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Controlled paths/distributions

Controlled paths are paths which “looks like” a given path which often is
random (but not necessarily).

This proximity allows a great deal of computations to be carried on explicitly
on the base path and extends also to all controlled paths.

Successful approach which mixes functional analysis and probability.
Basic analogies

> It6 processes
dXt :ﬁth +gtdt

> Amplitude modulation

with |supp ¢l < w.
[Joint work with R. Catellier, K. Chouk, P. Imkeller, N. Perkowski]
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Some interesting problems (I)

Define and solve the following kind of stochastic partial differential

equations.

> Stochastic differential equations (1+0): u € [0,T] — R"

o = f(u)&

with & : R — R™ m-dimensional white noise in time.
» Burgers equations (1+1): u € [0,T] x T — R”

0 = Au+ f(u)Du + &

with £ : R x T — R" space-time white noise.
» Parabolic Anderson model (1+2): u € [0, T] x T> - R

O = Au+f(u)§

with & : T> — R space white noise.

Recall that
a c Cfd/Zf
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Some interesting problems (II)

Define and solve the following kind of stochastic partial differential
equations.

» Kardar-Parisi-Zhang equation (1+1)
dth = Ah+"(Du)* — 0" + &

with & : R x T — R space-time white noise.
» Stochastic quantization equation (1+3)

dqu=Au+"u"+§

with & : R x T® — R space-time white noise.
» But (currently) not: Multiplicative SPDEs (1+1)

0su = Au+f(u)é&

with £ : R x T — IR space-time white noise.
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What can go wrong?

Consider the sequence of functions x" : R — RR?
1 20\ o p)
x(t) = E(cos(Zrm t),sin(27mn"t))
then x"(-) — 01in CY([0, T];R?) for any y < 1/2. But

I(X"’l,xn'z)(t) _ txn1(s)atx ( )ds — E

L

16", 2"2)(1) # 1(0,0)(£) = 0

The definite integral I(-, -)(¢) is not a continuous map C¥ x C¥ — IR for
vy <1/2.

(Cyclic microscopic processes can produce macroscopic results. Resonances.)
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Functional analysis is not enough

Consider the random functions (X", Y") : R — R?

XN = Z n cos(2mnt) + 8n sin(27nt)
n

n
1<n<N

YN(t) = Z % sin(27mnt) — 8n cos(27mnt)

n
1<nN

where (g, 8, )n>1 are iid normal variables. Then

1 /
I(XN,YN)(l):J XV(s),YN(s)ds =2 St (&)l | o
0

almost surely as N — co.

No continuous map on a space of paths can represent the integral I and allow
Brownian motion at the same time.
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Stochastic calculus is not enough

Itd theory has been very successful in handling integrals on Brownian motion
(and similar objects) are related differential equations. Key requirements:

» A "temporal" structure (filtration, adapted processes).
> A probability space.
> Martingales.

However sometimes:

» No (natural) temporal structure (no past/future, multidimensional
problems, Brownian sheets)

> Results independent of the probabilistic structure (many probabilities) or
of exceptional sets (continuity of Itd map with respect to the data).

» No (convenient) martingales around (SDEs driven by fractional
Brownian motion).
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Littlewood-Paley blocks and Holder-Besov spaces

We will measure regularity in Holder-Besov spaces C¥ = BY, .

fecCy,yeRiff

WV
o

1Afllo s 277,

F(Af)(E 271E)f ()

where p : R — R is a smooth function with support in [1/2,5/2] and such
that p(x) = 1if x € [1,2] and there exists 6 : R — R, smooth and with
support [0, 1] such that 6(|x|) + Z,>O p(27x]) =1 forall x € R.

A_1f)(E) = O(IENF(E).
f=) Af

i>—1
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Paraproducts
Deconstruction of a product: f € C°, g € C¥

fr=) AfAg=7(f,8) +To(f,8) + - (f,Q)

ij>—1

n(f,8) =m-(8.f) = D AfAg  m(f.8)= D AfAg

i<j—1 li—jl<1

Paraproduct (Bony, Meyer et al.)
n-(f,g) € Ccmin(y+e,v)
T (f,g) € CVFP ify+p>0
Young integral: y,p € (0,1)

ng: 7T<(leg)+7To(f/Dg) +7T>(f/Dg)
~—

cy—1 Ccy+p—1

Recall ,
qudgu — g — ) + Ol —s["*°)
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(Para)controlled structure

Idea
Use the paraproduct to define a controlled structure. We say y € DY° if x € C¥

y=mn(y,x) +y*

with y* € CP and y* € CY*°.

Paralinearization. Let ¢ : R — R be a sufficiently smooth function and
x € CY,y > 0. Then

@ (x) = (@’ (x), %) + C*
> A first commutator: f,g € C°, x € C¥

< (f, < (8, h) = m<(fg,h) + CV*°

Stability. (p > v)
oy) =n(o'(y)y*, x) +C¥*°
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A key commutator

All the difficulty is concentrated in the resonating term

m(f,8) = Y AfAg

li—jl<1
which however is smoother than m_ (f, g).
Paraproducts decouple the problem from the source of the problem.

Commutator

The linear form R(f, g, h) = . (n-(f,g), h) — (g, h) satisfies
IR(f, 8 Mllocrp+v < [Ifllcllgllp 1]l
withe € (0,1),+v<0,x+p+v>0.

Paradifferential calculus allow algebraic computations to simplify the form of
the resonating terms (7).
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The Good, the Ugly and the Bad

Concrete example. Let B be a d-dimensional Brownian motion (or a
regularisation B®) and ¢ a smooth function. Then B € CY fory < 1/2.

¢(B)DB = m.(9(B), DB) + 7, (¢(B), DB) + 7 (¢(B), DB)

the Bad the Ugly the Good, C2Y —1
and recall the paralinearization

¢(B) =7n(¢'(B),B) + C¥

Then
7t (@(B), DB) = i, (n- (¢’ (B), B), DB) + 7,(C*Y, DB)
N—
OK
=mn_(¢’'(B), . (B,DB)) + C**
Finally

¢(B)DB = ni(9(B), DB) + n<(¢'(B), 7. (B, DB)) + 7~ (¢(B), DB) + C¥ !
———

"Besov area"
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The Besov area

The Besov area 7, (B, DB) can be defined and studied efficiently using
Gaussian arguments:

(B¢, DB®) — m, (B, DB)

almost surely in C*¥ ! as ¢ — 0.

Remark. If d =1
7, (B,DB) = %(WO(B,DB) + 7,(DB, B)) = %DT[O(B,B)

which is well defined.

Tools: Besov embeddings L/ (Q;C®) — U’(Q;Bg;,) ~ B,?,;, (LP(Q)), Gaussian

hypercontractivity L (Q) — L2(Q), explicit L? computations.
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Au deld des paraproduits

u:R — R% & € C1/2~ is 1d white noise. We want to solve
O = f(u)E =f(u) < E+flu) o E+f(u) =&
> Paracontrolled ansatz (X =& XeCV/¥)
u=fu) <=X+u" = qu=0f(u) < X+f(u) <&+ dul

SO
Byt = —dyf (u) < X+f(u) o E+f(u) - £ € C°-

> Paralinearization: flu) =f"(u) < u+R(f,u)

fu) = (f (u)f () < X+R(f,u,X)

> Commutator lemma:
flu) o &= ((f'(u)f(u)) < X) o E+R(f,u,X) 0 &
= (f"(u)f (u)(X o &) + C(f'(u)f (u), X, &) + R(f,u,X) 0 &
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SDEs

The SDE
O =fu)& =f(u) < E+f(u) o &+ f(u) = &

is equivalent to the system
atX :E,
0 =(f"(u)f (u))(X 0 &) — 0yf (u) < X
+f(u) = &+ C(f'(u)f (u), X, &) + R(f,u, X) 0 &
u=f(u) < X+ u

> We can check that indeed
X e CV?, (Xo&) e C™

> the system can be solved by fixed point.
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Generalized Parabolic Anderson Model on T2

L=0—D%u:RxT?— R, e C! space white noise.
Cu=f(u)E
> Paracontrolled ansatz LX =Es0oXeC™
u=f(u) < X+u" = Lu=ALf(u) <X+Df(u) <DX+f(u) <&+ Lu
> Paralinearization: flu) = (f"(u)f(u)) < X+R(f,u,X)

flu)o &= (f'(u)f(u))(Xo &)+ C(f'(u)f(u), X, &) + R(f,u,X) 0 &

Problem
Xo&=XoLX=c+C"

with ¢ = +o00.
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Renormalization

To cure the problem we add a suitable counterterm to the equation.

Lu = f(u)&—c(f' (u)f(u))

fl)o&—c(f' (u)f (u)) = (' (u)f () (X0 &—c) + C(f'(u)f (u), X, &) + R(f, u, X) o &

> The gPAM is equivalent to the equation

Lut = —Lf(u) <= X+ Df(u) < DX+ (f'(u)f (1)) (X 0 & —c)
+C(f"(u)f (u), X, &) + R(f, u,X) o &

XecCl, (Xo&—c)eC', uleC™
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The Kardar-Parisi-Zhang equation

noise
diffusion
&(t,x)

e T ROh(, )

Ah(t,z)

h(t,x)

Large scale dynamics of the height i : [0, T] x T — R of an interface
0:h ~ Ah+ F(Dh) + §,

The universal limit should coincide with the large scale fluctuations of the
KPZ equation
9;h = Ah + [(Dh)*> — ool + &

with & : R x T — R space-time white noise.
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Stochastic Burgers equation

Take u = Dh

Lu = D& + Du?
U=u+uy+---=u+ux

Luy + Lusy = DE + Duf + 2Duqusy + Dul,
Luy =DE=u; € CV/2
Ly + Lusy = Du? 4 2D(uqtty) + 2D (uqtis3) + Dub + 2D(ussuy) + Dui3
Luy =Du? = u, € CO-
Luz + Lusy = 2D(uquy) + 2D(uqus) + 2D (w1 us4) + Du% + 2Dussuy + Dui3
Lus = 2D(uqtp) = uz € CV/2~

Lusy = 2D(urti3) + 2D(t1u54) + Duij + 2D(us312) + Dud,
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Paracontrolled ansatz for SBE

Recall:
w € CV2, u, e C%, uy € CV/%

Lutsy = 2D(uqti3) + 2(tss < Duy) + Dus + 2D (4 0 tisy) + 2(Dusy < up)
+2D(uy = usq) + 2Dussu, + Dui3
> Ansatz: usy = Q+v < X + vf

Lusy = LQ+ Lv < X +v < LX —Dv < DX + Lo
L£Q =2D(uqu3), v =2usy, LX =Dy
XeC?, QecC’
> The Ugly:
housg=110(Q+v=<X+0")=u;0Q+u;0(v=<X)+u o0

=13 0Q+v(uy 0 X) + R(v,u1,X) + 111 0 0

> Final equation:
L0F =2Dusy < DX 4 Lusy < X + Dud 4 2D(uy 0 usyg)

+2(Du>4 < ul) + 2D(Zx[1 - M>4) + 2DM>3M2 + DM§3
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Stochastic Quantization

Stochastic quantization of (®*);: & € C*", u € CV/*", u = g + iy + iss.
Lu =&+ ANu® —3ciu — cou)

Luy + Lusy = &+ A1 — 3eyuy) + 3N (uz2 (13 — 1)) + 3A(1d,u1) + A, — Acou

>Luy = &= uy € CV2, Luy = Mud —3crun) = up € CV/2-

Luss = 3N usz (15 — 1)) + A (udu1) + 6A(uszuizur) + 3N(ud5u1) + Aud, — Acou
> Ansatz: us3 = 3\usy < X + uf, with £X = (12 — ¢;)
L1 = —3M\Litzy < X+3ADityy < DX+3A(t1520(1—c1)—Cott) +3A (115 > (12—c1))
+ 3A(1311) + 6N (usz(uaur)) + BA(u2,u1) + A,
2
1

Usp © (u% —¢1) —cu = (up o (U7 —c1) — couy) + (Ussz © (u% — 1) — Calisy)

(133 0 (1] = &1) = Catiz) = (BMu52 < X) 0 (] — 1) — Cattzo) + w0 (u — )
= 15BN (X 0 (1 — 1)) — €2) + 3AC(us2, X, (12 — 1)) +uf o (13 — ¢1)

> Basic objects: (1% —c1), (13 — 3ciu1), (BA (X o (U2 — 1)) — ¢2), (upun), (13u1)

c21/1)



22/1)



