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Introduction

Aim: Construct solutions for very singular SPDEs.
Examples:

dth = 02h + (9xh)? + ¢,

d=1 (KPZ)
Otu = Au + fi(u) Qudju + g(u)n d=2 (PAMg)
0 = Ad — &8 4 ¢ d=3. (®3)

¢ = space-time white noise, n = spatial white noise.

(KPZ) model for growth of 1 + 1-dimensional surfaces. (PAM)

diffusion in a random environment. (¢*) model for ferro magnet
near its critical temperature.
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Introduction

Aim: Construct solutions for very singular SPDEs.

Examples:
oth = 82h + (0xh)? + ¢, d=1, (KPZ2)
otu = Au + fi(u) Qudju + g(u)n d=2 (PAMg)
B> = Ad — 3 4 ¢ d=3 (¢3)

¢ = space-time white noise, n = spatial white noise.

Difficulty: Solution is too irregular to make sense of some
products. (u, v) — uv for u € BS

%00 V € B3, o only well defined
if s+ a > 0.
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Relation to QFT

In QFT &3 is measure 1 on D'(R3) which formally satisfies

u(ds) = Sexp (—8()) [] dox

XER3

where S(¢) = [ |Vo|? + ¢* dx.
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Relation to QFT

In QFT @3 is measure x on D'(R®) which formally satisfies

n(dg) = fexp( 8(9)) TI dox

XER3

where S(¢) = [ |V¢[? + ¢* dx.

On R? under very general assumptions on S: R? — R the
measure

= 12 exp(—S(x)) dx
is the unique invariant measure of the stochastic differential
equation

dx(t) = —VS(x(t)) dt + V2 dW(t).
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Relation to QFT

In QFT &3 is measure 1 on D'(R3) which formally satisfies

u(ds) = Sexp (—8()) [] dox

XER3
where S(¢) = [ |Vo|? + ¢* dx.
SPDE can formally be rewritten
o =Ad— 3 4¢
_ 050y paw.

00
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Relation to QFT

In QFT &3 is measure 1 on D'(R3) which formally satisfies

u(ds) = Sexp (—8()) [] dox

Xx€R3
where S(¢) = [ |Vo|? + ¢* dx.

SPDE can formally be rewritten

b = Ad — &3 4 ¢
_ 0S(9)
Rigorous (at least in 1 and 2 dimensions in finite volume) by

finite dimensional approximations.



Scope of the theory

Equations of the form

Lu= F(u,§),

L smoothing linear operator. F non-linear function, £ noise.
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Scope of the theory

Equations of the form
Lu=F(u,),
L smoothing linear operator. F non-linear function, £ noise.

Subcriticality: On small scales the non-linear term is lower
order.
Example (KPZ): scaling x +— ex, t — 2t and ¢ — 5*%@‘), leaves
Stochastic heat equation invariant. Under this scaling (KP2)
becomes

Oth = 82h+'/2(04h)2 + € .
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Scope of the theory

Equations of the form
Lu=F(u,g) ,
L smoothing linear operator. F non-linear function, £ noise.

Subcriticality: On small scales the non-linear term is lower
order.
Example (KPZ): scaling x — ex, t — 2t and ¢ — =3¢, leaves
Stochastic heat equation invariant. Under this scaling (KPZ)
becomes

Oth = 82h+/2(04h)2 + € .

Note: Sub-criticality corresponds to superrenormalisable
theories.
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Scope of the theory

Equations of the form
Lu=F(u,),
L smoothing linear operator. F non-linear function, £ noise.

Subcriticality: On small scales the non-linear term is lower
order.
Example (KPZ): scaling x +— ex, t — 2t and ¢ — 5*%@5, leaves
Stochastic heat equation invariant. Under this scaling (KP2)
becomes

Oth = 82h+'/2(04h)2 + € .

Note: Different from 1/3; 2/3; 1-scaling. This is interesting on
large scales.
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Type of solution

Naive approach: Solve Lu. = F(u.,&.) for &, = smoothened
noise, then remove smoothing. Does not converge as « — 0.
Equations need to be renormalised.
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Type of solution

Naive approach: Solve Lu. = F(u.,&.) for &, = smoothened
noise, then remove smoothing. Does not converge as « — 0.
Equations need to be renormalised.

Examples:
al‘hs = 8)2(h5 + ((0Xh5)2 - CE) + 55

Ot = AU, + fij(ua) (&'Us ajua - CS(SI'J) + 9(u:)(n: — ng/(UE))
NP = Ad. — (¢2 — C.d.) + &,

Main result: There are choices of C., Cg such that solutions
converge to limit which is independent of choice of mollifier.
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Type of solution

Naive approach: Solve Lu. = F(u.,&.) for &, = smoothened
noise, then remove smoothing. Does not converge as « — 0.
Equations need to be renormalised.

Examples:
aths - 8)Z(ha + ((0Xh5)2 - Cs) + 55
al‘us - AU& + fij(ua) (aius ajua - CS(SI'J) + Q(Us)(ﬁs - ésg/(ue))
01 = Ad, — (0% — C.0.) + &
Main result: There are choices of C., Cg such that solutions
converge to limit which is independent of choice of mollifier.

Construction gives detailed description of local structure of
solutions, regularity, approximations.
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Schematic construction

‘ ,
Sc
F X x CYT9) ————— C¢
(&) :
R
Up
7 =" {right hand sides}", R ="Reconstruction operator”,
A =" {Models }", 7% ="Renormalisation group."

D} =" {modelled distributions } ",
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Canonical regularity structure |

Canonical regularity structure:

BT =@, To =RIX, ..., Xd]
where T, = { homogeneous polynomials of degree « }.

m G =R acts on T by translation. For h € R? define
FhP(X) = P(X — h).

Forac T, wehave lha—ac ©p-,T5.
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Canonical regularity structure |

Canonical regularity structure:

BT =@, To =RIX, ..., Xd]
where T, = { homogeneous polynomials of degree « }.

m G =R acts on T by translation. For h € R? define
FhP(X) = P(X — h).

Forac T, wehave lha—ac ©p-,T5.
Canonical model: For 7 € T and x € R set
Mer(y) = > maly — %)

a>0
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Canonical regularity structure |

Canonical regularity structure:

n ?:@aemo T, = R[Xq,..., Xd]

where T, = { homogeneous polynomials of degree « }.

m G =R acts on T by translation. For h € R? define
FhP(X) = P(X — h).

Forac T, wehave lha—ac ©p-,T5.
Canonical model: For 7 € T and x € R set

Mer(y) = Y maly — x)°.
a>0

Clearly MNy7(z) = 'y_x[Nx(z) and for 7 € T, we have
M)l < I7lly —x|*
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Canonical regularity structure Il

Description of functions 7: RY — R smooth.

Then f can be “lifted" to a function F: RY — T
1
Fo(x) := kz Hakf(x) X< fora<n.

Characterisation of Hélder spaces: f ¢ C7(RY) v ¢ IN if and
only if for o < « (locally uniformly around x)

[Fa(y) = (Ty—xF)a()| S 1y — X7
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Example: Controlled rough paths |

Aim: Moving from perturbative to non-perturbative. Given an
irregular function X: [0,1] — RY (say in C” for 0 < v < 1) for
which certain non-linear operations are defined, we can hope to
make sense of these operations for Y: [0, 1] — R if “it looks
like X on small scales".
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Example: Controlled rough paths |

Aim: Moving from perturbative to non-perturbative. Given an
irregular function X: [0,1] — RY (say in C” for 0 < v < 1) for
which certain non-linear operations are defined, we can hope to
make sense of these operations for Y: [0, 1] — R if “it looks
like X on small scales".

Definition (Gubinelli): Y is controlled by X if there exists a
map Y’: [0,1] — R9*9in 7 such that for all x, y € [0, 1]

Y(y) = Y(x) = Y(X)(X(y) = X(x)) + Ry (y, X),

where |R(x, y)| < |x — y.
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Example: Controlled rough paths |

Aim: Moving from perturbative to non-perturbative. Given an
irregular function X: [0,1] — RY (say in C” for 0 < v < 1) for
which certain non-linear operations are defined, we can hope to
make sense of these operations for Y: [0, 1] — R if “it looks
like X on small scales".

Definition (Gubinelli): Y is controlled by X if there exists a
map Y’: [0,1] — R9*9in 7 such that for all x, y € [0, 1]

Y(y) = Y(x) = Y(X)(X(y) = X(x)) + Ry (y, X),

where |R(x. y)| < [x — y[*7.
Allows to “treat the C” function Y like a C2” function.
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Controlled rough paths I

Regularity structure: 7 = Tp @ T, = R9 © R9*9. Group
G = RY acting as I'(a, b) = (a — bh, b).
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Controlled rough paths I

Regularity structure: 7 = Tp @ T, = R9 © R9*9. Group
G = RY acting as '(a, b) = (a — bh, b).
Model: (a,b) € T, x,y € [0,1]
Mx(a,b) = a+ b(X(y) — X(x))
Mxy(a b) = (a+ b(X(y) — X(x)). b).
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Controlled rough paths I

Regularity structure: 7 = Tp @ T, = R9 © R9*9. Group
G = RY acting as I'(a, b) = (a — bh, b).

Model: (a,b) € T, x,y € [0,1]

Mx(a, b) = a+ b(X(y) — X(x))
Mxy(ab) = (a+ b(X(y) - X(x)), b).

Functions: [0,1] — T = R? © R9*9 is controlled by X if

Yo¥) = (Txy Yol < ly — x[*
1Y2(0) = (Dey YD) Sy = X[

p.11



Definition of regularity structure

A regularity structure T = (A, T, G) consists of

m Anindex set A C R. We want 0 ¢ A, A bounded from
below, and A locally finite.

Example: Polynomials on R?: A = Ny,
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Definition of regularity structure

A regularity structure T = (A, T, G) consists of

m Anindex set A C R. We want 0 ¢ A, A bounded from
below, and A locally finite.

m A model space T = @ cp Ta, To = R.

Example: Polynomials on R?: A = Ny,
T.. = {ak XX, |k| = a} homogeneous polynomials of degree o
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Definition of regularity structure

A regularity structure T = (A, T, G) consists of
m Anindex set A C R. We want 0 € A, A bounded from
below, and A locally finite.
m A model space T = @ cp Ta, To = R.

m A structure group G of linear operators acting on T.
ForT € Gand ac T,, one has

ra—ac @ Ts.

<

Example: Polynomials on R?: A = Ny,
T.. = {ak XX, |k| = a} homogeneous polynomials of degree o
G~RYI, T,P(X)=P(X - h).
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Definition of model

A model for T = (A, T, G) on R consists of:
m Amap : RY x RY — G such that 'y, = Id, and such that
Mxylyz =Txzforall x,y, z.
m Continuous linear maps My: T — S'(RY) such that
My =Tyxoly forallx,y.

Example: Controlled rough paths: A = {0, o},
T=RI@RIY, G=RI

For = (a,b) setlNyr(y) = a+ b(X(y) — X(x)) and
Mxy(a, b) = (a+ b(X(y) — X(x)), b).
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Definition of model

A model for T = (A, T, G) on R consists of:
m Amap : RY x RY — G such that 'y, = Id, and such that
Mxylyz =Txzforall x,y, z.
m Continuous linear maps My: T — S'(RY) such that
My =Tyxoly forallx,y.

Locally uniformly in x, y
(Mea)(Sa)| < llals’ . IMxyallm S lal Ix =yl ..

Example: Controlled rough paths: A = {0, o},
T=RI@RIY, G=RI

For = (a,b) setlNyr(y) = a+ b(X(y) — X(x)) and
Mxy(a, b) = (a+ b(X(y) — X(x)), b).
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Definition of modelled distribution

Fix a regularity structure T and a model (I1,T). Then, for v € R,
the space of modelled distributions D7 consists of all
T -valued functions f such that

6]

f(x)—T,,f
17l = supsup [ {(x) s+ sup sup /) =T V)
X B<y Ix=ylls<1 B<y X =ylld

Example: C7-functions, Controlled distributions.
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Reconstruction Theorem

T = (A, T, G) = regularity structure, (I1,I) = model & = min A.

For every ~+ > 0, there exists a unique, continuous linear map
R: D7 — C“ such that (locally uniformly)

[(RF =Nk f())(Sem)] < 67N I -

Son = scaled testfunction.

p.15



Reconstruction Theorem

T = (A, T, G) = regularity structure, (I1,I) = model & = min A.

For every ~+ > 0, there exists a unique, continuous linear map
R: D7 — C“ such that (locally uniformly)

[(RF =Nk f())(Sem)] < 67N I -

SJn = scaled testfunction.

The condition v > 0 corresponds to the condition s + a > 0 in
the multiplicative inequality for u € BY, , and v € BS, .
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Where are we?

Missing:
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Where are we?

Missing:
m Need to define operations for modelled distributions:
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« Multiplication.
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Where are we?

Missing:
m Need to define operations for modelled distributions:
« Multiplication.
* Integration against heat kernel.
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Where are we?

Missing:
m Need to define operations for modelled distributions:
« Multiplication.
* Integration against heat kernel.
m Need to build the right regularity structure for a given
model.
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Where are we?

Missing:
m Need to define operations for modelled distributions:
« Multiplication.
x Integration against heat kernel.
m Need to build the right regularity structure for a given
model.
m Need to check that renormalised models converge.
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