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Abstract

Gibbs states on path spaces of the form C(IR, IR)Zd are constructed
by two different methods : as laws of solutions of infinite stochastic
differential equations of gradient type or as thermodynamic limits con-
structed with help of the method of cluster expansions.
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0 Introduction

We construct in this paper Gibbs states in space-time : This means Gibbs
states on the space of trajectoires 2 = C(IR, ]R)Zd which are specified locally
in space-time windows of the from V = Ax]a,b], A C Z% finite, a,b € IR,
given the configuration of trajectoiries outside this window.

This construction is done by two different methods and for different
(classes of ) hamiltonians.

The first method uses the idea that Gibbs states on (2 are solutions of
infinite-dimensional stochastic differential equations. To be more precise :
Let h = (h;);cga and h= (ibi)iezd be suitable hamiltonians on IR%Z" and v

a Gibbs state on X = R%Z" specified by A and the Lebesgue measure.
Consider then the law Q" of the stochastic process X = (X.¢)pczzd 1500
which is the unique solution of the stochastic gradient system

1
X0 = v W

{ dXgr = dWi — 3Vihi(X 4)dt,
(k € Z%t > 0). Here (Wy) pezd is a collection of independant Brownian
motions. The law Q¥ on 2 is a candidate for a space-time Gibbs state on 2.
We prove here that this indeed is true. But in which sense 7 We find that

I (w, ) =: Q"(- | w;(t), (., ) & V)
1

~ ZH (wav)

Here w = (wi(1));eza >0 € & V = AX]0,b], woy resp. wyy, represent
the projection of w on the boundary of V' (which is defined by the range of
the space-time interaction) resp. the projection of w on I = [0,b] and the
boundary of A. P]g: ¥ denotes the Brownian bridge on [0, b] which starts in
x and ends in y. Hy is an Hamiltonian which is explicitely given in terms
of the Hamiltonian h, which defines the dynamics (0.1).

In the second approach we obtain similar results for two classes of in-

teractions. Limiting Gibbs states 1T} = lim I are constructed for
Vol ZixR "
models which are a small perturbation of free fields as well as for a situ-

ation which had been studied already in the first part of the paper. The
construction is based on the method of cluster expansions.

The organisation of this paper is as follows : in section 1, after having
presented the general structure of modern Gibbsian theory in the spirit of the
work of Follmer [Foel] and Preston [Pre], we introduce space-time models
as Gibbsian states on C(IR™; ]R”)Zd. This is done carefully with the idea to
introduce the main ingredients of a general theory of space-time stochastic
processes which are only locally specified in space and time (and not globally
as in the classical theory of Markov processes).

Wk 0:Wk,b

exp —Hy (W« 1) @ren Pr Q" —a.s.(2)



Then, in section 2, we construct, for a special class of Hamiltonians and
a particular choice of the reference (i.e. free) measure the associated Gibbs
states as the laws of an infinite-dimensional stochastic gradient system with
Gibbsian initial distribution. This construction allows us to use existence
results of [Sh-Sh] in order to discuss the problem of existence for Gibbs states
on the path space C(IR™; IR)Zd. As a result we obtain an injection of the
set of initial Gibbs measures into the set of reversible Gibbs states on the
path level associated to some corresponding Hamiltonian.

Finally, in section 3, we show, for a class of Hamiltonians indexed by a
small parameter ¢, using the powerful method of cluster expansions, exis-
tence and regularity of the limiting Gibbs states.

1 Specifications and their Gibbs states

1.1 The general framework

In a very general context we can describe the situation as Foellmer [Foel] and
Preston [Pre| in the following way :

Let (2, F) be a standard Borel space, U an index set which is partially
ordered by a relation C. We assume that this order is directed from above
i.e. for each Vq,V5 € U there exists V € U with V3 C V and Vo, C V,
and is countably generated i.e. there is a sequence {V,,}, from U such
that if V' € U then V' C V,, for some n. We call such a sequence {V,},, a
countable base in .

There is also given a collection IF of two filtrations indexed by U, which
we call bifiltration in 2 :

F = (Fv, Fv)vew

where (Fy)yesy is a decreasing family of sub-o-algebras of F (a “backward
filtration”) and (Fy)yey a family of increasing sub-o-algebras of F (a “for-
ward filtration”) such that

F = vV Fv
Ves

where the right hand side means the minimal o-algebra containing every
Fv, and

F = FyVF, foreach V €.
We denote

o Fy = Fy N ]:-V if VCV’' and
oOFy = FynN ﬁv = oy Fy

the o-algebras induced at the border of V.



Definition 1 A Markov field with respect to IF is a probability measure
on (Q,F) such that for each V- € U and f € bFy (i.e. f bounded and

measurable with respect to Fy ),

Eq(f | Fv) = Eq(f | 0Fv) a.s. (3)

where Eq(. | G) denotes the conditional expectation of Q with respect to the
o-algebra G.

We shall consider Markov fields @) which are given by an IF-specification,
that is the collection of kernels satisfying the properties of the following
definition.

Definition 2 An IF-specification is a collection I1 of quasi-Markovian ker-
nels (Ily )veg from (Q, Fy) in (Q, 0Fy ), which means that :

a) for each w € Q,1ly(w,.) is either a probability measure on (2, Fy)
(V €9), or the measure 0 ;

B) for each f € bFy, the function Ily (., f) is measurable with respect to
OFv;

satisfying also the following properties :

v) for each’ V €U
HV(’af/f) = f/HV('af)7f/ € bafVuf € bfV
8) for each V.C V' Iy/Ily =y on Fy (compatibility condition).

In the special case where Fy, = F for each V' € U we call IF the associated
bifiltration and IT an (Fy )y -specification or an IF-specification.

Remark 1 In «) , usually Iy (w,.) is supposed to be always a probability
measure. Here we assume only a “quasi-markovianity”, i.e. we introduce
the possibility for the kernel to vanish, but we assume implicitely that we
are not in the trivial case where {w : Iy (w, Q) = 1} = 0 for some V.

Now we are in the position to define the basic object of our study.

Definition 3 Let II be an IF-specification. We say that a probability mea-
sure Q on (2, F) is a Gibbs state with specification 11 if for each V € U and
febFy

Eo(f | Fv)=1y(f) Q- a.s. (4)



Remark 2 It is evident from the definition that each Gibbs state is a
Markov field. Furthermore, denoting Ry = {w € Q : Iy (w,Q) = 1},
we see that Ry € Fy and that each Gibbs state @) is concentrated on each
Ry .

The following simple observation will be very useful.

Lemma 1 Let Q) be a probability measure on (2, F) and Il a IF-specification.
Then Q is a Gibbs state with specification Il if and only if Q is a Markov
field with respect to IF and

Qv (f)) = Q(f) foreach V €U and f € bFy.

The main question thus is the construction of specifications. The general
idea for such a construction is given by the Gibbsian paradigm : First one
constructs a specification I1° on the given bi-filtration (€2, IF), which serves as
a reference (the so-called free specification) and then, by means of a given IF-
Hamiltonian H, one constructs a specification I, which takes into account
also the interaction.

To make this precise we formalise the concept of a Hamiltonian :

Definition 4 A collection H = (Hy )yesg of functions
Hy: Q — RU {400},

1s called an IF-Hamiltonian if

«) Hy is Fy-measurable for each V ;
B) H is F-additive, i.eNV,V' € B,V C V', there exists
Heyryy: Q@ — RU {400},
measurable with respect to Oy Fy, such that
Hyr=Hy + Hyyy -

In the special case where Fyy = F for each V' € U, we call H an -
Hamiltonian.

The following fundamental theorem (cf. [Pre]) allows to construct spec-
ifications based on the reference specification II° and a Hamiltonian H :

Theorem 1 If we define for V€ U, w € Q)

exp(—Hy ()% (w,dw’), if 0 < ZH(w) < +o0o

otherwise

1
I (w, dw') = { 5\7@)

()



where
78 () = /Q exp(— Hy (/)11 (w, dw'),

then the family TIH = (H{;)Vem defines an IF-specification.

We denote by G(ITH) or also G(H,TI) the set of Gibbs states with spec-
ification II¥. They are also called Gibbsian modifications of I by the
Hamiltonian H.

1.2 Finite range Gibbs states

Follmer’s concept of a Gibbs state, as developed above is that of a finite
range Gibbs state. We remark here that the usual theory is obtained if the
filtration (Fy)yeg is given by Fy = F for each V € Y. The corresponding
bifiltration is denoted by F. The following simple observation shows that a
Gibbs state with respect to a finite range IAF—speciﬁcation II is also a Gibbs
state for II, if II is considered as an F-specification. To be more precise we
have the

Lemma 2 Let Q be a probability on (2, F), F a bifiltration in Q and I and
F—speciﬁcation. If 11 has also finite range with respect to F in the sense that
each Iy (-, f), f € bFy, is OFy-measurable, and if Q € G(II), then Q is an
F-Markov field, specified by the F-specification induced by II .

For future reference we state here the following obvious consequence.
Let bFioc be the space of all bounded, measurable functions f on €2 which
are local in the sense that f € bFy for some V € .

Proposition 1 Let F be a bifiltration in (Q,F) and II = (Ily)yey an F-
specification having finite range with respect to F. For a countable base
(Vi)n in U and a sequence (qn)n of probabilities on (2, 0Fy,) we consider
the sequence of probabilities on (Q,F), defined by

I, = [ Ty,da,
Q
together with a probability Q@ on (2, F). Then the condition

lim Hn(f) = Q(f)vf € bFioc (6)

n—oo

implies that Q € G(II) and possesses the property of an F-Markov field.

Proof: Let V € Uand f = fi1-f2, where f1 € bFy is local and fo € bFy.
Then IIy (f) = filly(f2) is a local bounded, measurable function, because



IT has finite range, and thus
Qfi- ) = tim [ T, (o),

= tim [ T, (T (7))o

= tim [ T, (AT (),

= Q(fillv(f2))
Therefore Q is Gibbs for the (Fy)y-specification II. Since II is of finite
range, lemma 2 implies that @ is an F-Markov field. [ |

In the following two paragraphs, we give examples of reference specifica-
tions and Hamiltonians H in space as well as in space-time.

1.3 Specifications in space

We recall here the construction of specifications which had been introduced
for the first time by Dobrushin, Lanford and Ruelle in the case when the
index set U modelizes volumes in Z< (so called DLR-construction).

Let X = N Zd,d € IN*, where N is some measurable space with some
fixed o-field A. The index-set U is the collection of finite subsets A of
Z®. The canonical projections are denoted by Xy, k € Z® and X, is the
canonical projection on NA.

The spatial bifiltration IF in X is defined in the following way :

Fr = o(Xiik ¢ A),
Frn = o(Xpk 6/:\)

Here A= A U OA, where OA is some well-defined frontier of A, e.g.

ON={k ¢ A: d(k,\) < R}
where 0 < R < +oo describes the range of the interaction (which can be
infinite) and d(k, A) = min{p(k,j),j € A} where p(k,j) = Ele‘k:i - jl|
We use also the o-fields

Ay =0(Xyp) .

We now indicate the construction of a free IF-specification (7%) AT
which serves as a reference. Let (Ag),cqe be a family of probability measures
on N :
for each x € X, A’ € OFp, A € Ap

(2, AN A) = La(@)( @ M)(A).
keA



To say it in another way, the measure 7 (x,.) is equal to

771({(55’ D= ® M) ® 0z,
keA
Let ¢ = (ch)ACZd be a spatial potential on X, i.e. a collection of functions
dr: X — IR U {400} which are Ajp-measurable and which satisfy : ¢p =0
if the diameter of A is larger than R < co. Then, the space IF-Hamiltonian
h= (hA)ACZd on X generated by ¢ is given by

hy = Z Por-
N:ANPA£D

We thus know from Theorem 1 that the kernels

—i— exp(—ha (")) (2, d2’), if 0 < Z}(z) < +oo

mh(x, da’) = { gk(x) (7)

otherwise

define an IF-specification. So it makes sense to consider G(h, "), which for
obvious reasons is denoted also by G(h, (Ag)k)-

Remark 3 The fact that 7" is an IF-specification remains true if we replace
the probability measures A\ by o-finite measures.

Example 1 : The DLR-construction above can be done in the special
case (which will be fundamental in the following) where A is the separable
Banach space C([a,b],IR"),0 < a < b < 400, and the measures )\, are
Wiener measures P[’; fb} on N with an initial condition given by a o-finite
measure fj on IR™.

1.4 Specifications in space-time

In this paragraph we introduce the main - and new- objects we need to work
in a space-time context. The space is discrete (a lattice model) and time is
continuous.

1.4.1 Bifiltrations and local specifications.

Let C(R™,R™) denote the space of all continuous functions x on R* with val-
ues in R™. Define a sequence of semi norms on it by py(x) = sup |z(¢)|, N =
0<t<N

1,2,...,. Then define a metric d on C(R™,R"™) by

o0

B 1 pn(z—y)
W) = 2 55 ThpaG—9)

With this metric C(R*,R") is a standard Borel space (see [Wh]).



We now construct specifications in space-time.

By this we mean specifications on the standard Borel space Q = (C(IR™, IR”))Zd
with respect to a natural bi-filtration IF which is indexed by regions in
Z% x R*. To be more precise :

Let F be the o-algebra in ) generated by the space-time projections

Xpp, k€ Z4t e RY
Xit: Q= R", Xp1(w) = wp s -

The index set U consists of all sets of the form V = A x I, where A € S,
i.e. Ais a finite subset of Z%, and I is a time interval of the form I =|a, b],

0 <a<b< +oo. With each V € U we associate its region of influence,
defined by

V=V Uuav,

where OV = (A x dI) U (OA x I), I = [a,b] and I = {a,b} =T\ I.
The bifiltration IF in 2 is now defined by

N

Fv = o(Xpp(k,t) ¢ V) (8)

Fv = o(Xig(kt)€V). (9)

The general idea for the construction of IF-specifications on 2 is to start
the construction locally in space and time and then to extend it globally.

To do this we introduce some additional notations :
Given I and A € § we define the spaces

Q; = (CIRY)Y,
Q; = (C(I,R")Z,
Qr = (C(RT,IR™))A;

We consider in 27 the spatial bi-filtration IF; defined by the traces of IF in

Q7. Thus IFj = ((.7:7)/\, (F7r)A)Aes, where

(Fpa = Q50 Fax (10)
(Fa = QN Faxi (11)

We'll use also the following projections in space-time (resp. space, resp.
time) defined on €2 with values in 2, 7 (resp. in Qp, resp. in ) :

Xai = Xetdreager Xarw) =ware O,
Xi = XgapXilw)=wr€Qy
XA = (Xi)ken, Xa(w) =wn € Q4.

We also introduce the notation

Qa7 = QoX;},Qr = QoX; ' Qx = QoX ;.

9



Here w € Q and @ is a probability measure on (€2, F).

We start with the following simple observation :
If IT is a IF-specification then, if V = A x I € %5,

pV(w,a f,) = HV(waf/OXI_)aw/ € QI_a f, € b(]:T)A (12)

with w € Q chosen in such a way that wpy = w},,, defines a local specification
p on the collection (27, F7); in the following sense :

p = (pv)vew is a collection of quasi-Markovian kernels py from (Q7, (Fj)a)
in (Q7, (F7)a) having the following two properties (cf. ) and d) in Defini-
tion 2):

i) Vf' € bO(F7)n, VS € b(F)a

paxt(f'f) = f'oaxt(f) ;
DYV CV, V= Ax I,V = A x I
pyipy = pyr on (Fp)a. (13)

We observe also that for each time interval I the collection Il = (IIf 5 )aes,
defined by

Hf,A(wlv f/) = pAXI(wla f/)>w, €y, fe b(F7)a,

is a specification on (7, IF7). For a proper understanding of the situation
we remark here that Il; is a specification indexed by the spatial parameter
A € S. But the dependance of IT; 5 (w', f) of the variable w’ is more complex
than that of a specification in space (see section 1.3). It depends also on the
boundary values in time w}" 57 and not only on w).! Moreover we have

Lemma 3 If II is an IF-specification and @ € G(II), then for each time
interval I Q7 € G(IIy), that is the time restriction of a space-time Gibbs
state remains a Gibbs state.

The next proposition gives a condition under which the converse state-
ment is also true.

Proposition 2 Let p = (py)vey be a local specification on (Q7, IF7)r and
Q be a probability measure on (2, F) such that, for each time interval I,
Q7 € G(I15). Then

My (w, f'oX) = pv(wr, f)),w € Q, f € b(Fpa, (14)

defines a specification I1 on (2, IF). Moreover Q € G(II), if additionally Q
satisfies the following (two-sided time) Markov property :

YV € 0, Vf € bFy, Eq(f | Fv) = Eq(f | 9Fv) a.s. (15)
Here 5-7:Ax1 = \/A';A O x1Faxr = Xj_l((ﬁf)/\)'

10



Proof :

It is obvious that II is a specification on (€, IF). If now @ is a probability
on (2, F) such that Q; € G(II;) for each interval I, then

YV e U, Vf € bFy, Q(f | 0Fy) =Ty (., f) Q —as.

Therefore the two-sided Markov property (1.11) of @ immediately implies
Q € g(10). [

Proposition 2 suggests to construct IF-specifications by means of local
specifications p on (Q7,IF7)r, which in turn should be constructed using the
Gibbsian prescription. Thus we are now looking for a suitable local reference
specification and Hamiltonians.

1.4.2 Local reference specifications.

We now discuss the basic example of a local specification on (27, IF7)r, which
will serve as a reference in the following.

Example 2 : Let V = A x I € U where I =]a,b[ and consider
W) = [ flown) & PP ),
Qnz keA

where w € Qf, f € b(Ff)a. Here P;*Y denotes the Brownian bridge between
x and y on 1.
It is clear that each py, is a Markovian kernel from (Qf, F7 ) in (Qf, 0F7 »)
having property i) of a local specification. We’ll see now that the compati-
bility property (equality (1.11)) holds true too :

Let V. C V',V = Ax]a,b[ V' = A'x]a’, V', f € bFf 5 and w € Qf. Then

Joy, PV W, £ (w, o)
0
= oy (mwpre, f) ®
fQA/,I’ V( A ) Py

— , ¢,a,7,b fk,auwk,b/
- fQA/j/ fQA’I f(anCwA C) €(§A P[ (dg) kg\’ P[/ (dn)

P;k,alvwk,b/ (dn)

It is sufficient to consider only functions f of the form

f=(f1oXn)(f20Xana)(fs0Xyre)

Then, using obvious properties of the underlying Brownian motion, the last

11



integral equals

Jo, . ©® PIE"(f10 XA) fa(nae) fa(wyre) ©
ALIT e ken’
P Wi of W /
= fa(wyre) Jo,, ,( © PP (froXa) @ PpE (dn)
AT peA keA
(%% 1w /
) 5 Ae ® P_lk,a kb d
Joy p f2(mac) o (dn)
= fa(wyre) fQA, o, J1(na) fa(nae)
= p(‘)/"(w7 f)7

so equality (1.11) is verified.

P}‘jk,a”wk,b/ (dn)

B, i )
€

Remark 4 Given F denote by I@‘j the bifiltration in Q5 which is defined via
(1.8) and (1.9) by the bifiltration . We know from Proposition 2 that, if
p = (pv)vey is a local Fi-specification, then (Ily)y, as defined by (1.12),
is a F-specification.

We want to remark here that an inspection of the reasoning in example
2 shows that p° can also be considered as an Fj—speciﬁcation and thus in-
duces via (1.12) an F—reference specification I1° which has finite range with
respect to F. Thus if we have also an F-Hamiltonian we can construct the
F- specification TI* having finite range with respect to F. Any Q € G(11)
then is a Markov field with respect to F.

This remark will be used in connection with Proposition 1 in the third
part of the paper.

1.4.3 Potentials and Hamiltonians in space-time.

Let IF be the bi-filtration in © defined by (1.5), (1.6). Hamiltonians on
(Q,IF) are given by space-time potentials in the sense of

Definition 5 Let ® = (Py)yey be a collection of functions ®y: Q@ — IR U
{+oo}.
® is called a potential on ), if

a) @y is By-mesurable for each V € U, where By: = o(Xy¢; (k,t) €
V).

B) ® is additive in time, i.e.

VA, VI - I/, El(I)(A,I’,I): Q—-RU {+OO},
measurable with respect to By 1 such that

Paxr = Paxr + P 1y -

12



We say that ® has range R, if
WV = Ax T, WA NAA£0, AN AR #0,Bpny =0

Here 0 < R < +00 is given and /:\R: A U OA where the frontier of A is
defined like in section 1.2 by

OA = {k ¢ A: d(k,A) < R}.

The space-time potential ® generates the following space-time Hamilto-
nian:

Hyr= Y. Oy
NAPAA£D

Example 3 Let ¢ = (oA )aes be a spatial potential on (]R”)Zd as defined
in section 1.2. Then

 [realws)ds, if [ |ea(ws)|ds < 400
Prxr(w) = { 400 otherwise. (16)

defines a space-time-potential on 2. If ¢ has range R then also ®. The
associated space-time Hamiltonian is equal to :

HAXI(W) = /I Z gDA/(ws)ds.
A

NNA£D

1.4.4 Gibbs states in space-time.

Let p° = (p),)vey be the local specification on (27, IF;); of example 2 in
section 1.4.2 and consider the corresponding specification on (2, IF), defined
like in Proposition 2 by

H(‘J/(w, f/ o Xj) = p?/(w[‘, f’),w € Q, f/ S b(]:j)A.

Moreover, let H = (Hy )yey be a Hamiltonian on (2, IF). We know from
Proposition 2 and Theorem 1 that IT7 is a F-specification.

In the following sections we consider, for H chosen in a particular way, the
set G(ITH) of Gibbs states @ on (Q,IF). Our aim will be to give in this case a
description of G(IT*7) in terms of stochastic processes indexed by continuous
time in IR* and state space R%Z". In particular we are interested in the
existence problem (i.e. G(IT*) # () ) and the problem of phase transition

(i.e. cardG(IT) > 1 ). We do not touch in this paper the uniqueness
problem (i.e. card G(ITH) =1 ).

13



2 Gibbs states in space-time and infinite dimen-
sional diffusions

In this section we consider the case where n = 1 and replace U by the
sub-class Uy of all A x I € Y with I =]0,b[,b > 0.

Our aim is now to construct a large class of Gibbs states in G(H, 1Y),
where I1° is the reference specification built on Brownian bridges (see exam-
ple 2) and a special Hamiltonian H to be specified a bit later. Candidates
for such Gibbs states are laws of infinite dimensional stochastic gradient
systems in view of the Girsanov theorem. They are defined in the following
way :

Let ¢ be a pair potential on RZ" (i.e. satisfying ¢pp = 0 if card A > 2,
AC Zd) ; we use in the following the notations ¢ =: ¢y and gre =: 0y,
k,0 e 7% k + ¢. We suppose that the associated hamiltonian

ha(y)= > ko) + Y Sreur ) (17)

keA {k,}NA£D

is well defined for each A finite subset of Z% and y € RZ",
We define now an infinite dimensional gradient system by the following
stochastic dynamics :

() (18)

dXpy = dWye — 3Vihe(X )dt, k € Z°
X.70 =V

where (W})g is a family of independent Brownian motions with initial value
0, and is also independent from (X (). To solve (18) it is necessary to assume
that h and the initial law v satisfy some regularity properties. We adopt the
general situation presented in [CRZ], where ¢ is an unbounded finite-range
interaction and v is a tempered measure with polynomial moments. More
precisely, under the following assumptions :

14



a) 3K >0, sup ¢, (0)] < K, o > —K

B) Vk € 7, ¢ has at most polynomial increasing of degree p

v) Ve Zd’ st%)d %QZ)M(0,0)‘ < 400
ke

2 2
%cﬁke@,o)‘ < 00, 887,29% > —qre where grg > 0,

d)  sup
o,
and sup Z qre < +00

k ¢

e Ip>0,([ l’ipl/(d$))kezd e S'(Z?) where
S(ZY) = {(yp)r € R%",3g e N > (k[ + 1)2 |y |* < +o00},
2

(tempered sequences on Z<)

(19)
there exists a unique strong solution for the system (18). Furthermore the
process (X ¢)x+ takes value in §'(7Z) and has bounded polynomial moments
(cf.[Sh-Sh] Theorem 4.2).

We denote by Q" the law of the solution of the system (2.2). Our question
now is the following : Does Q¥ have a Gibbsian structure?

We first recall (section 2.1) the main result of [CRZ], that, when v is
Gibbsian, QV, restricted to any bounded time interval I = [0, b] has a spatial
Gibbsian structure in the DLR-sense of example 1 section 1.3 with respect
to a reference specification built on the Wiener measure on I with initial
distribution p denoted by (P}f ")k, the pure spatial bifiltration IF; defined
in section 1.3, and a Hamiltonian H which is explicitely defined with help of
the dynamical potential ¢ and the potential ¢ associated to v. In a second
step (section 2.2) we prove our main result which says that even globally
in time, i.e. on the full time interval R™ (IR in the stationnary case), Q"
has a Gibbsian structure, but now in the space-time sense of section 1.4,
where the Hamiltonian consists of the space-time dynamical part of H and
the reference specification is built on Brownian bridges.

2.1 The case of a fixed compact time interval I = [0, b].

Let ¢ be a potential on R%" with associated hamiltonian  such that the
set G(h, (ir)pega) of (space)-Gibbs measures on R%" built on (k) pegga and
h (see section 1.3) contains at least one element.
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Theorem 2 ([CRZ] Theorem 4.15) Under the assumptions (19) made on
¢ and v the following assertions are equivalent for a law @Q on Qj :

(i) Q@ = Q%, i.e. Q is the law of X, solution of (2.2) in the interval I with
initial law v € G(h, (px)r)-

(i) Q € G(H, (PE*)1), where H = (fIAX[)ACzd is a space IF-Hamiltonian,
which has the following structure : for A C Z%, w e Q5

Hyxi(w) = Haxr(w) + HRS (W)

where

Hysr(w) = [ 3 o (ws)ds
I A A NA£D cardN =1,2,3

and

B = S (Gowla) - jont) +oulen))

A A NAED
@ 1is the following three-body interaction :

o o (k) = — 120k (vk) + 5 (Vi) (ur)

o 00y Wk o) = — (A + A0 br e (i, o) + 1 (Vb (W) VieBre (Yies ve)
+V e (Ye)Vidre(yi, ye)) — §(Vidre)® + (Vedre)?) (yr, ye)

® 0kt Yk Yo Ym) = — 5 (Vedk,e (Y, Y0) VB Yk Ym) + Vedn o (Yr, ye)

Vﬁ¢m,£(yma yé) + vm¢k,m(yka ym)vm¢m,€(ym7 y@))
e pp =0 otherwise

(20)

We compute a concrete example in section 2.3.

2.2 The case of the unbounded time interval R™".

We are now able to state our main result.

Theorem 3 i) Under the assumptions (19), for any initial condition v €
G(h, (1)) the full path measure Q¥ is a space-time Gibbs measure element
of G(H,TI°), where H = (Hax1)aczd 1=j05p 0 < b < +00 is the space-time
Hamiltonian given above and IIV is the reference specification built on Brow-
nian bridges (introduced in section 1.4.2) .

i1) If the initial condition v belongs to G(h,(dx)r), the path measure is
stationnary (even reversible), and hence the process can be prolonged to neg-
ative time. Then, denoting its distribution on IR by Q¥ as before, we have
that Q¥ € G(H, 1Y), where H = (Hij)AC%dJ Japp —00 <@ < b< 400 .

Proof: i) 1) For each time interval I =0, b[, Q% is the law of the solution
of (18) on the interval I. Theorem 2 thus implies that QY € G(H, (PIH’“)k)
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Thus Q7 is a Gibbs state in space in the usual DLR-sense. We now want
to use Proposition 2. Thus the question is wether ()7 is also a Gibbs state
specified by some II7, where II7 is derived from some local specification p
on (Q I IF j) I

2) The construction of p is as follows. We start with the local specifica-
tion pg of example 2, consider the corresponding IF-specification IV, defined
by (1.10), and construct with help of H via Theorem 1 the corresponding
IF-specification IT¥. p is finally defined by IT¥ via (1.12). We consider now
H? . To use Proposition 2 we must show that Q7 € Q(HII—LI).

This will be done by desintegrating the Gibbs state Q% € G(H, (PF*)x)
with respect to the projection on I = {0,b}, denoted by Xg;(w) = wyy. To
write this proof we use the following simplified notations :

Q= QF,V = QoXpp, 1y = P oX o, iy = k®A 1], -
(S

Let g € b(Fj)a be of the form g = g1g2, where g1(w) = g1(wae), go(w) =
g2(wpor) and let f € b(Fp)a.
Then

Eolgf) = Eg {gmc / F(Eone)gn(€an)
wAc

exp—m(mcx ® P}““)(clﬁ)] (21)
keA

Now desintegrate P[H * with respect to the projection Xg; and Q) with respect
to XAC78[ :

e = [ PP
IRQ

Q = / QU Ve (dyae).

Using this we get equahty of (21) with

// g1(wae) (o) / f(€wne)g2(ya)

exp —HA(§wAc)( 2 PY) (d€) iy (dya) QYA (dwie ) Ve (dyac)  (22)

We observe here that equality of (21) and (22) implies, choosing f = 1 and
g1, g2 depending only on wyy, the following quasi Gibbsian structure of v/ :

vA(dyn/yac) = pa(y) - pp(dyn) vae — a.s.[yac], (23)
where

o) = [ ZK,(LA) e —Tnlgon( © PPN (dune).
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Observe here that pa(y) is (v/ — a.s.) strictly positive, therefore v/} (-/yac)
and p/y are (V' — a.s.) equivalent.
We thus can replace in (22) iy (dya) by pA( TV V' (dya /yac) and obtain :

///glwAcg2yAZHwACPA /fEA

exp —Hp (€wpe) ® PY) (d€)QY (dwpe )V (dya /yac)Vae(dyae)

which in turn equals

1 1
Z1 (wpe) Pa(wor)

/ffw/\c exp HA(§wAc)( ® Pwkm)(dg’) (24)

Eq [91 (wae)g2(wa,ar)

Finally, we observe that Hy(w) = Hp(wr) + H}(wsr) which implies that
(24) equals

1 1
Zﬁ (wpe) PA (wor

Eq [g(w) ] exp —H/l{d(wal)

/ f(€wae) exp —Hp (§wne) ( @ PR (dE) (25)
The equality of (21) and (25) for each g thus gives, for Q a.s.w,
EQ(f/(Fp)a)(w) = Cte(wAc,waI)/f(fw/\C)eXP —H (Ewae) ( 2 PP (d€)

Le. Q€ G(IIH).

3) Next we observe that Q;— satisfies the 1-sided Markov property (see
theorem 3.6 [Do-Ro]) i.e. (X ¢)i>0 is a (time) Markov process in the usual
sense. Then QY satisfies also the 2-sided Markov property, as shown in
the following Lemma 4. Thus we can apply Proposition 2 to conclude that
Q € G(H,T1).

Lemma 4 If a probability measure Q on (0, F) satisfies the one-sided Markov
property then also the two-sided Markov property.

Proof : Let f € bFy and g € b.7:"V of the form g = hi1g1kgoho where
g1 € bBde{a}ng € bBde{b}’hl S bBZdX]O,a]7 ho € bBZdX}b,ooPk S bBAch.
The o-algebras By had been defined in Definition 5.

Then using the equivalence of the left-sided and the right-sided Markov
property several times we get
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Q(higikfgeh) = Q(higikfgeQ(h2 | By, )
= Q(Q(h1 | Byay o)1k fg2Q(he | Byay )
= Q(Q(h1 | Byay i) 91kQ(f | OFv)g2Q(hs | Bya, )
= QUg1kQ(f | 9Fv)g2hs)

This shows that the two-sided Markov property (equality (1.11)) is true.
The proof of ii) is obvious.

Q
Q

Let us remark that in the above result of Theorem 3 i) the initial param-
eters (ﬁ and py) disappear in the space-time Gibbsian description of Q¥. It
means that, for ¢ fixed, all the laws @ when v describes the (large!) set
of Gibbsian measures on IR%" belong to the same set G(H,II°). It is then
reasonable to restrict our attention to the case i), i.e. to stationnary, or
even reversible space-time Gibbsian fields.

Then Theorem 3 exhibits an injection from the set G(h, (dx)i) of Gibb-

sian measures on the configuration spaces ]de, which correspond to the
time projection of the states on €2, into the set G.(H,II°) of reversible Gibb-
sian states on (2 associated to the Hamiltonian functional H. Thus, G, (H, II°)
is non empty if G(h, (dxg)i) is non empty. Moreover, in situations when
phase transition of Gibbsian measures associated to h is known, we derive
precise informations on the level of path space. This idea is developped in
the next paragraphs 2.3 and 2.4.

In order to obtain a bijection between the sets G(h, (dzy)x) and G,.(H, I1°)
we should prove some converse statement to Theorem 3 4i). This is one
of the topics presented in [DP-R-Z]. In this paper, a Gibbs variational
principle is proved - in the context of space-time invariant processes - to show
that space-time Gibbs state in G,.(H,TI°) are weak solutions of stochastic
differential equations like (2.2), under the asumption that the hamiltonian
h is a bounded perturbation of a suitable self potential. Unfortunately, in
the example 2.3 below, we can not use these results since the pair interaction
gb,(:% is unbounded on IR2.

2.3 An example of a reversible Gibbs state.

Let ¢(®) be the following pair potential on R%Z" .

¢§2(yk, Ye) = ECi_pykYe k€ € Lk # ¢

where P is a convex polynomial function, and ¢ € S’ (Zd) .
It is well known that, for & small enough, the set G(h(®), (dxy)x)) contains
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a unique space Gibbs measure (h(®) is the Hamiltonian associated to the
potential ¢()).

We then immediately derive the following example.

Proposition 3 Let H® be the reversible Hamiltonian on the path space
defined by taking ¢ = ¢ in (2.4). Then, for e small enough, G.(H® II°)
contains at least one Gibbsian field, the law of the unique reversible process
solution of (18).

In this example, since ¢() is a small perturbation of the self interaction
P, H© comes from a small pair interaction perturbation ®() with the
following decomposition as in the formula (1.14) :

#1000 = [ 0 (X0 (27)
where

. 90(2)}(:%) = sog}(yk) = —2P"(yp) + 3P (y)* +

0| %

2 2
> At | Yi
Jj#0
. 90@4} (Yo ye) = S (P (yr)ye + P (ye)ye) + 5 > gy | vy for k # ¢
J#Lk

° gpgf) =0 otherwise

2.4 An example of a phase transition

In [Ne], Nelson affirms that the set G(h®, (dzy)r) contains more than one
element if « is large enough. Here h* is the Hamiltonian derived from the
following pair potential :

o) =i ay? (28)
gﬁ,(s?(yk,yg) = %(yg —yi)? if |[k—¢ =1 and 0 otherwise

It means that the convexity of y* is too much perturbated by the term —ay?.
It induces the following phase transition behavior on the path level :

For o large enough, the set G,.(H®,TI°) contains more than one reversible
Gibbsian field, where H® is the time reversible Hamiltonian on Q) defined by
equation (2.4) with ¢ = ¢'*) given in (2.12).

2.5 A remark on the Martin boundary

We just gave two examples of IF-specifications II" on Q = C(IR, IR)Zd for
which the set of Gibbs state G(IT1*) is non void. Taking into account that
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Q) is a standard Borel space we thus can apply the general Martin-Dynkin
boundary theory (see [Foe2] and [Pre]). This theory implies the existence
of a probability kernel TI : Q x F — IR™ with the following properties :
i) each (., F),F € F is measurable with respect to the tail field
Fo= (] #v
Ve
ii) each T (w,-),w € Q, is an extremal element of G(IT17).

Thus each [T (w, -) is trivial on the tail field, or equivalently has short range
correlations (with respect to (Fy )y es). This means

Givenany F €F and € >0, then thereexists V €U with
ML (w, FNF) -1 (w, F) - T (0, F)| <& forall F'eFy. (29)

I can be expressed by means of the specification (AH{f Jvesy as follows : if
(Vi)n is a countable base in V' then there exist E' € Fo, such that Q(E) =1
for all Q € G(IT1*) and

lm I (w,) = T (w,),w € E. (30)

To say it in another way, for all w ¢ N, where N is G (II')-negligeable in

N

Feo, (30) is true.

3 Gibbs states in space-time and
cluster expansion

Another approach to the problem of the construction of space-time Gibbs
states makes use of cluster expansion techniques. It is a powerful theory, for
example when the considered model is a small modification of independent
fields. In this section we study two systems which modelize infinitely many
anharmonical oscillators with a (small) interaction on the lattice Z¢. We
present cluster representations of the partition functions and obtain exis-
tence and regularity properties of the limiting fields. Let us also quote the
work of Jona-Lasinio and Sénéor [JL-S| in which the authors use space-time
cluster expansion to compute asymptotic properties of diffusion processes.
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3.1 The first model : a small quadratic perturbation of a
free field

3.1.1 Its space-time specifications

Consider the polynom P; on IR :

2r—2
Pl(z)zzgr—i—Zajzj,ajEIR,rE]N,r>1 (31)
j=1

and the associated Schrédinger operator on L2(IR, dz)

2
Af(2) = —3 () + Pa()f(2)

It is a self adjoint operator which admits a smallest eigenvalue \g. Let ¢~ 30
the unique associated normalized strictly positive eigenvector. Denote by
o the probability measure on IR :

pio(dz) = e~ dz. (32)

It is the unique invariant (and also time reversible) probability mea-
sure for the one-dimensional diffusion, solution of the following stochastic
differential equation :

1
dXt = th - §V@0(Xt)dt,t R (33)

We denote by P the law on C(IR,IR) of this reversible diffusion process
X. With this time stationary measure, we can construct a free field in
the following way. As a local reference specification on Q = C(IR, IR)Zd,
generalizing example 2 of section 1.4.2, we consider for V. = A x I, A C
7%, T =]a,b[, —0o < a < b < 400,w € Q,

M) f0X) = [ flwne) @neaP ") ) (34)

where ]5; Y denotes the bridge of the diffusion solution of (3.3) between z
and y on 1.

As a natural Gibbsian modification of this free field we introduce as
interaction between the coordinates a small nearest neighboor quadratic in-
teraction (cf. example 3 in section 1.4.3); the associated space-time Hamil-
tonian then satisfies, for A C %4, I =]a,b[, —00 < a < b < +00,

B @ e [ wdste [ wends (9

klEA I keAlenc
lk—1|=1 lk—1|=1

We are now able to state our main result in this section :
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Theorem 4 For ¢ small enough, there exists a space-time Gibbs measure
Q in G(H ON f[o). This measure admits a cluster expansion and is invariant
with respect to any space-time translation. Moreover it satisfies the property
of short range correlations.

The proof of this theorem is based on the following convergence result.

Let V,, = A,, x I, be an increasing sequence of sets in Z®* x R which tends
to Z x IR when n tends to infinity. Let 9V}, be the space-time boundary
of V,, as defined in section 1.4.1.

Lemma 5 For a fized w € Q, let Q5% be the probability on Qp,,,1, indezed
by the boundary conditions wyy, defined by :

w 1 N
n " (dn) = 7 (o) exp —H‘(/i) (nwav;, )(®ren, Pr,)(dn)
Vn n
1

_ (e) DTk,Y, n
= W/QXP —Hy, (”W8Vn)(®keAnPj: ")(dn) @ren,, 1" (dxy, dyr)

where u" = POXa_Iln' If
Hm Q57" (f) =t Q(f): f € bFiee
then the weak limit Q belongs to G(H©) 1°).

Proof : The proof is a direct application of Proposition 1 in connection
with Remark 4, which implies that IT# © is not only an IF-specification but
even an IF-specification. [ |

So, we will now compute the limit of (Q°*"),, for the special boundary
conditions wpy,, = 0. For simplicity we note

Qn = Q?L

The next paragraphs are devoted to the proof of the convergence of @,
which is based on the method of cluster expansion. Technical details are
contained in [Mi-Ve-Za] where the limit Gibbs state for quantum crystal is
constructed. Here, we sketch the important steps of the proof since we will
use them in section 3.2 as a basis for the study of the more complicated
Gibbsian modification of the free field II° by the interaction given in (2.11).

3.1.2 The cluster representation of statistical sums

Let a > 0 be a real number which we will choose later and Z, C IR the
one-dimensional lattice with step length a.
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Let us denote by I; = [ja,(j + 1)a],j € ZZ, time intervals of length a.
Let
2 = 7 x 7,
be a space-time lattice with scale a for the time. We call temporal edge in

ng“ edges of the following type :

b = [(k, ja), (k, (j + Da)] = (k. I;), k € Z7 .

We call by plaquette on the interval I; the following pair of neighbours of

temporal edges
ko _

if k, ¢ € 7 are neighbours, i.e. |k — =1

For every set B = {b*®™P} of temporal edges we denote by [B] C
the full set of vertices of b**™P € B. We assume that the time interval I is
of the form

d+1
Za

I=[-Na,Nd = ] I

For any collection of values {y;,7 € {~N,...,N}} € R?* ™! we introduce
the conditional distribution

Pi( /Xja=vj,j=—N,...,N)

which is obtained by fixing the values of the process (X):cs (solution of
(33)) at each time {ja,j = —N,...,N}.
Since the process X; is Markovian, we have :

Pr( /Xja=yj,j=—N.....N) = ®§V—_1NPy] e (36)

Let us denote by p°({y;}j=—n~,..n) the density with respect to ®§-V:7Nuo(dyj)
of the joint distribution of (Xj,,j = —N,...,N). By the Markov property,

({y]}]f N,..oN) H pa (yj+1/v5) (37)

Jj=

where p?(y/x) is the density of the transition probability from z to y during
a time length a.

With these notations, one can write the partition functions Z3j, as follows,
for V.=Ax1I,

Zf/ =: /exp(—H‘(f)(wv()av) ® Pj(dwk)
Q keA

= /IRA‘ZN“) vi) [T 2°Wues}) @ n poldye;) — (38)
keA
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where yy = {yi;, (k,j) € A x {=N,...,N}} are the possible values of the
paths X, 7 at the points (, ja) € ZAF ke, je{-N,...,N}
By the Markov property,

N-1
Zv(yv) =
VWjEJ

H exp(—s/ wk,sw&st)PIyF’j’yk’j“(dwk).

kteA I !
k—]=1
Furthermore,
H exp—a/ W, swp,sds = H <1+exp(—5/ wk7swg,3ds)—1>
kLeA I; kLeA I
lk—t]=1 lk—¢]=1
=1+ Z H (exp(—s/ wmwasds)—l) (39)
r O feri 1
S
—1+ % 3 T I (e [ wnawreds) - 1)
21, ad m=lghley £
J m

where the summation Z takes into account all non empty, non ordered
T
collections of plaquettes IV = {D?’g} on the interval I; such that {k, ¢} C A,
and the summation Z takes into account all non empty collections of
’Y{a:’Yé .
pairwise non intersecting, connected sets i, of such plaquettes. v is called
a contour. Thus, from (39), Zy (yy) becomes :

aw=-T (Y S /T @

j=-—N 521 ~,.0d m=1 O ‘e,

(exp(—s/ wkﬁw&sds) — l)p;/"“’j’yk’ﬂl(dwk))

I J

On the other side, from (37) and (38) :

N—-1
Z\E/:/H 1T PoWksni/me)Zviyv)  ©  poldyey)

‘ keA
keA j=—N
€AJ j=—N,..,N
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Here also we can rewrite, for k € A fixed, the product :

N-1 N-1
H Pa(Ynj+1/Yn5) = H (1+ po Yk js1/vky) — 1)
j=—N j=—N
=1+ Z H Pa(Wrj1/yk3) — 1) (41)
Tk Ijerk

=1+ Z Z H H (Pg(?/k,jﬂ/yk,j) - 1)

p>1 7'{“...,7'{;C n=1 I]'GTk

Here the summation Z is over all non ordered collections {I;} of different

7k

intervals I;, and the summation Z is over all pairwise non intersecting
-

collections of 7% = (I, I, +1,-- -, Ij,+r) of juxtaposition of I;.
We can represent each sequence T,’f as a collection of temporal edges

= {(k, L), (K, Lji) -
Let us now call an aggregate I' a connected non empty collection

= {7{1, . ,fys ,lel, . ,TII;CP} consisting of a collection of contours {’y{l, ... ,7?}
and a collection of sequence {7, ... ,TI])CP} (one of them can be empty).

For each aggregate I' we introduce a function Xr(w) which depends on
the values of w € 2 on the edges (k, I;) € T where T is the set of all temporal
edges which compose I' (contours or sequences) :

Xr(w) = H H exp / W, swy,sds) — 1)

I.
m=1k.£ - im Jm
Djme Ym

H H (Pg(ykn,jﬂ/ykn,j) —1) (42)
n=1(k, I,)erk

with yg j = W ja-
Now, for every collection n = {(k, I;)} of temporal edges in 24 we in-

troduce the measure P" on the space QK O (k)0 of pieces of trajectories
(k,I;)en
on the edges of n, by :

P'dwy 1, (k, Ij) € n) = ®(k,1j)en15%k"j’yk"j+l(dwk)®(k,j)e[n] po(dyr,j)  (43)

Here [n] denotes the vertices of temporal edges from 1. With these notations
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we can write from (42) and (43)

Kr = / Xr(w)dP (W) (44)
— /H/ exp / wk,swg,sds)—l)
Dk [E Jim I,
DkajmerimFr, 7 (dwk)

p
I II  ®owese1/rs) = 1) @ jayerm Holdys.s)
=1 (g, 1;)erk

From (38), (40), (44) we obtain the following representation of Z7, :
S
Z\€/:1+ Z HKD" (45)
{Ty, Lo} i=1

where the summation is taken over all non ordered, non empty collections
{T'1,...,Ts} of pairwise non intersecting aggregates I'; such that

[T;]CcV=AxIczith.

The representation (45) is called a cluster representation for Zy,.
We need now to estimate the values of K.

3.1.3 Cluster estimates

Proposition 4 Under suitable choice of the time scale a there exists some
constant \(e) (small if € is small) such that the weight Kr of the aggregate

I'= {7{17---,% ,lel, .. T:,ff } satisfies the estimate :

|Kr| < A(e) (46)
where |T'| = card T is the number of temporal edges which compose T'.

To prove the above proposition we need the following abstract integration
lemma, which generalizes Holder inequalities :

Lemma 6 Let (&, pig)zex be a family of spaces &, with probability measures
Uz, indexed by the elements x of some finite set X. Let also {fy,,Y; C X}

be a family of functions fy, on Ex = x &, indexed by subsets Y; of X in
zeX

such a way that, for any Y;,

(€)= fvil€y,), € ={& € &} .
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Let ny, > 1 be numbers satisfying the following conditions :

VwEX,Z%Sl.

Yoz Yi
Then 1
ny;
[T ] = T iam)
&y, i v

where pup = @ g for any subset B C X.
z€B

Proof : cf [Mi-Ve-Za], Appendix A.

We use this lemma to estimate the average

- s .sd 5 1 i
/ H (e sf[j Wi, sWe, s_1> ®(k,lj)ef’yﬂ' P[yjk,jvyk,j—‘—l(dwk)

D?’éefyf

which appears in (44).

Here 4/ is some contour of plaquettes on the interval I; . So we can ap-
ply Lemma 5 with X =47, £ 1) = Q{k}jj, k) = P%k’J’yk’JH(dwk), Y, =

D?’K € 7, the plaquettes of the contour 77 and Jope = exp(—e fIJ_ Wi, swe sdS)—
J

1.

Every temporal edge (k, ;) € 4’ appears in no more than 2d plaque-
ttes D?’e € 97 (d is the lattice dimension). Thus, if we attribute to every

plaquette a number n; such that

we obtain (47). Hence, we can write

— [ swe,sd TR
‘/ H (e a.ffjwk, wy s_1> ®(k,lj)efyj P}%_k’] yk,g+1(dwk)‘

D?’[Evj

< 1 ([

D?’ZE'W'

n

= || FD’?’L’(yk,j:yk,jJrlyZ/(Z,jyyé,jJrl)
J
Df’eew'

From (44), (49) we get the following estimate for KT :

o< [T T Al T

Im
= k.l j = k
m=1 Dj;n E’Y'an n=1 (kan)eTnn

198 (Ykn,j+1/Ykn,j) — 1 @k jayer Ho(dYr,5)
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(50)

1 ~ . . ~ . X 1/7’1,1
Y N Y N Y 5 Y. ’
®k,£ ; [—jk] Fogt (dwk)] I—jlj bLitt (dwl)>

(49)



In order to apply another time Lemma 6 we take X = [[], 4 jq) = R,

H(k,ja) = Mo, Ym are either vertices of plaquettes D?’e from contours v € T’
or vertices of interval I; from sequences 7 € I'.

Every vertex (k, ja) € [['] appears in no more than 4d plaquettes from
I" and in no more than 2 temporal edges from sequences 7 of I'. Assign to

plaquettes a number n; and to temporal edges a number ng such that
4d 2
—+ —<1
ni o N2

then assumption (47) is satisfied. Then, by Lemma 6,

1/n1
|Kr| < II 11 L/‘ DkeMo(dykJm)MO(dykﬁm+l)No(dy&]m)uo(dyﬁjm+1{
m=1 00 eyl
no 1/”2
H H [/ Po Uk 41/ Yk ) — 1 MO(dykn,j)NO(dykn,j—i—l)} (51)

n= 1]
Taking n; = 8d, no = 4, and denoting by
M, = M (a,e) =

1/8d
[ /]R4 Fé%,elio(dyk,j)MO(dyk,jJrl)MO(dy&j)Mo(dy&j+1)}
J

(52)
for some plaquette D?’Z and

My = Mafa) = [ [ It lonn) = 1 alammoam)] " (53)

it follows from (51)-(53), that

s p
O i) O lmn)

Kr| <M=t My (54)

where || is the cardinal of plaquettes in the contour ~y, which is also equal
to the half of the cardinal of temporal edges in ¥, and |7| is the cardinal of
intervals in the sequence 7.

We now estimate M7 and M, :
«) Estimation of M;
We have

[ F ool s )
fsf Wk swy, sds 8d ~ Yk UL YL
/ \ /‘ I; k,sWe, 1 ® P[:i/jk,] Yk, j+1 (dwk)Pijl,] Y1541 (dwl)

o (dyk, ) po(dyr, j11) o (dye ;) o(dye j41)
DYk j> Y, j+1)P (Y5 Yo j+1)

pg(ykJ>ykJ+&)p2(y&j7y&j+l)
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where pQ(y1,1y2) = P(Xo = dy1, Xa = dy2)/po(dy1 ) pto(dyz) is the density of
the joint distribution at times 0 and a of the process X, as introduced in
(37).

Lemma 7 There is an absolute constant b > 0 such that
Va > ao, py(y1,y2) >b (55)

The proof can be found in [Mi-Ve-Za] Lemma 5.3 or in [Fa-Mi].
From (55) it follows that the right hand side of (55) is bounded above

b,
Yy 1 —Efl_ Wk,swgysds 8d . N
2 ’e i - 1‘ P(dwy)P(dw;) (56)

To estimate the above integral, remark that

a 1
—€ fa W sWy.sds _ —ET fa Wi, swe,sdS
e FJo WhsWs@S 11 = |g| Wi, 5w, 55 e 0 WksWs48
0 0

Then

. 8d “ 8d
‘e—sfo W, swe,sds _ 1‘ = 58d‘/ wkvswg’sds‘
0
/ €7€(T1+"'+T8d) foa w’“vSu}é’SdeTl s dT8d
[0’1]8d

a a
8d 2 4d 2 4d _4dle| [ (w2 4w?2 )ds
<e (/0 wk,sds) (/0 w&sds) e Jo (Wi s+wi

After introducing this inequality in (56) we obtain
@ a . 1/4d
My < b~ V4d)g] [ / ( / w2ds)Metdlelfo' wids B ) (57)
0

To control the above exponential moment, let us introduce the function on
C:
S(z) = / e Jo <34 P(duy).

Obviously we have

d4d a o 2.
TS Emaae = [[([ kg et A b))

But, decomposing S in Taylor series, and using Holder’s inequality,

S(z) = Z% (/Oawgds)"P(dw)



By (32) uo admits the density function e~%° for which holds :
Lemma 8 There exists an absolute constant C7 > 0 such that
e~ W) < Cre W™y e R

The parameter 2r was introduced in (31) as the degree of the polynom

which induces the drift of the process X with invariant measure e~ ¥°dzx.
The proof can be found in [Mi-Ve-Za] Lemma 5.4 or in [Fa-Mi].
Lemma 8 implies that

/ y2n,u0 (dy) S Cl / y2n672y7‘+1/7‘+1dy
0

Cy /00 2@n=n)/(r D) =2,
0

2n+1)
r+1

IN

— oI

The Gamma function I'" can be estimated with help of Stirling’s formula ;
introduced in §(z), it gives

r—1 (r

o -1)
S(2) < C5 3 arfaln e =2 Cyu(J2]).
n=0

The function v is an entire function on C with order p = :_i% and finite type

o= ::L—% (see [Mal). Thus

5|za\<T+1)/(r71)

P(l2]) < Cae (59)

where o = TT? and C4 is an absolute constant.
Using (57), (58), and Cauchy’s formula for the derivation of an holomor-
phic function, we find that V6 > 0,

My < 05|5|§ exp[ - (alddle] +8) /=) (60)
where ('5 is an absolute constant.

() Estimate of M,

Let us return to the description of the model in 3.1.

To the Schrodinger operator A we can associate the semi-group e~
on L?(IR,dz) and denote by ¢;(z,y) the associated kernel. There is the
following relation between ¢; and pY, the transition kernel of the process X
introduced in (37):

tA

Qt(xa y)
e—ote—3(vo(@)+e0())

p(y/z) =
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On the other side, g; can be desintegrated as follows : if A\g < A < -+ <

Ap < --- are eigenvalues of A and 1, are its normalized eigenfunctions
(Tr[}U = 6_%)/2)’
=D e M (@)dnly) - (61)
n=0
Thus we get
N Yn, \Vn
p(yfe) —1=" e Onlok ( )——() (62)
= Yo
Lemma 9 The following estimate holds
r4+1
%(x)‘ < CelSAnl ™ (63)
Yo

where Cg > 0 and K > 0 are constants which do not depend on n and x.

The proof can be found in [Mi-Ve-Za].
From (62), (63) we get

il
Py /) — 1] < 020y Y emCna K=

n>1

Let ng > 1 be the smallest number such that A\, > 0 and A\, > 3\ for
n > ng.

Then for
3K

a> A6

=:qQ

r41
Vn > ng, Apa — KA\ > % An, which implies :

2 = 3 1
6)\0a0626_()\"a_K)\" ) < €A0a06 Z 6—()\na—K/\n )+ Ce Z €_§a)‘
n>1 n>1 n>ng

Since A, > Cyn?/m+1 (see [Ti] formula (7.3.8)) the rest of the above serie is
bounded by

+oo 2 1
/ e~ Csay®/m dy < 096_08“("0_1)
no—1

Finally,

’\0“06 Z e A “+K>‘$Lr+l/2r) e~ (A= /\0)“06 Z eK’\’L2T < Choe™ (A1=Xo0)a
1<n<ng 1<n<ng

From these estimates we obtain that

My < Chpe” 070 (64)
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with C7 = inf(A\ — Ao, Cs(np — 1)) and all (C;);>0 are absolute constants.
If we take now a > ag = —%ln\e\ and choose § = |¢|'/3 in (60) we find
from (60) and (64) that

My < Cislel??
My, < Cl4|5|1/3 .

From this and (54), we get the estimate (46) with A = C|e['/? and C is
an absolute constante. [ ]

3.1.4 The cluster expansion of the measures @Q,,.

For any finite set of temporal edges B = {(k, [;)} C ZZ&™! and configuration
w we denote by wp its restriction on B.
We shall get now a representation for the average

/ZABdQn (65)

where Ap is a local bounded function on € localized on B, and B is included
in the set B,, of temporal edges of V,, = A,, x I,.

First we formulate some important consequence of the cluster represen-
tation (45) obtained for the partition function Z7,.

Let 7 be a finite set of temporal edges, included in T the set of all
temporal edges in Z4T1.

Let us introduce the partition function

o0 m
ZE=1+Y_ > J[xEmwn

m=1{Ty,...['}} i=1

where the summation is taken over all non ordered non empty collections
{T1,...,T\} of pairwise non intersecting aggregates I'; such that T'; C 7,
and K, defined by (44).

For any subset 7 C 7/ we define

Ze\_
=7 (66)

where T is the set of edges which have commun points with edges from 7.
The following lemma, which can be found in [Mi-Ma], holds :

Lemma 10 For € small enough,

i) 3C15 > 0, independent on T and 7' such that

£ < 15217 (67)

33



it) The following expansion holds :

=1+ Y Dm][][kr (68)

n={r},Tcr’ Ten

where the summation is over collections 1 of aggregates I' such that n
is connected, T N Upegyl' # 0 and Upe,I' C 7'. The coefficients Dr(n)
do not depend on 7' and the serie is absolutely convergent.

iii) There exist a limit of the expansion (68) when 7' tends to T :

fo=lim f7' =1+ 3 De(n) [] Kr (69)

n={T'} Ien
iv) We have the following estimate :
7 = o] < G212y (70)

where d (T, T,C) is the length of the smallest path in T which goes from
T to the complement of 7" in T.

v) The following estimate holds : for T, o C 7'

T o = F1 - f| < Chg3mIE (O (e))drm)

and (71)
|frium = fr + fr| < Caz3MIFRI(CA())4mm)

We now return to the expansion of the mean of the functional Ag defined
in (65). We have

1 (e) ~
/.AB e Hvn Q. dPr
Zg n n
Vn

Zy, (Ag)
Z‘E/n

/ABdQn =

where the numerator has the following representation :

G- Y mun(i+ X [[&n) @

¢={T} - n={I\} _ Tyen
T;€By, i€ By, \(BU()

and

Ko (Ap) = / Ap(w) [] %, ()dPP (@)
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(cf. (44)).
(From (72) and (68) we find

/ABdQn - ZIQ (Ap)Z; | 52170, = ZKc (An)

= ZKc (AB)Dpz(n) [ ] Kr

¢n I'en

Using estimates (67), (69), we can conclude that for £ small enough (which
implies A(¢) small enough) the above serie converges absolutely and uni-
formly in n, so that

lim /ABdQn = ZKQ(AB)'JCBUC_

Vo 1ZE xR
f R

= /ABdQ

The functional Ap — [ ApdQ is linear bounded and positive on the al-
gebra of bounded local functions. Then there exists a unique probability
measure () such that

Q= lim

Vi 1Z4xR

The fact that @) satisfies the property of short range correlations is a conse-
quence of a cluster representation for

/ Ap, Ap,dQn — / Ap,dQ, / Ap,dQ,

and (71), but also of the general Martin-boundary theory mentioned above.
This completes the proof of theorem 4. [ |

3.2 The model associated to a Stochastic Differential
Equation

In this section, using the method of cluster expansion, we give an alternative
construction of a Gibbsian field associated to the space-time interaction of
the type given in the section 2.3.

As in the last section 3.1., we will define a sequence of measure Q2
with zero boundary configuration and prove its convergence to the desired
Gibbsian field. (The fact that the limit is a Gibbs state derives from Lemma
5).

More precisely, let us take d)(E) a pair potential on RZ" defined as follows
(particular case of (2.10)) :

{ ¢§2)}(yk) = y]%T7T eN"r>1

(o) . . (73)
(;S{H}(yk,yg) =cyrye if |[k—¢ =1 and 0 otherwise
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This induces on the space-time level an interaction ®) as in (27) :

0,00 = [ X

where (%) satisfies :

© P we) = (/2 = rlr = 1/25Y 7 + (/47
(er/2) (g ye+u7 ) i k-4 =1

« 0 (e e) = (€*/2)ynye if [k — 0 = V2
R (€®/4)yrye if |k — ¢ =2
0 otherwise

This is a pair interaction with finite range equal to 2.

3.2.1 The free measure and the Hamiltonian

Consider the polynom

2 2
Poly) = %y4r—2 _ 7"(27“2 1>y2r—2 + %yz‘
It plays the role of the polynom P; in the section 3.1. The new reference
process X on C(R,R) is the reversible solution of the stochastic differential
equation (33) where exp(—¢p/2) is the unique normalized strictly positive
eigenvector associated to the smallest eigenvalue of the Schrédinger opera-
tor :
1 d?
2dz2
We denote the law of X by P, and construct a local reference specification
ﬁg as in (34), where P is replaced by P;.
The Gibbsian modification of this free field we consider now is induced
by the Hamiltonian

HZ(f/)&XI(w) = /I<Z Saf{ic),z}(wk,mwl,s)‘f‘ Z ¢§?7g}(wk,37wﬁ,s))d3~ (74)

kA keA LeAC

+ Pa(z).

Theorem 5 For ¢ small enough, there exists a space-time Gibbs measure
Q2 in Q(Héa),ﬁg), obtained as limit of the following sequence of probabilities
on QAH,[n, Vn = An X In N

1 ~
Qun(dn) = exp—Hy3, (n0)(@ren, Pa 1, (dn)
Vi
_ ! (&) b
= (oo [ 3 oy e ) @nen,Pag, )
n nk‘,ZEAn

Q2 admits a cluster expansion and satisfies the property of short range
correlations.
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3.2.2 The cluster expansion of 7},

As in section 3.1, the time interval I is divided into intervals I; with length
a. Temporal edges are defined like in section 3.1.2. Plaquettes are defined
as pairs of temporal edges in interaction. Thus there are three types of
plaquettes.

0% are plaquettes with |k — ¢ =1

.0 are plaquettes with |k — (] = /2

3Dj’£ are plaquettes with |k —¢| =2

Then the partition function Zj, admits the representation (45) where KT,
is defined as in (44) except that the term

H (exp(—s/ Wi, swy,sds) — 1)

) Ijp,
Dim

is replaced by

O\ (W wis)ds) — 1)

)

—

(exp(—

I
a=1,2,3 kL
O‘Djm

Jm

3.2.3 Cluster estimates

To estimate Kt we apply lemma 6 by choosing numbers nq,, a = 1,2, 3,
corresponding to plaquettes of type « such that inequality (47) holds. More
precisely, every temporal edge appears in no more then 2d plaquettes of type
1, 2d(d — 1) plaquettes of type 2 and 2d plaquettes of type 3. So we choose

ne such that
2d  2d(d—1 2d
— + Q + — < 1. (75)
ni no ns

Then the similar estimate for Kr as (50) holds where

H FDW is replaced by H H F ot -

Im *im

L a=1,23 L4
Djm D‘Djm

Every vertex (k, ja) appears in no more than 4d plaquettes of type 1, 4d(d—
1) plaquettes of type 2 and 4d plaquettes of type 3, and in no more than
two series. So, by choosing n, such that

2 47d+4d(d—1) 4d

+7§17
4 ni no ns

we can apply lemma 6 and get the following estimate (similar to (3.21))
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s 3
il < 11 H H A o o)
i

1/na
10(AYk jp+1) 10 (dYej,, )NO(dW,jm-i-l)}

p
TLrZ‘[I 1; E'rff" [/RQ

We then take n; = 24d, ny = 24d(d — 1), ng = 24d and denote by

0 4 1/4
P01/ Vors) — 1 0l ()]

1/na
M = [/IR“ I (917927ySay4)ﬂ0(dyl)NO(dQQ)NO(dy?))/LO(dZM)}
]

and M®8° = M like in (53).
As in (54)

s ) p
> i > I

|Kp| < (Mgf)mzl (Medge)nzl

where ||, is the number of plaquettes of type « in the contour 7.

Now we have to estimate the quantities Mgﬁ and Medse,

For Mgg, Mge and M®2¢ the computations are similar to those of the
first model (section 3.1). This implies that, by choosing a ~ —Ine, we get

{ Mgz < 01862/3 a=2,3 (76)

Mredse < 01961/3 )

Estimation of M7} ‘.

pl 2 2r—1 2r—1 24d 5 1/24d
M < [1/b / / exp(—(er/2) / (@ Ny twrswd Vds) 1| Po(dwr) Poldws)|
0
But

a
exp((sr/2)/ (w%rs 1w2 s + w1 Swgrs 1)als) —
0

2r—1

a 1
= (57“/2)/ (Wi wa s 4 wi gwiy ds - / —(re/2)7 [ @il wastwrews T g
0 0

Together with Young inequality

2r—1

‘WQT 1w +0.)2

wi] < fwr |7+ e
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we get,
¢ 2r—1 2r—1 24d D
[exp(—(er/2) [ (@l M+ w0 )ds) = 1| Pa(din) Padios)
0
a 9 9 24d
< erf2 [[([Toral? + onaf s ()
0
exp(12red / wrs]” 4 [wns V) Pa(dion ) Po(dews)
0

Let us introduce the function on C :

R(z) = ( / exp(z /0 ’ |ws| ¥ ds) Py(dw))” .

Obviously, the right hand side of (77) equals

(5r/2)24d a2

d224d R(Z) |z:12rad

In a similar way than for the first model, using lemma 6, we can estimate

R by ) ,
o a”|z]" 2 1
RGN < | C ) =5 =Co|
r=1 Ty

v

for |z| < v/a, where 7 is a positive constant.
Then R is analytical on the disc |z| < 7/a and for €, small enough.

4?4 Co1 1 ’
d224dR(Z) |z=12rea< §24d \ | ale+d)12rd
v

We choose § = /3, and it implies that
M{’e < COooe?/3.
Together with (76) and (77), we find the following cluster estimate :
|K7| < (023,

The cluster expansion of the measures ()2, is omitted because it is similar
to the computations done in 3.1.4. for ),,.
This completes the proof of theorem 5.

Remark : Since we are not able to assure the uniqueness of Gibbs states
in QT(HS), ﬂg), - see the remarks at the end of paragraph 2.2 - we can not
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identify @ with the reversible process which appeared in the section 2.3
and which belongs to G,(H®), T1°).
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