÑ p´1, 1q as a solution to the SDE

BΘ
t “ Bt `ΘpLtpB

Θ
qq, t ě 0,

where Θpxq “
şx

0
θpyqdy. This is a Markov process with |BΘ|

d
“ |B| (Barlow et

al., 2000); however, if θ is non-constant, BΘ is not homogeneous Markov.
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16. Strong solutions: the result
Theorem.

1. Let α P p0, 1q and θ P r´1, 1s. Then

Xθ
t “

`

p1´ αqBθt ` pX0q
1´α

˘

1
1´α

is a strong solution which is a homogeneous strong Markov process spending
zero time at 0.

Moreover, Xθ is the unique strong solution which is a homogeneous strong
Markov process spending zero time at 0 and such that

PpXθ
t ě 0 | X0 “ 0q “

1` θ

2
, t ą 0.

2. Let α P p´1, 0s. Then X0
t “

`

p1´ αqBt ` pX0q
1´α

˘
1

1´α is the unique strong
solution which is a homogeneous strong Markov process spending zero time
at 0.
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17. The main part of the proof
The crucial part of the proof is the existence of the quadratic variation
r|Xθ|α, Bs. We show that

Theorem. Let f P L2
locpR2,Rq and let the θ-skew Brownian motion Bθ,

θ P p´1, 1q, be the unique strong solution of Bθt “ Bt ` θL
0
t pB

θq. Then the
quadratic variation

rfpBθ, Bq, Bst “ lim
nÑ8

ÿ

tkPDn,tkăt

`

fpBθtk, Btkq ´ fpB
θ
tk´1

, Btk´1
q
˘

pBtk ´Btk´1
q

exists as a limit in u.c.p.

Moreover, let tfnuně1 be a sequence of continuous functions such that for
each compact K Ă R2

lim
nÑ8

ĳ

K

|fnpx, yq ´ fpx, yq|
2 dx dy “ 0.

Then
rfnpB

θ, Bq, Bst
u.c.p.
ÝÑ rfpBθ, Bq, Bst
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18. Time reversion, θ P p´1, 1q

We use the approach by Föllmer, Protter and Shiryaev, 1995:

rfpBθ, Bq, Bst “ lim
tkPDn,tkďt

n
ÿ

k“1

´

fpBθtk, Btkq ´ fpB
θ
tk´1

, Btk´1

¯

pBtk ´Btk´1
q

“

ż t

0

fpBθs , Bsqd˚Bs ´

ż t

0

fpBθs , BsqdBs

lim
tkPDn,tkďt

n
ÿ

k“1

fpBθtk´1
, Btk´1

qpBtk ´Btk´1
q “

ż t

0

fpBθs , BsqdBs

lim
tkPDn,tkďt

n
ÿ

k“1

fpBθtk, BtkqpBtk ´Btk´1
q “

ż t

0

fpBθs , Bsqd˚Bs

“

ż T

T´t

fpB̄θs , B̄sqdB̄s

where pB̄θt , B̄tq “ pBθT´t, BT´tq

Thus: show that pB̄θt , B̄tq is a semimartingale
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19. Time reversion:
Time reversal technique by Haussmann and Pardoux, 1985: Let X be a
Markovian diffusion in Rd

dX “ bpXqdt` σpXqdW, t P r0, 1s

Xptq „ ppt, xq, density with good properties,

Lfpxq “
1

2
aijpxqfxixj ` b

i
pxqfxi, apxq “ σpxqσ˚pxq

Then X̄ “ pX1´tqtPr0,1q is a Markovian diffision with the generator

L̄tfpxq “
1

2
āijpxqfxixj ` b̄

i
pxqfxi

āij “ aij, σ̄ij “ σij

b̄ipxq “ ´bipxq `

`

aijpxqpp1´ t, xq
˘

xj

pp1´ t, xq

Hence, X̄ has the same law as a solution of an SDE

dX̄ “ b̄pX̄qdt` σ̄pX̄qdW̄ , t P r0, 1q
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20. An SDE for pBθ, Bq

#

B

Bθ “ B ` θL0pBθq
ñ

#

B

dY θ “ σpY θqdB
σpyq “

#

2
1´θ, y ă 0

2
1`θ, y ą 0

rpY θq “ Bθ, rpyq “
x

σpxq

Theorem. Let for θ P p´1, 1qzt0u. Then pȲ θt , B̄tq “ pY1´t, B1´tq is a weak
solution of

Ȳ θt “ Y θT `

ż t

0

b̄yps, Ȳ θs , B̄sqds`

ż t

0

σpȲ θs qdWs,

B̄t “ BT `

ż t

0

b̄zps, Ȳ θs , B̄sqds`Wt, t P r0, 1q,

W being a standard Brownian motion.

Here: b̄yps, y, bq and b̄yps, y, bq are rather complicated functions, known
explicitly.
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21. Strong solutions: Proof α P p0, 1q
For definiteness we set X0 “ 0.

1. For θ “ 0 (i.e. Bθ “ B) and α P p´1, 1q: apply the generalized Itô formula by
Föllmer–Protter-Shiryaev.

2. Let θ P p´1, 1qzt0u.

Take a sequence thnu of C1-functions such that, hnp0q “ 0, hnpxq “ |p1´αqx|α

for |x| ě 1 and supxPr0,1s |hnpxq ´ p1´ αq|x|
α| Ñ 0, Hnpxq “

şx

0
hnpyqdy P C2.

The conventional Itô formula for semimartingales

HnpB
θ
t q “

ż t

0

hnpB
θ
sq dBs ` θ

ż t

0

hnpB
θ
sq dLspB

θ
q

looooooooooooomooooooooooooon

“0

`
1

2
rhnpB

θ
q, Bst `

θ

2
rhnpB

θ
q, LpB

θ
qst

looooooooooomooooooooooon

“0

,

Hence, as nÑ 8,

HpBθt q “

ż t

0

hpBθsqdBs `
1

2
rhpBθq, Bst “

ż t

0

|p1´ αqBθs |
α
˝ dBs.
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22. Strong solutions: Proof α “ 0

Show that Xθ “ Bθ is not a solution for θ ‰ 0.

ż t

0

IpBθs ‰ 0qdBs “ Bt a.s.

Approximate hpxq “ Ipx ‰ 0q by hnpxq ” 1 in L2pRq. Then

0 ” r1, Bs “ rhnpB
θ
q, Bs Ñ rIpBθ¨ ‰ 0q, Bs

and
ż t

0

IpBθs ‰ 0q ˝ dBs “

ż t

0

IpBθs ‰ 0qdBs `
1

2
rIpBθ¨ ‰ 0q, Bst

“ Bt ‰ Xθ
t “ Bt ` θL

0
t pB

θ
q.
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23. Special case: explicit solution for θ “ ˘1

Theorem. For α P p0, 1q

X1
t “

´

p1´ αq
`

Bt ´min
sďt

Bs
˘

¯
1

1´α

is a strong solution of dXt “ |Xt|
1´α ˝ dBt, X0 “ 0.

Proof by substitution: consider a partition 0 “ t0 ă t1 ă ¨ ¨ ¨ ă tn “ 1 and let
τk “ mints ě tk´1 : Xs “ 0u ^ tk, k “ 1, . . . , n.

On t P rtk´1, τkq we have mtk´1
“ mt hence X is the unique solution on

rtk´1, τkq:

´

p1´ αqpBt ´Btk´1
q `X1´α

tk´1

¯
1

1´α

“

´

p1´ αqpBt ´Btk´1
q ` p1´ αqBtk´1

´ p1´ αqmtk´1

¯
1

1´α
“ Xt

Denote I “ tk : B has a zero in rtk´1, tkqu, then for 1´α
2 ă γ ă 1

2

ÿ

kPI

|Xtk ´Xτk| ď Cpω, γq
ÿ

kPI

|tk ´ tk´1|
γ

1´α Ñ
γ

1´α-Hausdorff dim. of zeroes “ 0
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On the relation between the Stratonovich and Itô equations I

Xt “

ż t

0

|Xs|
α
˝ dBs

formally?
ðñ Xt “

ż t

0

|Xs|
α dBs `

α

2

ż t

0

pXsq
2α´1 ds.

Put Xθ into the Itô equation: for the existens of the Itô integral we need

ż t

0

|Xθ
s |

2α ds
d
“

ż t

0

|Ws|
2α

1´α ds ă 8 ô α ą ´1

and for the existence of the drift term we need (appy the Engelbert–Schmidt
zero-one law)

ż t

0

|Xθ
s |

2α´1 ds
d
“

ż t

0

|Ws|
2α´1
1´α ds ă 8 ô α ą 0

Hence Xθ is a solution of the Itô equation for θ P r´1, 1s and α P p0, 1q.
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On the relation between the Stratonovich and Itô equations II
For α P p´1, 0s, consider the drift term in the principal value sense:

v.p.
ż t

0

pWsq
2α´1
1´α ds :“ lim

εÓ0

ż t

0

pWsq
2α´1
1´α ¨ Ip|Ws| ą εqds.

The principal value definition is intrinsically based on the symmetry of the
Brownian motion and the asymmetry of the integrand and hence excludes the
cases θ ‰ 0. Necessary and sufficient conditions for the existence of
Brownian principal value integrals are given by Cherny, 2001.

v.p.
ż t

0

pWsq
2α´1
1´α ds ă 8 ô α ą ´1

Hence for α P p´1, 0s, X0 is the solution of the Itô SDE

Xt “ X0 `

ż t

0

|Xs|
α dBs `

α

2
¨ v.p.

ż t

0

pXsq
2α´1 ds.
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26. Selection problem
Consider the perturbed equation: W be another indepenent BM,

Xε
t “ X0 `

ż t

0

|Xε
s |
α
˝ dBs ` εWt

Start with a simpler problem: Wong–Zakai approximation of B. For each
n ě 1, define

Bnt “ Bk
n
` n

`

Bk`1
n
´Bk

n

˘

pt´ k
nq, t P rkn,

k`1
n s, k ě 0

sup
tPr0,1s

ˇ

ˇBnt ´Bt
ˇ

ˇÑ 0 a.s., nÑ 8

Thanks to Zvonkin (1974) there is a unique strong solution to

Xn,ε
t “ X0 `

ż t

0

|Xn,ε
s |

α 9Bns ds` εWt

Then: with probability 1,

lim
nÑ8

lim
εÑ0

sup
tPr0,1s

|Xn,ε
t ´X0

t | “ 0, X0
t “

`

p1´ αqBt ` pX0q
1´α

˘1{p1´αq


